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Main Conjecture of Iwasawa Theory

C. S. Rajan

Abstract. 1) Weil conjectures 2) Iwasawa’s theorem on growth of class groups
3) Iwasawa’s construction of p-adic L-functions via Stickelberger elements 4) Main
conjecture.

1. Weil Conjectures

1.1. Zeta and L-functions. We recall the Riemann zeta function

ζ(s) =
∑
n≥1

n−s (Re(s) > 1).

The above series converges absolutely for Re(s) > 1 and defines an analytic
function there. ζ(s) admits an analytic continuation to the entire complex
plane except for a pole at s = 1. The zeta function and its generalisations
enjoy remarkable analytic properties, which have significant consequences to
arithmetic. One of the outstanding problems concerned with the zeta func-
tion is the Riemann Hypothesis:

Riemann Hypothesis(RH): If ρ is any zero of ζ(s) with Re(ρ) ≥ 0
(such zeros are called the non-trivial zeros of ζ(s)), then

Re(ρ) = 1/2.

i.e., all the zeros to the right of the line Re(s) = 0 lie on the line Re(s) = 1/2.
How does one tackle this conjecture? One idea going back to Hilbert

stems from the fact that the eigenvalues of a hermitian (skew-hermitian)
matrix are real (purely imaginary). In other words the eigenvalues of a her-
mitian matrix all lie on a straight line. This leads to the following question:

Question 1.1.1. Is it possible to find a skew-hermitian operator acting
on some space, such that the zeros of ζ(s+1/2) with non-negative real part,
occur as eigenvalues of this operator?

Very little is known about this question. Recently some exciting nu-
merical computations show that the known zeros of the ζ(s) behave like
the eigenvalues of a random hermitian matrix. See works of Montogomery,
Odlyzko, Katz, Sarnak and others.

The solution to many arithmetical problems lie in the analytic properties
of the zeta function. It seems profitable then to look at analogous situations,
also with a view to throw some light on the Riemann Hypothesis. One
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generalisation is to number fields. The Dedekind zeta function of a number
field K is,

ZK(s) =
∑
a6=0

(Na)−s,

where a runs over the non-zero ideals of the ring of integers OK of K, and
Na = |OK/a| is the number of elements in the ring OK/a. ZK(s) is defined
as above for Re(s) > 1, and has properties similar to the Riemann zeta
function. The key fact that enables us to define the zeta function is that
for a non-zero ideal a in OK , OK/a is a finite ring. It can be shown that
ZK(s) converges absolutely, and hence defines an analytic function in the
half plane, Re(s) > 1.

In order to generalise the definition of the zeta function to a more general
context, it is easier to work with the Euler product expansion of the zeta
function. Recall that for Re(s) > 1, the zeta function can be expressed as a
product,

ZK(s) =
∏
m

(1− (Nm)−s)−1,

where m runs over the maximal ideals of OK . Here we remark, although it
is not essential for what follows, the fact that the above expression defines
the zeta function is another way of expressing the unique factorisation of
an ideal into a product of prime ideals, generalising the unique factorisation
property of integers.

More generally let f1(x1, · · · , xn), · · · , fr(x1, · · · , xn) be polynomials with
integral coefficients in the ring Z[x1, · · · , xn]. Let I be the ideal in Z[x1, · · · , xn]
generated by f1, · · · , fn and let A be the ring,

A = Z[x1, · · · , xn]/I.

The ring A can be thought of as the ring of polynomial functions restricted
to the variety X defined by the common zeros of the polynomials f1, · · · , fn,
or equivalently of the common zeros of polynomials in the ideal I:

X = {(a1, · · · , an) ∈ Cn | f((a1, · · · , an)) = 0, ∀f ∈ I}.

It follows from the finite generation of A as an algebra over Z, that the
following are equivalent:

i) m is a maximal ideal of A.
ii) A/m is a finite field.
Let X ′ denote the collection of maximal ideals of A. One can define the

zeta function,

Z(X, s) =
∏

m∈X′
(1− (Nm)−s)−1.
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Here we assume that I is not the unit ideal. It can be shown that Z(X, s)
converges absolutely in some half plane, and thus defines an analytic function
there.

Example 1. Let L/K be a finite Galois extension of number (global)
fields with Galois group G. Let p be a prime ideal of OK unramified in L,
and let P be a prime ideal of OL dividing p. Then the Frobenius element
σP is given by,

σP(x) ≡ xNp(mod P),
where x ∈ OL. For a fixed p, the Frobenius elements σP for P| p form a
conjugacy class inside G. Let ρ be a finite dimensional representation of G
into GL(n,C). The incomplete Artin L-function associated to ρ is defined
by,

L′(s, ρ) =
∏
p

det(1− ρ(σp)Np−s)−1,Re(s) > 1.

Here the product is over the unramified primes of K with respect to L. It
is possible to define the factors at the ramified primes, in order that the
completed L-function has an analytic continuation to the entire plane and
satisfies a suitable functional equation.

In particular, take K = Q, and L = Q(ζn), where ζn is a primitive nth

root of unity. Then G ' (Z/nZ)∗. Let χ be a character of (Z/nZ)∗, a
Dirichlet character. Let

L(s, χ) =
∏

(p,n)=1

(1− χ(p)p−s)−1,Re(s)> 1.

These are the L-functions considered by Dirichlet.

1.2. Arithemetical applications. a) Dirichlet’s theorem and Prime
number theorem. The non-vanishing of L(s, χ)-functions at s = 1 when χ
is a Dirichlet character, imply Dirichlet’s theorem on infinitely many primes
of the form an+ b, (a, b) = 1, n ∈ N. More generally, the non-vanishing of
L(s, χ) on the line Re(s) = 1 for all characters χ : (Z/nZ)∗ → C∗, imply for
any a, b, (a, b) = 1 that,

#{p ≤ x | p = am+ b, for some m} ∼ 1
φ(a)

x

log x
, as x→∞,

where φ is Euler φ-function. In particular, when we take χ to be the trivial
character, we obtain the prime number theorem, viz., that the number of
primes of size at most x, grows asymptotically like x/log x as x→∞.

b) Class number formulas. It can be seen that the Dedekind zeta func-
tion ZK(s) has a meromorphic continuation to the entire plane, which is
holomorphic except at s = 1. Let h denote the class number of K, R the
regulator of K, D the absolute value of the discriminant of K, r1 the number
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of real embeddings of K, 2r2 the number of complex embeddings, and w the
number of roots of unity in K. Then the class number formula is,

ress=1ZK(s) =
2r1(2π)r2hR

w
√
D

.

Remark. The main theme in defining these zeta functions, is the local-
global principle. The various Euler factors encode the arithmetical infor-
mation at the various primes, and global arithmetical consequences arise
from the analytical aspects of the global L-functions. The fact that these
L-functions have suitable analytical properties, can be considered as a vast
generalisation of the classical quadratic and higher reciprocity laws. How-
ever even the analytic properties similar to that enjoyed by ζ(s) are not
known for these L-functions. Again these analytic properties have remark-
able arithmetical applications. For example, take I to be generated by the
polynomial f(x, y) = y2−x3 +ax+b, a, b ∈ Z, in the ring Z[x, y]. X defines
an elliptic curve minus the point at infinity. The analytic continuation of
Z(X, s) and related objects have been established by Wiles, and by Ribet’s
theorem imply Fermat’s conjecture. Thus these generalisations seem to be
even more difficult to handle than ζ(s)!

1.3. Finite fields. However if we assume that the ideal I contains a
prime number, the problem becomes tractable. In this case we are essentially
replacing the base ring Z by a finite field Fq consisting of q elements. Again
take I to be an ideal in the polynomial ring Fq[x1, · · · , xn], and let A =
Fq[x1, · · · , xn]/I be the ring of polynomial functions on the variety X = V (I)
defined by I. As above, we can define the zeta function,

ZX(s) =
∏

m∈X′
(1− (Nm)−s)−1.

Again this can be shown to make sense.
We will now translate the above definition for the zeta function, into a

form which counts number of common solutions of polynomials in I, over
finite extensions of the base field Fq. To do this, suppose that (a1, · · · , an) is
a common solution of the polynomials f1, · · · , fr in some field k containing
Fq. Define a ring homomorphism A→ k, by sending the generators xi to the
element ai. This prescription allows us to define a bijection between the set
of solutions of f1, · · · , fr (equivalently the set of common solutions of the
polynomials in the ideal generated by f1, · · · , fr) in k, and the collection of
ring homomorphisms from A→ k.

Let Xm be the set of solutions with values in Fqm . Identifying as above
with ring homomorphisms, we see that this is the same as giving a maximal
ideal m ∈ X ′, and an embedding f of the finite field f : A/m→ Fqm , which
is identity on the base field Fq.
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Being a subset of Fnqm , Xm is finite. Define

νm = |Xm|.
Let µl be the number of maximal ideals m in X ′ such that the cardinality of
the residue field Nm = ql.

Exercise 1.3.1. Show that νm =
∑

l|m lµl.

An alternate expression for the zeta function in terms of the number of
solutions of varieties over finite fields is the following:

log Z(X, s) =
∑
m≥1

νmq
−ms

m
.

Proof. Exercise. Hint: The number of embeddings of Fql over Fq into
Fqm is l = [Fql : Fq], where we assume that l|m. �

We can reformulate by substituting t = q−s, to obtain a formal power
series

log Z(X, t) =
∑
m≥1

νmt
m

m
.

We now look at some examples.

Exercise 1.3.2. 1) X a point. Then νn = 1 for all n, and

Z(X, t) = exp

∑
n≥1

tn

n

 =
1

1− t
.

2) Take X to be defined by the zero ideal in the polynomial ring
k[x1, · · · , xm]. Then νn = qmn and

Z(X, t) = exp

∑
n≥1

qmntn

n

 =
1

1− qmt
.

Thus the above product converges absolutely to the right of Re(s) > n.
3) Consider the variety defined by the zero ideal in Z[x1, · · · , xn]. Show

that
X ′ = ∪pX ′p,

where p is a rational prime and X ′p denotes the set of maximal ideals in X ′p
with residue field a finite extension of Fp. Hence conclude,

Z(X, s) =
∏
p

(1− qn−s)−1 = ζ(s− n).

In particular this shows that the above product defining the zeta function
converges absolutely to the right of Re(s) > n+ 1.



190 C. S. RAJAN

1.4. Affine varieties. Let I be an ideal in the ring k[x1, · · · , xn]. To
the ideal I, we can associate the set of solutions X(R) over any k-algebra R,

X(R) = {s ∈ R | f(s) = 0, ∀f ∈ I}
= {φ : k[x1, · · · , xn]/I → R,φ a ring homomorhism}.

We will refer to the functor which assigns to any k-algebra R, the set
of solutions X(R) as the (affine) algebraic variety associated to the ideal I.
For example, one can take I to be the zero ideal in k[x1, · · · , xn]. Then the
set of solutions associated to any k-algebra R is Rn. The algebraic variety
associated to the zero ideal in k[x1, · · · , xn] will be referred to as the affine
n-space An

k over the field k.
Note that if J is an ideal containing I, then there is a natural inclusion

for any k-algebra R, of the set of common solutions of the polynomials in J ,
to the corresponding set for I. We will refer to this as the algebraic subsets
of the variety X defined by I. A topology can be defined on the variety X,
by taking algebraic subsets as closed subsets.

Remark. In particular one can take R = k̄, an algebraic closure of
the field k. Sometimes we will also refer to X(k̄) as the algebraic variety
associated to I. However the set X(k̄) determines the radical

R(I) = {f ∈ k[x1, · · · , xn] | fn ∈ I, for some n}
= {f ∈ k[x1, · · · , xn] | f(a) = 0, ∀a = (a1, · · · , an) ∈ X(k̄)},

of the ideal I, and not necessarily the ideal I.

Remark. The Noether normalization theorem asserts that given a ring
A as above, there is a finite morphism from a suitable polynomial ring on
d generators onto A. d is then the dimension of the corresponding variety.
Using this, it can be shown that the zeta function corresponding to the
variety defined by the solutions of the ideal corresponding to A, converges
absolutely in a suitable half plane.

1.5. Projective varieties. Before going onto further examples, we will
now discuss a bit about projective varieties defined by homogeneous poly-
nomials

f1(x0, · · · , xm), · · · , fr(x0, · · · , xm).

Since the polynomials are homogeneous, if a = (a0, · · · , am) is a common
solution of fi in some k-algebra R, then any multiple λa = (λa0, · · · , λam) for
λ ∈ R is also a solution. By the solutions in a k-algebra R of the projective
variety defined by f1, · · · , fr, we mean the equivalence classes of non-zero
solutions, where two solutions are equivalent if they are scalar multiples of
each other.
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Remark. Let Pm
k denote the m-dimensional projective space defined by

the zero ideal in k[x0, · · · , xm]. As a set Pm
k can be identified with the set of

lines passing through the origin. The set of solutions a = (a0, · · · , am) 6= 0
with ai 6= 0 for some i, can be identified with Am

k (as sets to start with), by
sending (a0, · · · , am) 7→ (a0/ai, · · · , am/ai), with the ith co-ordinate omit-
ted. Given homogeneous polynomials f1, · · · , fr as above with degrees re-
spectively d1, · · · dr, then the set of common solutions of f1, · · · fr in Pm

k
with ai 6= 0, corresponds via the above correspondence to the set of common
solutions of the ‘dehomogenized’ polynomials x−dj

i fj(x0, · · · , xm) in the new
variables y0 = x0/xi, · · · , ym = xm/xi. This dehomogenization process is
suitable for studying the local behaviour of a projective variety. Conversely
given a polynomial, for example f(x, y) = y2−x3−ax−b, the solutions of the
corresponding ‘homogeneous’ polynomial f(x, y, z) = y2z − x3 − axz2 − bz3

in P2, can be taken as the ‘completion’ or the projective analogue of the set
of ‘affine’ solutions of the polynomial f(x, y).

To distinguish from the affine case, we will denote the projective variety
of solutions by X̄, and by ν̄n the number of ‘projective’ solutions in Fqn+1 .

The zeta function Z(X̄, t) is defined by the formal power series,

log Z(X, t) =
∑
m≥1

ν̄mt
m

m
.

Example 2. Let Pm denote the m-dimensional projective space defined
by the zero ideal in Fq[x0, · · · , xm]. Then

ν̄n =
q(m+1)n − 1
qn − 1

= 1 + qn + · · ·+ qmn, and so

Z(Pm, t) = exp ((1 + qn + · · ·+ qmn)tn/n) = 1/(1− t)(1− qt) · · · (1− qmt).

Exercise 1.5.1. Let Pm
k denote the m-dimensional projective space de-

fined by the zero ideal in k[x0, · · · , xm]. Show the following:
i) The set of projective solutions of the zero ideal can be identified with

(kn+1\{0})/k∗.
ii) P1

R ' S1 as a topological space, (or as a manifold) where S1 denotes
the circle in the complex plane.

iii) Show that Pm
R ' Sm/±1, obtained by identifying pairs of antipodal

points on the m-sphere. Hence these spaces are all compact.
iv) Show that P1

C can be identified with the Riemann sphere, the one
point compactification of the complex plane. Show that in general Pm

C are
compact topological spaces.

v) Let Am
k denote the affine m-space defined by the zero ideal in

k[x1, · · · , xm]. Show that the projective m-space admits a decomposition
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(for example, as sets of solutions-disjoint),

Pm
k = Am

k ∪Am−1
k · · · ∪A0

k.

1.6. Smoothness. Heuristically a variety X of dimension d defined
over the complex numbers, is smooth at a point p ∈ X(C), if locally near
the point p, the set of solutions looks like a ball in Cd. Based on the im-
plicit function theorem, an affine variety X of dimension d, defined by an
ideal I = (f1, · · · , fm) ⊂ C[x1, · · · , xn] is said to be smooth at a point
a = (a1, · · · , an) ∈ X(C) if the matrix of partial derivatives,(

(
∂fi
∂xj

)(a1, · · · , an)
)
,

has rank n− d.
Note that this definition is algebraic in character, and can be carried

over to arbitrary fields, and not necessarily the complex numbers. We now
take this as the definition of smoothness for an algebraic variety over k, in
a neighbourhood of a point a ∈ X(k̄).

Example 3. Let X be a variety defined by a single equation f ∈
k[x1, · · · , xn]. Then X is smooth at a point a = (a1, · · · , an) ∈ kn, if on
Taylor expansion at the point a,

f(x1, · · · , xn) = f(a) +
∑
i

∂f

∂xi
(a)(xi − ai) + higher degree terms,

at least one ∂f/∂xi(a) is non-zero.

For projective varieties, the condition of smoothness at a point, can
be defined by dehomoginizing (see Remark above), and working with the
corresponding affine space of solutions. Suppose now that we are considering
the projective variety defined by a single homogeneous polynomialf . It can
be checked that the projective variety X̄f defined by f is smooth at a point
(a0, · · · , an), if (a0, · · · , an) is not a solution of the system of equations,

∂f

∂x1
(x1, · · · , xn) = 0, · · · , ∂f

∂xm
(x1, · · · , xn) = 0.

Example 4. Let f(x0, · · · , xn) = a0x
m
o + · · · + anx

m
n , (m, p) = 1 and

a0 · · · an 6= 0, where p is the characteristic of the base field. Then it can be
checked that the projective variety defined by f is smooth.

1.7. Weil conjectures. Let X be a smooth, projective variety over a
finite field k of dimension d.

a) Z(X, t) is a rational function in t, i.e., of the form P (t)/Q(t), where
P (t), Q(t) are polynomial functions of t with rational integral coefficients.
It also satisfies a suitable functional equation of the form,

Z(X, 1/qdt) = ±tαqβZ(X, t),
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where α and β are determined by the geometry of X.
b) (Riemann Hypothesis) There is a factorisation of P (t) and Q(t) in the

ring Z[t] as,

P (t) = P1(t) · · ·P2d−1(t),
Q(t) = P0(t) · · ·P2d(t),

where P0(t) = (1− t) and P2d(t) = (1−qdt). There is a factorisation of Pi(t)
over C of the form,

Pi(t) =
bi∏
j=1

(1− αijt).

αij are algebraic integers, and for any embedding ι : Q̄→ C, of an algebraic
closure Q̄ of Q, we have for all i, j the analogue of the Riemann Hypothesis,

|ι(αij)| = qi/2.

c) (Topological interpretation for bi) Suppose now that X is a smooth,
projective variety over the integers (or after inverting a few primes), say
defined by homogenous polynomials fi. This amounts to saying that the set
of solutions X(C) of X over C, admits a structure of a smooth, complex
analytic manifold. In particular, the Betti numbers Bi are defined, where
Bj is the Z-rank of the cohomology group Hj(X(C),Z). For a prime p, it
makes sense to consider the variety modulo p, i.e., the space of solutions
defined by considering the polynomials fi taken modulo modulo p. Then for
any sufficiently large prime p, the conjecture is,

bj = Bj .

In other words, the shape or the topology of the variety over C, controls the
growth of the number of solutions of the equations defining the variety over
various finite fields.

Example 5. Suppose X is a smooth, projective curve defined over a
finite field (analogous to that of number fields). For example, X can be the
space of homogenous solutions in P2 of a homogeneous polynomial f(x, y, z)
in three variable of degree d, satisfying the smoothness condition:

there are no common solutions of the system of equations
∂f

∂x
= 0,

∂f

∂y
= 0,

∂f

∂z
= 0.

In this case it can be seen that B0 = B2 = 1 and B1 = (d−1)(d−2). Further
P1(X, s) =

∏
(1 − α1jq

−s). Hence to say that the absolute values of α1j be√
q is equivalent to saying that the zeros of P1 lie on the line Re(s) = 1/2.

This is analogous to the usual Riemann Hypothesis for the Dedekind zeta
function.
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1.8. Frobenius and Weil cohomology. Let Fq : An → An be the
Frobenius map sending,

(a1, · · · , an) 7→ (aq1, · · · , a
q
n).

Then Xm is the set of fixed points of Fmq in Fnq which lie in the variety X.
Now recall the Lefschetz fixed point theorem in topology: suppose f : X →
X is a continuous self map of a topological manifold of dimension d, with
isolated fixed points. Then the number of fixed points ν(f) is given by the
expression,

ν(f) =
d∑
i=0

(−1)iTr(f | H i(X,Z)).

In view of c) of the Weil conjectures stated above, Weil was inspired to
conjecture the existence of a suitable cohomology theory for varieties de-
fined over abstract fields and finite fields in particular having the following
properties:

• The analogue of the Lefschetz fixed point theorem for the Frobenius
morphism should be true. Since we are counting the number of
fixed points, this forces the cohomology groups to have values in a
characteristic zero ring, which we can assume to be a characteristic
zero field L. Then we should have,

νn(X) =
2d∑
i=0

(−1)iTr(Fn | H i(X,L),

where Fn denotes the corresponding action of the Frobenius acting
on H i(X,L). From this it follows (exercise)

Z(X, t) =
2d∏
i=0

det(1− tF | H i(X,L))−1.

• The cohomology groups should have the correct Betti numbers.
This means the following: Suppose X(C) is the set of projective
solutions of a system of homogeneous polynomial equations with
integral coefficients. Assume that the corresponding space X(C)
is smooth as a topological manifold. Note that it will be a com-
pact manifold, being a closed, subspace of the (compact) projective
space. Since the equations have integral coefficients, it makes sense
to consider the equations modulo a prime p, and to consider the
corresponding projective variety of solutions Xp. Then for large
enough p, the dimension of the H i(Xp, L), should be the ith Betti
number of the manifold X(C).
• The duality for the zeta function should correspond to Poincare

duality for the cohomology theory.
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After initial efforts of Serre, such a cohomology theory was developed by
Grothendieck and Artin. Grothendieck proved the Weil conjectures except
for the Riemann Hypothesis, as a corollary of the cohomological machinery
he had developed. Notice that this answers one of the initial hopes we
had about the Riemann Zeta function- that of expressing the zeros of the
zeta function as the eigenvalues of the Frobenius operator acting on the
cohomology groups! The Riemann Hypothesis was proved by Deligne.

1.9. Modular forms. Consider the Ramanujan τ function defined for-
mally by,

∞∑
n=1

τ(n)qn = q

∞∏
n=1

(1− qn)24.

The corresponding Dirichlet series,
∞∑
n=1

τ(n)n−s =
∏
p

(1− τ(p)p−s + p11−2s)−1,

defined for Re(s) large enough, admits analytic properties similar to the
zeta function above- analytic continuation to the entire plane, is entire, and
satisfies a functional equation. Ramanujan conjectured,

|τ(p)| ≤ 2p11/2.

This conjecture was shown to be true by Deligne, as a consequence of the
Weil conjectures. We have thus profited by searching for analogies of the
Riemann Hypothesis!

Standard estimates for modular forms give the inequality, τ(n) = O(n6).
This was later refined by Rankin and Selberg, who provided the estimate
τ(n) = O(n6−ε).

Rankin’s idea was to consider the Dirichlet series
∑

n |τ(n)|2n−s, the
‘convolution’ of the above series for τ(n) with itself, and to show that this
Dirichlet series has suitable analytic properties. The germ of the idea to
prove the Riemann Hypothesis, lies in adapting the Rankin-Selberg method
to varieties defined over finite fields, and utilise the cohomological machinery
developed by Grothendieck-roughly this amounts to relating Artin type L-
functions on a n-fold product of the curve Xn for a curve X, to similar
L-functions on curves. The starting point for the induction is the analogue
of the prime number theorem, equivalent to providing a non-vanishing region
for the L-functions.

1.10. Curves, Picard varieties and class groups. We now try to
examine some algebraic ways of defining cohomology groups in the context
of curves. It is this example which has served as a prime motivation for
much of Iwasawa theory.
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Let E be an elliptic curve defined over C, i.e., a smooth, projective curve
of genus 1 with a distinguished base point serving as the origin of a group
law on the curve. E can also be explicitly given by a Weirstrass equation of
the form

y2z = 4x3 + axz2 + bz3, a, b ∈ C,
in P2

C, where the polynomial 4x3 + ax+ b has distinct roots in C. Here the
origin is given by the point at infinity (0, 1, 0) ∈ P2

C. Complex analytically
E is isomorphic to the complex analytic manifold C/L, where L is a lattice
in C, i.e., a closed, discrete subgroup of C of rank 2 over Z. Let PL(z) be
the Weierstrass P-function associated to the lattice L,

PL(z) =
1
z2

+
∑
ω∈L\0

(
1

(z − ω)2
− 1
ω2

)
.

The corresponding Weierstrass equation as given above is the projective
equivalent of the well-known identity

P ′L(z)2 = 4PL(z)3 − g4(L)PL(z)− g6(L),

where P ′L(z) =
∑

ω∈L−2/(z − ω)3, and g4(L) = 60
∑

ω∈L\0 1/ω4, g6 =
140

∑
ω∈L\0 1/ω6.

The fundamental group π1(E, 0) can be identified with the lattice L.
Since L is commutative, the first homology group of H1(E,Z) can again be
identified with L. Given a finite covering C/L′ → C/L, where L′ ⊃ L is a
lattice in C, there exists an integer n such that nL ⊂ L′ ⊂ L (C/L′ is an
algebraic object and is in fact again an elliptic curve). Thus the collection
of covers given by the multiplication by n map, nL : C/L → C/L is co-
final in the collection of (algebraic) coverings of the curve E. The profinite
completion π̂1(E) of the fundamental group (analogous to the definition of
the Galois group for an infinite Galois extension), can thus be identified with
the profinite limit of

π1(E) ' lim
←
L/nL ' lim

←
(Z/nZ)2,

where L/nL can be identified with the Galois group of the covering map n :
C/L→ C/L. Since (C/L)/Ker nL ' C/L, we have a natural identification,

π̂1(E) ' lim
←

Ker nL.

The key point to be observed in the above isomorphism, is that the left hand
side is defined topologically as the profinite completion of the fundamental
group, whereas the right hand side can be interpreted algebraically as the
inverse limit over n of the n-division points E[n] on E. We can thus take
the right hand side as a substitute for the first homology of an elliptic curve,
defined over an arbitrary field k. To make a suitable theory, and in order to
have values in a characteristic zero field, one should fix a prime l coprime to
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the characteristic of k, and consider lim←E[lm] as a substitute for the first
homology.

For curves C of higher genus, we have the Jacobian variety J(C),
which complex analytically can be identified with H1(X,R)/H1(X,Z), with
H1(X,R) equipped with an almost complex structure coming from the com-
plex structure on X. We can again imitate the same construction, provided
there is an algebraic interpretation of the Jacobian of a curve. Such a con-
struction is obtained by constructing the Picard group of a curve. We will
now tabulate some of the well known analogies between number fields and
algebraic curves:

NUMBER FIELDS CURVES
number meromorphic function

non-zero prime ideal p Point P
valuation corresponding to p order of zero at P

ideal a =
∏
i

pai
i divisor D =

∑
i

aiPi

principal ideal (a) =
∏
i

pai
i divisor of a meromorphic function

(f) =
∑
i

ordPi(f)Pi

ideal class group Picard group=divisors of degree
zero modulo principal divisors

In analogy with the Picard group of a curve, one is led to considering
the ideal class group of a number field. If X is a curve defined over Fq,
then the group of divisors made up of points on the curve over Fq modulo
principal rational divisors is finite. The relevant Picard group is obtained by
considering these rational Picard groups over all the finite extensions Fqn ,
or equivalently that of the Picard group of the curve over F̄q.

2. Diagonal Fermat hypersurfaces

We will now verify part of the Weil conjectures for the zeta function of
a diagonal Fermat hypersurface of the form

f(x0, · · · , xm) = xk0 + · · ·xkm.

This example was worked out by Weil. The idea behind the proof is to count
the number of solutions using character sums. The rationality of the zeta
function then amounts the Davenport-Hasse theorem relating Gauss sums
over extension fields. The Riemann Hypothesis comes from the fact that the
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absolute values of a Gauss sum G(χ) is
√
q, for a non-trivial character χ of

F∗q .
Fix q a power of a prime p and let ks = Fqs . Assume that n|(q − 1).

Consider the projective variety defined by the homogeneous equation

f(xo, · · · , xr) = xn0 + · · ·+ xnr = 0

in projective r-space Pr. Let

N s = #{(a0, · · · , ar) ∈ (kr+1
s \0)/k∗s | an0 + · · ·+ anr = 0}

be the set of projective solutions of f in Pr
ks

. We first concentrate on a single
field, say k = k0, and count the number of solutions over k. Let

N = #{(a0, · · · , ar) ∈ kr+1
s | an0 + · · ·+ anr = 0}

be the number of affine solutions. Then

N =
N − 1
q − 1

.

For each u ∈ k, let
N(u) = #{x ∈ k | xn = u}.

We will indicate the steps involved in calculation N .

Step 1: Expressing N as a character sum.

i) For each u ∈ k, let

(2.0.1) N(u) = #{x ∈ k | xn = u} =


1 if u = 0,
d if u is a nth power,
0 otherwise.

Then N =
∑

u|L(u)=0

N(u0) · · ·N(ur),

where L(u) = u0 + · · ·+ ur.
ii) Choose a generator ω of k∗ (a primitive root), and for

α ∈ S =
{

0,
1
n
, · · · , n− 1

n

}
,

define χα(ω) = e2πiα.

Extend to 0, by defining

(2.0.2) χα(0) =

{
1 if α = 0,
0 α 6= 0.
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Then N(u) =
∑
α∈S

χα(u),(2.0.3)

and so N =
∑

{u| L(u)=0}

χα0(u0) · · ·χαr(ur).(2.0.4)

Step 2: Relating N to Jacobi sums.

The contribution from the term corresponding to α0 = · · · = αr = 0 is
qr as L(u) = 0.

iii) If there exists 0 < s ≤ r such that α0, · · · , αs−1 are non-zero, and
αs = · · · = αr = 0, then the contribution of the corresponding term is zero.
Hence

(2.0.5) N = qr +
∑

L(u)=0, αi 6=0

χα0(u0) · · ·χαr(ur).

iv) If u0 = 0, then contribution is zero. Assume now u0 6= 0. Write for
i ≥ 1, ui = uovi. Then vi satisfy the equation∑

vi = −1.

Now #{u | L(u) = 0, u0 6= 0} = (q − 1)#{v = (v1, · · · , vr) |
∑
vi = −1}.

Let T = {α = (α1, · · · , αr) ∈ Sr | αi 6= 0,
∑r

i=0 αi = 0}. For α ∈ T , define
α0 = −(

∑r
i=1 αi 6= 0. Define the Jacobi sum for α ∈ T , as

(2.0.6) Jk(α) =
∑

P
vi=−1

χα1(v1) · · ·χαr(vr).

(2.0.7) Then N = qr + (q − 1)
∑
α∈T

Jk(α).

Step 3: Jacobi and Gauss sums.

v) Having related the number of solutions to Jacobi sums, we now re-
late this to Gauss sums. This would enable us to use the Davenport-Hasse
theorem, relating Gauss sums over extension fields, in order to compute the
zeta function.

Let ψ : (k,+) → S1 be a fixed additive character of the field k. Define
the Gauss sum,

Gk(χ, ψ) =
∑
x∈Fq

χ(x)ψ(x).

The Gauss sum is the Fourier transform of the multiplicative character χ
with respect to the additive character ψ, and can be thought of as the
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analogue of the Gamma function. For α ∈ T show that,

Jk(α) =
1
q
Gk(χα0 , ψ) · · ·Gk(χαr , ψ),

where α0 = −(
∑r

i=1 χαi).
Hint: Can assume that x0 6= 0. Write xi = x0yi.
vi) Now substitute for k = ks, with the obvious notation. Then,

N s = (Ns − 1)/(qs − 1) = 1 + qs + · · · qs(r−1) +
∑
α∈Ts

Js(α).

Step 4: Properties of Gauss sums.

vii) In order to compute the zeta function, we need to know the behaviour
of Gauss sums by field extensions. The main result that is needed to show
the rationality of the zeta function is the theorem of Davenport-Hasse,

Gs(χ ◦Ns, ψ ◦ Ts) = (−1)s−1G(χ, ψ)s,

where Ns : k∗s → k0 = k denotes the norm map and Ts : ks → k is the trace
map. Our assumption that n|(q−1) implies as χ runs over the characters of
order n of k∗0, then χ ◦Ns runs over the characters of order n of k∗s . Hence
we get,

Js(α ◦Ns) = (−1)(r−1)(s−1)J(α)s,

with the evident notation.

Step 5. Rationality and the Riemann Hypothesis.

viii) The logarithmic derivative of Z(X, t) becomes
∞∑
s=1

N st
s−1 = −

r−1∑
h=0

d

dt
(1− qht) + (−1)r

∑
α∈T

d

dt
log(1− (−1)r−1J(α)t).

Hence Z(X, t) =
1

(1− t) · · · (1− qr−1t)

(∏
α∈T

(1− (−1)r−1J(α)t)

)(−1)r−1

.

ix) Riemann Hypothesis follows from the fact,

|GFq(χ, ψ)| = √q.

Step 6. Betti numbers

x) We will leave it to the reader to check that the Betti numbers of the
corresponding complex points of the projective variety are the same as that
indicated by the Weil conjectures.
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3. Growth of class groups along cyclotomic towers

Let us look at some of the aspects of zeta functions of varieties defined
over finite fields, with a view to carry them over to number fields.

1) The first aspect that comes to our mind, is that the Galois group
G(F̄q/F) of an algebraic closure F̄q over Fq is isomorphic to the profinite
completion Ẑ = lim←Z/nZ.A topological generator is given by the Frobenius
automorphism φ(x) = xq of F̄q. This gives a distinguished generator, with
respect to which it is possible to talk about characteristic polynomials. Thus
one type of extensions in number fields we would like to look at are extensions
which are topologically generated by a single element.

2) A second aspect is that F̄q is generated by roots of unity over the base
field. This property is satisfied by the above example.

3) In analogy with curves over finite fields, the ideal class groups of
number fields can be considered as a substitute for the Picard group. The
analogue of working over the algebraic closure, lies in considering the collec-
tion of the ideal class groups along a tower of compatible cyclic extensions.

Example 6. Let p be a prime, and let q = 4 if p = 2, and q = p if p
is odd. Let d be a positive integer coprime to p. Denote by Kn be field
Q(ζdqpn). Then Gal(Kn/K0) ' Z/pnZ.

The important observation of Iwasawa, is that instead of considering the
full ideal class group, if we consider the p-primary component Xn of the ideal
class group of Kn, these patch together to give a module over the group ring
Zp[Γ], where Γ is the Galois group of (∪nKn)/K0. The structure theory of
modules over this ring can be worked out, and applying class field theory
provides us with information about the growth of these groups Xn.

3.1. Inverse limits. We recall the notion of inverse limits. The reader
who is familiar with inverse limits, can skip this section. We work in a
general category C- for example the category of sets, topological spaces,
groups,...Let (I,≤) be a partially ordered set, and an inverse system consists
of the following: a) for each i ∈ I an object Xi in C, b) for i ≤ j, a map
φij : Xj → Xi. This satisfies the compatibility condition that for i ≤ j ≤ k,
then φjkφij = φik. Let X be an object equipped with a collection of maps
πi : X → Xi satisfying the compatibility condition φijπj = πi for pairs
i, j ∈ I, i ≤ j. We say that X is a inverse limit of the of the inverse system
(Xi, φij , I) if it satisfies the following universal property:
given a family of maps ψi : Z → Xi from an object Z in C, satisfying the
compatibility condition φijψj = ψi, for i ≤ j, i, j ∈ I, then there exists a
unique map Ψ : Z → X, such that πiΨ = ψi for all i ∈ I. The inverse limit
if it exists, is unique upto a unique isomorphism.
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If C is a full subcategory of the category of sets, then in terms of elements
X can be described as,

X = {(xi) ∈
∏
i

Xi | φij(xj) = xi, for i ≤ j}.

Example 7. Let A be a ring with an ideal J . Let the indexing set be
the natural numbers N with the usual order. For m ≤ n, we have natural
ring homomorphisms A/Jn → A/Jm. The inverse limit ÂJ taken in the
category of rings, is called the J-adic completion of A. For example, take A
to be the integers Z, and J = (p) the ideal generated by a prime number p.
Then the p-adic completion of Z along (p) gives the ring of p-adic integers
Zp.

Another similar example can be obtained by taking A = Z[T ] (or even
Zp[T ]), and J to be the ideal (p, T ) generated by p and T . Then the comple-
tion gives the ring of formal power series Zp[[T ]], with coefficients in Zp. In
this case, it is possible to consider the completion in the category of topo-
logical rings, by equipping the finite ring quotients Z[T ]/(p, T )n with the
discrete topology. The profinite completion Zp[[T ]] has the structure of a
compact ring.

Example 8. Let L/K be an algebraic extension of fields. Since each
element in L is algebraic over K, L can be written as the union of finite
extension fields M of K. Assume not that L can be written as a union of
finite Galois extensions over K. We will then say that L is Galois over K.
Moreover the Galois group G(L/K) is the projective(inverse) limit of the
finite Galois groups G(M/K), where M is a finite Galois extension of K.
The inverse limit is taken over the indexing set of all finite Galois extensions
M of K, ordered by inclusion. G(L/K) has thus the structure of a profinite
group, and is compact in particular.

Suppose K is a number field, and v a place of K. v is ramified (un-
ramified) if v is ramified in some finite extension (unramified in any finite
extension) M ⊂ L of K. A valuation belonging to the place v can be ex-
tended to any finite extension, and thus extended to L. If w is a valuation
on L extending v, then we say that w|v. Define the decomposition group
Dw and inertia group Iw at w as,

Dw = lim
M←−
Dw|M and Iw = lim

M←−
Iw|M

3.2. Our aim now is to prove the following theorem of Iwasawa concern-
ing of growth of ideal class groups along a Zp tower. Let K0 be a finite exten-
sion of Q, and let K∞/K0 be a Zp extension, i.e., Γ := Gal(K∞/K0) ' Zp.
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Write
K∞ = ∪n≥0Kn

with Γn := Gal(Kn/K0) ' Z/pnZ.

Denote by γ = (γn) a topological generator for Γ. γn is a compatible collec-
tion of generators for the groups Γn.

Example 9. Let p, q and d be as in the example above, and let Kn =
Q(ζdqpn). Write K∞ = ∪nKn. Then G(K∞/K0) ' Zp. These extensions will
be referred to as cyclotomic Zp-extensions, and will constitute our primary
examples.

Let Xn be the p-Sylow subgroup of the ideal class group of Kn. Write

|Xn| = pen .

The theorem of Iwasawa is the following:

Theorem 3.2.1. Let K∞/K0 be a Zp extension. There exists integers
λ ≥ 0, µ ≥ 0, ν and a positive n0, such that for n ≥ n0,

en = λpn + µn+ ν.

For the proof, let
X = lim←Xn,

where the inverse limit is taken with respect to the norm maps N : Km →
Kn, m ≥ n. We have a compatible action of Gal(Kn/K0) = Γn on Xn,

N(γmxm) = r(γm)N(xm),

where γm ∈ Γm, and r denotes the natural restriction map Γm → Γn. Hence
we get a continuous action of Γ on X.

Further since each Xn is a p-primary abelian group of order pen , there
is an action of Zp on X(n), via the projection Zp → Zp/p

enZp → Z/penZ.
This action is compatible with the norm maps. Thus we get an action of
Z/penZ[Γn], the group ring of Γn with coefficients in Z/penZ on Xn. Let

Λ := Zp[Γ] = lim n←−Z/penZ[Γn].

This is a profinite ring. Note that both Zp[Γ] are profinite spaces, and thus
carry a topology with respect to which they are compact. It can be checked
that we obtain a continuous action of Λ on X.

The proof of Iwasawa’s theorem follows from:
1) Structure theory of Zp[Γ]-modules.
2) Using class field theory to obtain information about the finite layers

Xn from X.
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3.3. Application of Class Field Theory. We will begin with 2) first.
First some preliminaries:

Lemma 3.3.1. a) Let K∞/K0 be a Zp-extension. l a prime of K∞ not
dividing p. Then K∞ is unramified at l. In particular there are only finitely
many primes of K0 which ramify in K∞.

b) At least one prime ramifies.
c) There is a finite extension Kn such that every prime of Kn which

ramifies is totally ramified.

We will not present a proof of the lemma, which follows quite easily from
class field theory, but instead will be content upon remarking that for the
cyclotomic Zp-extension the properties stated in the lemma are seen to be
satisfied.

Henceforth we will assume the following, and it can be seen that the
cyclotomic Zp-extension satisfy the following:

1) K0 is such that all primes of K0 which ramify in K∞ are totally
ramified.

2) There is only one prime of K0 which is totally ramified.
These assumptions imply that there is a unique place of K∞, lying over

the ramified prime of K0, and we have an identification of the inertia group
I at this prime with Γ.

3.3.1. Hilbert class fields. The main aim is to recover Xn from X. For
this we use class field theory. Recall that the Hilbert class field HK of K,
is the maximal abelian unramified extension of K. By class field theory,
we know that HK/K is a finite, abelian extension and there is canonical
identification,

F : C(K)→ G(HK/K),
where C(K) denotes the class group of K. The identification is obtained by
sending a prime ideal p of K, to the corresponding Frobenius element, and
extending it multiplicatively to the class group. Recall that the Frobenius
element for an abelian extension of number fields L/K, corresponding to an
unramified prime ideal P of L lying over a prime ideal p of K, is the unique
element F (p) in G(L/K) satisfying,

(3.3.1) F (p)(x) ≡ xNp (mod P),

where x is an integral element in L. Since L/K is abelian, F (p) is indepen-
dent of the choice of P dividing p.

Suppose K is a Galois extension of E, with Galois group Γ. Let G denote
the Galois group of HK/E. We have the exact sequence,

(3.3.2) 1→ C(K) ' G(HK/K)→ G→ Γ→ 1.

We have now two naturally defined actions of Γ on C(K). The first action,
is via the interpretation of Γ as automorphisms of K, and C(K) in terms
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of fractional ideals in K. Namely, an element γ ∈ Γ, acts on an ideal I of
K, by (γ, I) → γ(I). This descends down to an action of Γ on C(K). The
second action is via the exact sequence 3.3.2 above, and the interpretation
of C(K) as G(HK/K). For γ ∈ Γ, choose a lift to G, denoted again by γ. γ
acts by sending an element x ∈ C(K) to xγ := γ−1xγ. Via the identification
F : C(K)→ G(HK/K), these two actions are the same:

Lemma 3.3.2. Let p be an unramified prime ideal of K over E. Then
for γ ∈ Γ,

γ−1F (p)γ = F (γ−1p).

Proof. Let x be an algebraic integer in E, and P be a prime ideal in
the ring of integers of E lying over p. We have,

F (p)(γx) ≡ (γx)Np (mod P).

We apply γ−1 to both sides. Then γ−1P|γ−1p, and N(γ−1p) = N(p). Hence,

γ−1F (p)γ(x) ≡ γ−1((γx)Np) (mod P)

≡ xNγ−1p (mod γ−1P).

�

Let Mn be the maximal unramified abelian p-extension of Kn. From the
identification of the Galois group with the Hilbert class field as in the above
paragraph, we have the following identification, still denoted by F :

(3.3.3) F : Xn → G(Mn/Kn).

Let Gn denote the Galois group of Mn over K0. Since Kn+1 is a ramified
extension of Kn and Mn an unramified extension of Kn, the fields Mn and
Kn+1 are linearly disjoint. The extension MnKn+1 is unramified over Kn+1,
and the Galois group G(MnKn+1/Kn+1) can be identified with G(Mn/Kn).
There is a natural restriction map r : G(MnKn+1/Kn+1)→ G(Mn/Kn). We
have,

Lemma 3.3.3. a) The following diagram is commutative:

Xn+1
F−−−−→ G(Mn+1/Kn+1)yN yr

Xn
F−−−−→ G(Mn/Kn)

Proof. Choose a prime ideal P of OMn+1 lying over a prime p of OKn+1 .
Assume that p is unramified over Kn and divides the prime p of OKn . Then
the norm from Kn+1 to Kn of the ideal p is pf , where f is the degree of the
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residue field extensions, satisfying Np = Npf . Let x be an integral element
in Mn. The restriction rF (p)(x) satisfies,

rF (p)(x) ≡ xNp (mod P)

i.e., F (p)(x) ≡ xNpf
(mod P)

≡ F (p)(x)f (mod P)

≡ F (p)f (x) (mod P)

≡ F (Np) (mod P)

�

3.3.2. Let M∞ be the compositum of the fields Mn. M∞/K∞ is Galois
with Galois group isomorphic to X. It can be shown that M∞ is the maximal
unramified p-abelian extension of K∞. Denote by G the Galois group of M∞
over K∞. We have the exact sequence,

(3.3.4) 1→ X → G→ Γ→ 1.

As before, let γ denote a topological generator of Γ. Note that the element
γ−1 in the Iwasawa algebra acts by sending (γ−1) : x 7→ xγ−1 = γxγ−1x−1.

Proposition 3.3.1. X0 is the group of coinvariants for the Γ action on
X, i.e., we have

X/Xγ−1 ' X0 ' G(M0/K0).
More generally for n ≥ 0,

X/Xγpn−1 ' Xn ' G(Mn/Kn).

Before we prove this proposition, we recall a bit about semi-direct prod-
ucts. Given an exact sequence of groups,

1→ X → G
π−→ Γ→ 1,

we say that the exact sequence splits, or that G is a semi-direct product of
Γ by X, written G = X×Γ, if there exists a (continuous) section s : Γ→ G,
such that π ◦ s = idΓ. This amounts to giving a subgroup H ⊂ G, such that
H ∩ X = {1}, and H maps onto Γ. The splitting provides an action of Γ
on X. It can be checked that the following are equivalent for a semi-direct
product G: i) s(Γ) is a normal subgroup of G. ii) the induced action of Γ
by a splitting section s on X is trivial. iii) G is isomorphic to the direct
product of the groups X × s(Γ).

Lemma 3.3.4. The exact sequence 3.3.4 splits.

Proof. Let I denote the inertia group of a prime of M∞ lying over the
unique prime of K0 ramifying inside K∞. Since K∞ is totally ramified over
K0, I restricted to K∞ is surjective. Further M∞ is an unramified extension
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of K∞. Hence I ∩X = 1. This implies that G is the semi-direct product of
I and X. �

Lemma 3.3.5. The closure of the commutator group [G,G] is isomorphic
to Xγ−1.

Proof. Take x ∈ X. Then

xγ−1 = γ̃xγ̃−1x−1 ∈ [G,G].
This implies Xγ−1 ⊂ [G,G].

Conversely look at the exact sequence,

1→ X/Xγ−1 → G/Xγ−1 → Γ→ 1.
Note that Xγ−1 is a closed normal subgroup of G (why?- because I

normalises, and it is closed since it is the image of the compact group X by
the map γ − 1).

By definition, the Γ which is topologically generated by γ, acts trivially
on the extension. Hence the semi-direct product becomes a product. Hence
G/Xγ−1 is a commutative group. This implies that Xγ−1 ⊃ [G,G].

�

Proof of Proposition 3.3.1 M0 is the maximal p-primary abelian
unramified extension of K0. Since M0 is an abelian extension of K0, we have
G(M∞/M0) ⊂ [G,G]. SinceM0/K0 is unramified implies thatG(M∞/M0) ⊂
I.

3.4. Structure theory of modules over the Iwasawa algebra. In
this section, we follow Serre in understanding the structure theory of modules
over the Iwasawa algebra Λ = Zp[Γ]. The key point is to identify Λ with the
power series ring Zp[[T ]].

Proposition 3.4.1.
Λ ' Zp[[T ]].

Note that if we work at the finite level, then we have an obvious isomor-
phism of the group ring

Zp[Γn] ' Zp[U ]/(Up
n − 1),

by sending a generator γn of Γn to the element U . The problem with this
isomorphism is that the isomorphism is not compatible with the inverse
system formed by Zp[Γn]. In order to build a compatible system, we need
to work with a different generator for the ring Zp[U ]/(Up

n − 1). Substitute
U = T + 1. We then have

Zp[Γn] ' Zp[U ]/(Up
n − 1) ' Zp[T ]/((1 + T )p

n − 1).
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The polynomial hn(T ) = (1 + T )p
n − 1 is an example of a distinguished

polynomial:

Definition 1. A polynomial of the form Tn + a1T
n−1 + · · · + an is

distinguished if all the coefficients ai are divisible by p.

Lemma 3.4.1.
lim n←−Zp[[T ]]/(hn) ' Zp[[T ]].

Proof.

hn+1 = (1 + T )p
n+1 − 1 = ((1 + T )p

n − 1 + 1)p − 1

= (hn + 1)p − 1 = hpn + php−1
n + · · ·+ phn.

Thus by induction we see that hn+1 is in the ideal (p, T )n+1. �

Lemma 3.4.2.

Zp[[T ]]/(hn) ' Zp[T ]/(hn) ' Zp[Γn].

Proof. The proof of this rests on the Euclidean algorithm for the power
series ring: if f is a distinguished polynomial of degree n, and g ∈ Zp[[T ]],
then there exists unique elements q ∈ Zp[[T ]] and a polynomial r ∈ Zp[T ] of
degree less than n. �

From the above lemmas, we have a proof of the proposition. (Make a
remark that the hn are compatible with taking the inverse limit).

Remark. Note that if we are working over Qp instead of Zp, then we
will not have the above lemma, and the inverse limits of the group rings with
coefficients in Qp will not have the nice description in terms of formal power
series as given above.

In terms of the identification of Λ with Zp[[T ]], we have by Proposition
3.3.1 (iii),

Xn = X/hn(T )X.
In order to use the structure theorem, we need to know that X is finitely

generated as a module over Λ, and this is provided by the following topolog-
ical version of Nakayama’s lemma. We begin with a topological version of
Nakayama’s lemma, which asserts the finite generation of X as a Λ-module.

Lemma 3.4.3. Let O be a local ring with maximal ideal m. Let V be a
compact topological module over O with respect to the m-adic topology.

i) if mV = V , then V = 0.
ii) if O is compact, and V/mV is finitely generated, then V is finitely

generated.

Proof. Exercise. �
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Going back to the proof of Iwasawa’s theorem on the growth of class
groups along Zp-extensions, we see that it follows from Nakayama’s lemma,
and the identification of X/h0X ' X0, that X is a finitely generated Λ-
module.

Corollary 3.4.1. X is finitely generated as a Λ-module.

Remark. Note that this lemma is different from the usual Nakayama
lemma, which assumes a priori that V is finitely generated. Here by imposing
a topological notion, we are able to conclude the finite generation of V , from
the finite generation of the covariants of V with respect to m.

We state without proof the following structure theorem for finitely gen-
erated modules over Zp[[T ]]. For a proof, we refer to Washington’s or Lang’s
book.

Theorem 3.4.2. Let V be a finitely generated module over Zp[[T ]]. Then
there is morphism

V → Λr ⊕
∏
i

Λ/(pni)⊕
∏
j

Λ/(fmj

j )

with finite kernel and cokernel, and where fj are distinguished and irreducible
polynomials.

As a corollary we obtain the following theorem:

Theorem 3.4.3. There is an injective morphism from X to a Λ-module
of the form

∏
i Λ/(pni)⊕

∏
j Λ/(fmj

j ) with finite cokernel, and where fj are
distinguished polynomials.

This follows from the fact that if X contains a copy of Λ, then X0 will be
infinite, contradicting the finiteness of the class number. In order to establish
the growth of class numbers along a Zp-extension, we have to examine the
growth of these modules. Note that

Xn = X/Xγpn−1,

a) V = Λ/(pm). Then,

Vn ' (Z/pmZ)[[T ]]/(hn) ' (Z/pmZ)[T ]/(T p
n − 1).

Thus Vn is a free module of rank pn over Z/pmZ, and is of cardinality pmn.
b) V = Λ/(f), f a distinguished polynomial of degree d. We assume

that Vn is finite for all n, an assumption satisfied for the module X in our
situation. Note that since f is distinguished,

f ∼= T d (mod p).

Hence there exists n0, such that for n > n0,

T p
n−1 ∼= 0 (mod (f, p)).
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For an element P ∈ Λ, denote by L(P ) the left multiplication by P on V .
Then for n > n0,

L(T )p
n−1 ∼= 0 (mod p).

It follows that,

L((1 +X)p
n−1

) ∼= 1 (mod p).

L((1 +X)p
n
) ∼= (L((1 +X)p

n−1
)p ∼= 1 (mod p2).

We have,

(1 + T )p
n+1 − 1

= {(1 + T )p
n

+ (1 + T )2pn
+ · · ·+ (1 + T )(p−1)pn}{(1 + T )p

n − 1}.
From this it can be seen by induction that for some unit element u,

(γn − 1)V = pn−n0u(γn0 − 1)V, n > n0 � 0.

Since (γn0 − 1)V is of finite index in Zdp, it is isomorphic to Zdp, and so upto
a constant error term the growth as n varies, is given by dn, where d is the
degree of the distinguished polynomial f . Thus µ is the sum of the degrees
of the polynomials (fmj

j ) occurring in the decomposition of the module V .

4. Construction of p-adic L-function via Stickelberger

Let χ be a Dirichlet character, and fix a prime p. Our objective in
this section is to outline a construction of the p-adic L-function Lp(s, χ)
associated to the character χ, following a method of Iwasawa using Stick-
elberger elements. In the last section we saw that the profinite limit X of
the p-primary part of the class group along a Zp-extension, is upto a finite
cokernel isomorphic to,

X →
∏
i

Λ/(pni)⊕
∏
j

Λ/(fmj

j ).

Essentially this amounts to saying that
∏
i p
ni
∏
j f

mj

j annihilates X. Recall
that the Stickelberger element for the field Kn annihilates the class group.
The question naturally arises about the relationship of the Stickelberger
elements along a Zp-tower of fields, and the annihilator obtained above. The
limit of the Stickelberger elements taken along a Zp-extension can be seen
to belong to the Iwasawa algebra, and the analytic function associated to
this formal power series turns out to be the p-adic L-function constructed by
Kubota and Leopoldt. Roughly, the Main conjecture of Iwasawa theory says
that these two methods give raise to same element in the Iwasawa algebra
upto a unit, thus expressing the characteristic function of X as a p-adic
L-function, in analogy with the Weil conjectures for curves.
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4.1. Preliminaries. Let Q̄p be an algebraic closure of the field Qp.
The natural valuation | | on Qp extends to a valuation on Q̄p, which is no
longer discrete. We normalise the valuation by fixing |p| = 1/p. The field
Q̄p is no longer complete with respect to this valuation. Denote by Cp the
completion of Q̄p with respect to this valuation. The absolute value extends
to Cp, and Cp is complete, algebraically closed. This is the analogue of the
complex numbers. In fact, it can be seen that as abstract fields Cp and C
are isomorphic. Fix an embedding of Q̄ into Cp, where Cp is an algebraic
closure of the field Qp. With this we can think of Dirichlet characters as
having values in Cp. We remark however that the use of Cp is more for
convenience, and we could have as well worked with the locally compact
field Qp(χ), obtained by adjoining the values of χ.

We recall the definition of the Teichmuller character ω defined on Z∗p.
Let q = p if p is odd, and q = 4 if p = 2. ω is the unique character ω on Z∗p
with values in the (p− 1)th roots of unity if p is odd, and values in {±1} if
p = 2, satisfying the following congruence:

ω(a) ≡ a (mod p).

It can be seen that ω(a) is also equal to limn→∞ ap
n
. Define

< a >= ω(a)−1a.

Let N be the conductor of χ. The generalised Bernoulli numbers are
defined by the series,

N∑
a=1

χ(a)teat

eNt − 1
=
∞∑
n=0

Bn,χ
tn

n
.

The Dirichlet L-functions associated L(s, χ) admit an analytic continuation
to the entire complex plane, and the values at the negative integers are given
by the Bernoulli numbers,

L(1− n, χ) = −Bn,χ
n

, n ≥ 1.

For any integer k, n ≥ 0, define

(4.1.1) Sn,χ(k) =
k∑
a=1

χ(a)an.

An important property of the Bernoulli numbers we will need is the following:

Lemma 4.1.1. In Cp,

Bn,χ = limk→∞
1

pkN
Sn,χ(pkN) = limk→∞

1
pkN

pkN∑
a=1

χ(a)an.
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For a proof of this lemma, we refer to Iwasawa’s book. Let q = p if p is
odd, and q = 4 if p = 2. We recall the following theorem:

Theorem 4.1.1. There exists a p-adic meromorphic function Lp(s, χ)
defined in the domain D = {s ∈ Cp | |s| < qp−1/(p−1)} satisfying the follow-
ing:

a) Lp(s, χ) is given by

Lp(s, χ) =
a−1

s− 1
+
∞∑
n=0

an(s− 1)n, an ∈ Qp(χ),

where a−1 = 1− 1/p if χ is the trivial character, and 0 otherwise.

(b) Lp(1− n, χ) = −(1− χω−n(p)pn−1)
Bn,χω−n

n

= (1− χω−n(p)pn−1)L(1− n, χω−n), n ≥ 1.

Further as a p-adic meromorphic function on the domain D, Lp(s, χ) is
uniquely characterised by the above properties.

In particular, let χ be an odd Dirichlet character, i.e., χ(−1) = −1. It
can be seen from properties of Bernoulli numbers, that for n ≡ (mod φ(q)),
Bn,χ = 0. Hence it follows that Lp(s, χ) is identically 0 if χ is an odd
Dirichlet character.

4.2. Write the conductor of χ as dpj , (d, p) = 1, for some j ≥ 0. Let
qn = dqpn, n ≥ 0. Let

Kn = Q(ζqn), n ≥ 0.

By the Kronecker-Weber theorem, we see that χ can be considered as a
character of the Galois group G(Kn/Q) of the field Kn over Q. We have the
exact sequence,

1→ G(Kn/K0)→ G(Kn/Q)→ G(K0/Q)→ 1.

This exact sequence splits giving an idenitification

G(Kn/Q) ' ∆× Γn,

where ∆ ' G(K0/Q) and Γn ' G(Kn/K0). Accordingly for a ∈ G(Kn/Q),
let δ(a) ∈ ∆ and γn(a) ∈ Γn denote respectively the components with respect
to the above decomposition. Note that G(Kn/Q) can be identified with
(Z/qnZ)∗ ' (Z/q0Z)∗×Z/pnZ, where qn = m0qp

n, (m0, p) = 1, q = p if p is
odd and q = 4 if p = 2. Then ∆ ' (Z/q0Z)∗ and Γn ' Z/pnZ.

Write χ = θψ accordingly, where θ is a character of ∆ and ψ is a character
of Γn. θ and ψ is called a character of the first kind, and ψ a character of
the second kind. Note that θ is an unramified character, and that ψ is a
even character of p-power order. Let Oθ be the ring of integers in the field
Qp(θ). The main theorem is the following:
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Theorem 4.2.1. Let χ be an even character. There exists formal power
series f(T, θ)(if θ 6= 1), g(T, θ), h(T, θ) ∈ Oθ[[T ]], with

h(T, θ) = 1− (1 + q0)/(1 + T ), and

f(T, θ) =
g(T, θ)
h(T, θ)

, θ 6= 1.

If θ = 1, we take the above as the definition of f(T, θ) formally in the quotient
field of Oθ[[T ]]. Moreover in the domain D defined above,

Lp(s, χ) = f(ψ(1 + q0)−1(1 + q0)s − 1, θ).

There are a number of remarks to be made to clarify the above theorem.

Remark. For x ∈ Cp, define the exponential function,

exp(x) =
∞∑
n=0

xn

n!
.

It can be shown that this series converges absolutely in the region |x| <
p−1/(p−1). Similarly define the logarithm function in the domain {x ∈ Cp |
|1− x| < 1} by the series,

logp(1− x) =
∞∑
n=1

xn

n
.

It can be shown that the above definition of logp(x) can be extended uniquely
to a continuous function on C∗p such that logp(p) = 0. With this define,

(1 + q0)s = exp(slogp(1 + q0)).

Remark. We have |logp(1 + q0)| = |q0|. Thus for s ∈ D,

|(1 + q0)s − 1| = |exp(slogp(1 + q0)| < 1.

Since ψ of order a power of p, ψ(1 + q0) is of p-power order, and so |ψ(1 +
q0)−1(1+q0)s−1| < 1. Hence on substituting for T = ψ(1+q0)−1(1+q0)s−1,
in a power series with coefficients in Oθ, the series converges and defines an
analytic function on D. Moreover the only possible zero for h(T, θ) is when
T = q0, equivalently when s = 1 and ψ(1+q0) = 1. As (1+q0) is a generator
for Γ, this implies ψ is trivial, and χ is an even character of the first kind.
Lp(s, χ) is analytic except at s = 1, where it has a simple pole.
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4.3. We will give an outline of the construction of the formal power
series occurring in the theorem. In virtue of Theorem 4.1.1, and the above
remark, it suffices to check that the values at the points s = 1 − n, n a
rational integer satisfy (b) of Theorem 4.1.1.

Let χ be an even character, and let χ = θψ be the decomposition as
characters of the first and second kind respectively. Let θ∗ = θω−1. Since ψ
is an even character, θ will be even, and θ∗ an odd character. Let

Sn = {a | 0 < a < qn, (a, q0) = 1}.

Define ξn(θ), ηn(θ) ∈ Kθ[Γn], elements in the group ring of Γn as,

ξn(θ) = − 1
qn

∑
a∈Sn

aθ∗(a)γn(a)−1

and ηn(θ) = (1− (1 + q0)γn(1 + q0)−1)ξn(θ).

Remark. Recall that upto a sign, the Stickelberger element ψn of Kn

is,

ψn = − 1
qn

∑
a∈Sn

aδ(a)−1γn(a)−1.

ξn(θ) is then the projection of the Stickelberger element to the group ring
Kθ[Γn] of Γn, with respect to the idempotent 1

|∆|
∑

δ∈∆ θ
∗(δ)−1δ−1.

Proposition 4.3.1. a) If m ≥ n ≥ 0, then ξm(θ) 7→ ξn(θ) and ηm(θ) 7→
ηn(θ), with respect to the map Kθ[Γm] → Kθ[Γn], induced by the projection
map from Γm to Γn.

b) 1
2ηn(θ) ∈ Oθ[Γn].

c) If θ 6= 1, then 1
2ξn(θ) ∈ Oθ[Γn].

Proof. We outline a proof when p is assumed to be a odd prime.
a) Write a ∈ Sn+1 as a = b + iqn, b ∈ Sn, 0 < i < p. Denote by ξ′n the

image of ξn+1 in Kθ[Γn], with respect to the projection map Γn+1 → Γn.
Then γn+1(a) 7→ γn(b) and θ∗(a) = θ∗(b). We have,

ξn(θ)′ = ξn(θ)− 1
qn+1

∑
0<i<p

∑
b∈Sn

iqnθ
∗(b)γn(b)−1

= ξn(θ)− p− 1
2

∑
b∈Sn

θ∗(b)γn(b)−1.

(4.3.1)

Let S′n = {a | a ∈ Sn, a < qn/2}. Since θ∗ is odd and γn is even, we get∑
b∈Sn

θ∗(b)γn(b)−1 =
∑
b∈S′n

θ∗(b)γn(b)−1 +
∑
b∈S′n

θ∗(qn − b)γn(qn − b)−1

= 0.
(4.3.2)
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b)

ηn(θ) = ξn(θ) +
1
qn

∑
a∈Sn

(1 + q0)aθ∗(a)γn((1 + q0)a)−1.

Write (1 + q0)a = a′+ a′′qn, 0 ≤ a′ ≤ qn. Then ω((1 + q0)a) = ω(a′), θ((1 +
q0)a) = θ(a′) and γn((1 + q0)a) = γn(a′). Further as a ranges over elements
of Sn, so does a′. Hence it follows,

(4.3.3) ηn(θ) =
∑
a∈Sn

a′′θ∗(a′)γn(a′)−1.

c)

ξn(θ) = − 1
qn

∑
a∈S′n

aθ∗(a)γn(a)−1 +− 1
qn

∑
a∈S′n

(qn − a)θ∗(qn − a)γn(qn − a)−1.

Since θ∗(qn − a) = −θ∗(a) and γn(qn − a) = γn(a), we have,

ξn(θ) = − 2
qn

∑
a∈S′n

aθ∗(a)γn(a)−1 +
∑
a∈S′n

θ∗(a)γn(a)−1.

Fix a0 coprime to q0. It can be from the definition of ω and of γn, that
γn(a) = γn(b) if and only if ω(a)−1a ≡ ω(b)−1b mod qn. Hence mod qn we
have,
(4.3.4) ∑

a∈S′n
γn(a)=γn(a0)

aω(a)−1θ(a)γn(a)−1 = a0ω(a0)−1γn(a0)
∑
a∈S′n

γn(a)=γn(a0)

θ(a).

Now as a ranges over the indexing set in the above equation, it can be seen
that the projection of a to ∆ ranges over all the elements of ∆. Since θ is a
non-principal character, this sum vanishes. �

Proof of the theorem. A slight extension of the isomorphism of the last
section provides an identification of the group ring Oθ[Γ] ' TOθ[[T ]]. Let u
be a generator of Γ. We recall that this identification is obtained by sending
the generator u to 1 + T . Note that in the particular example we had, we
could have taken γ(1 + q0) as an explicit generator for Γ.

Via this identification, the proposition implies the existence of formal
power series f(T, θ) (if θ 6= 1), g(T, θ) ∈ Oθ[[T ]] as,

f(T, θ) = lim n←−ξn(θ), if θ 6= 1,(4.3.5)

and g(T, θ) = lim←nξn(θ), if θ 6= 1.(4.3.6)

In view of the theorem 4.1.1, we need to understand at the level of group
rings, the effect on substituting T = ζψ(1 + q0)1−m−1, where m is a natural
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number. Define for n sufficiently large depending on the conductor of ψ and
for a fixed integer t,

φψm,n : Oθ[Γn]→ Oθ/qnOθ
such that

γn(a) 7→ ψ(a)−1 < a >−t, a ∈ Z, (a, q0) = 1.

For n varying the various maps patch together to give a morphism of Oθ-
algebras φt : Oθ[Γ]→ Oθ.

Lemma 4.3.1. Let ξ ∈ Oθ[Γ] correspond to f(T ) ∈ Oθ[[T ]] via the above
isomorphism. Then

φψt (ξ) = f(ψ(1 + q0)−1(1 + q0)−t − 1).

Proof. Assume first that f(T ) = 1 +T . Then ξ = γ(1 + q0) and hence,

φt(γ(1 + q0)) = ψ(1 + q0)−1(1 + q0)−t = f(ψ(1 + q0)−1(1 + q0)−t − 1).

The lemma now follows for all polynomials and hence for any f . �

In view of the above remarks, it suffices in order to prove the theorem
to show that for any integer m ≥ 1

g(ζψ(1 + q0)1−m − 1, θ)

= −h(ζψ(1 + q0)1−m − 1, θ)(1− χω−m(p)pm−1)Bm,χω−m .

Applying φt,n to both sides of 4.3.3,

φt,n(ηn) =
∑

a′′χt+1(a′)(a′)t (mod q)nOθ,

where χt+1 = χω−t−1. From this it follows that,

(t+1)φt,n(ηn) = −(1−χ(1+q0)(1+q0)t+1)
1
qn

∑
a

χt+1(a)at+1 (mod q)nOθ.

Hence,

(t+ 1)φt(ηn) = −(1− χ(1 + q0)(1 + q0)t+1) lim
1
qn

∑
a

χt+1(a)at+1.

It follows from the identification of g(T, θ) with limφt(ηn) that,

f(χ(1 + q0)(1 + q0)−t − 1, θ) = − 1
t+ 1

lim
1
qn

∑
a

χt+1(a)at+1.

We break the above sum into two parts, one indexed by a coprime to p, and
the other by p|a, to obtain∑

a

χt+1(a)at+1 = St+1,χt+1(qn)− χt+1(p)pt+1St+1,χt+1(qn−1),
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with Sn,χ defined as in 4.1.1. It follows from Lemma 4.1.1 upon substituting
m = t+ 1 ≥ 1,

f(χ(1 + q0)(1 + q0)1−m − 1, θ) = −(1− χm(p)pm−1Bm,χω−m

m
.

This gives an outline of the proof of the theorem, and for more details we
refer the reader to the books by Iwasawa and Washington.

5. Main conjecture

In analogy with the Weil conjectures, it is natural to ask whether the
characteristic function of the pro p-part of the class group X of a Zp exten-
sion, considered in Section 2, is of zeta type. Note that this characteristic
function is well defined upto a unit in the Iwasawa algebra. We have also
seen, that the Stickelberger elements patch together along a cyclotomic Zp-
extension, and gives rise to a power series, which interpolates the special
values of Dirichlet L-series. The Main conjecture is indeed the expectation
that these two power series should be equal upto a unit in the Iwasawa
algebra.

Let Kn = Q(ζpn+1), and θ be an odd character of ∆ ' Gal(Q(ζp)/Q).
Let Xn denote the Galois group of the maximal abelian p-extension Ωn of
Kn, unramified outside of the prime above p, and X be the profinite limit
X = lim←[n]Xn. The Iwasawa algebra,

Λ = Zp[Γ] = lim
←

Zp[Γn] ' Zp[[T ]].

For any character χ of ∆, denote by εχ the projector in the group ring Zp[∆],

εχ =
1

(p− 1)

∑
δ∈∆

χ−1(δ)δ.

As seen in section 2, there is a map of Λ-modules,

εχX → ⊕i
(

Λ/(pni(χ))
)
⊕ (⊕jΛ/(gj(T, χ)mj )) ,

with finite cokernel. We denote by,

char(X(χ)) =
∏
i

pni ⊕
∏
j

gj(T, χ)mj ,

the characteristic function of X as a Λ-module. g(T, χ) is well defined only
upto a unit in Λ.

In the last section we had constructed f(T, χ) ∈ Λ satisfying for any
natural number m ≥ 1,

f(ψ(1 + q0)−1(1 + q0)1−m − 1, χ) = L(1−m,χ) =

−(1− χω−n(p)pn−1)
Bn,χω−n

n
.
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We can now state a form of Iwasawa’s main conjecture, which has been
proved by Mazur and Wiles.

Theorem 5.0.2 (Main conjecture of Iwasawa theory). For all nontrivial
even characters χ of ∆,

char(X(χ)) = f(T, χ)Λ.
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