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The title of my talk:

Abraham Flexner (1866–1959)

Einstein and Flexner (2nd from left) at the Institute for Advanced Study, Princeton. Photo from the IAS archives.
Abraham Flexner, the founding director (1930–1939) of the IAS, played a major role in reforming medical and
higher education in North America. For his life and work go to https://www.ias.edu/flexner-life

Some quotes from Flexner’s 1939 essay
“Throughout the whole history of science most of the really great
discoveries which had ultimately proved to be beneficial to mankind
had been made by men and women who were not driven by the
desire to be useful but merely the desire to satisfy their curiosity.”
“Institutions of higher learning should be devoted to the cultivation
of curiosity...”
“In the domain of higher mathematics, almost innumerable
instances can be cited...”
“I am not for a moment suggesting that everything that goes on in
laboratories will ultimately turn to be of some unexpected use ...
I am pleading for the abolition of the word ‘use’, and for the
freeing of the human spirit.”

This talk...

I will present some examples, from the domain of higher
mathematics, of real world applications which were possible only
because someone had developed ideas purely to satisfy their own
curiosities.
Of course, every mathematician may have her/his own favourite
examples. What follows are examples that appeal to me.
I also hope to make a case, via such examples, that other than
abolishing the word ‘use’ as Flexner suggests, we should also break
down the artificial barrier between ‘pure’ and ‘applied’
mathematics.

Example 1: Robotics and Computer Vision and ...
Sir William Rowan Hamilton (1805–1865)

Irish mathematician, physicist, astronomer.
Professor of Astronomy, Trinity College, Dublin, Ireland.
Royal Astronomer of Ireland.

Example 1: Quaternions
Hamilton tried to generalise the notion of complex numbers
(C = R2 ) and tried to make R3 into a field (to be able to add,
subtract, multiply and divide). He worked on this problem for
almost 10 years.
The idea of Quaternions occurred to him on 16th of October 1843,
as he was walking over the Brougham bridge in Dublin. (On
Google maps, it shows as ‘Broome bridge’.) He realised that it
won’t work for R3 , but R4 can be made into a division ring–we can
add, subtract, multiply and divide, except that multiplication is not
commutative. The basic formulae are:
H = R ⊕ Ri ⊕ Rj ⊕ Rk
i 2 = j 2 = k 2 = ijk = −1.
(Exercise: show that ij = −ji = k, jk = −kj = i and ki = −ik = j.)

Example 1: The Bridge - 1

Example 1: The Bridge - 2

Example 1: Rotations in 3-space via quaternions
Let ξ = a + bi + cj + dk ∈ H.
Define its conjugate as: ξ¯ := a − bi − cj − dk.
Define the norm of ξ as:
N(ξ) := ξ ξ¯ = a2 + b 2 + c 2 + d 2 .
The norm map gives a surjective homomorphism N : H∗ → R>0 .
Define the kernel of the norm map as:
SL(1, H) = kernel(N).
Topologically, SL(1, H) = S 3 the 3-sphere in R4 .
(Fact: SL(1, H) = SU(2), the special unitary group of 2 × 2
unitary matrices of determinant 1.)

Example 1: Rotations in 3-space via quaternions, cont.
Let ξ ∈ SL(1, H) and v ∈ R3 = Ri ⊕ Rj ⊕ Rk.
Check that Ad(ξ)(v ) = ξv ξ −1 is also in this R3 .
We get a surjective homomorphism with kernel {±1}:
Ad : SL(1, H) → SO(3),
where SO(3) is the group of 3 × 3 orthogonal matrices of
determinant 1, also called the rotation group of a 3-dimensional
euclidean space.
From the point of view of computational mathematics, it’s so
much faster to do calculations in SL(1, H) than to do calculations
with SO(3). This simple idea involving quaternions goes into the
US $100 billion business of robotics, computer vision, and graphics
programming.

Example 1:

Quaternions for computer vision and robotics, by Jon Webb and E. Pervin, In Proceedings of the

Conference on Computer Vision and Pattern Recognition, Washington, D.C., 1983.)

Example 2: Tomography
Tomography: a technique for displaying a representation of a cross
section through a human body or other solid object using X-rays or
ultrasound.
(Tomos: Greek word for slice or section.)

Johann Radon: 1887–1956

Radon’s Paper

(Berichte der Sächsischen Akademie der Wissenschaft, vol. 69, 262–277, (1917).)

The Radon Transform

The Radon transform is an integral transform that takes a
function f (x, y ) in two variables x and y to a function
R(f ) = F defined on the set of the set of lines in the
(x, y )-plane. The value of F on a line ` is the integral of f
along `.
The inverse Radon transform reconstructs f from F .
This idea works with more number of variables.
Tomography is founded ultimately on this simple idea of
Radon from calculus in two or more variables.
The Radon Transform: The first 100 years and beyond. Eds. R. Ramlau and O. Scherzer, de Gruytrer, (2019).

Example 3: Data Science and...
Leonard Euler (1707 - 1783)

Example 3: ‘Euler’s Formula’: V − E + F = 2

A polyhedron is a solid whose surface of a number of polygonal
faces. A polyhedron is simple if it has no ‘holes’ in it.
In a simple polyhedron, let V denote the number of vertices, E the
number of edges, and F the number of faces of the polygons on
the surface. Then:
V − E + F = 2.
A polyhedron is regular if all the faces are congruent and all the
angles at vertices are equal.

Example 3: Regular polyhedra = Platonic solids

That there are only 5 platonic solids: tetrahedron, octahedron, cube, icosahedron, and dodecahedron, can be
proved using Euler’s formula.

Example 3: Illustrations of Euler’s formula

(Reference: Courant and Robbins, What is Mathematics?, Chapter V.)

Example 3: Euler characteristic
A topological space X is said to be of finite type if its homology
groups Hi (X ) are finitely generated abelian groups for each i ≥ 0,
and is said to be of bounded finite type if Hi (X ) = 0 for all but
finitely many i’s. The Euler characteristic of a space X of bounded
finite type is defined as:
X
χ(X ) :=
(−1)i rank(Hi (X )).
i

Euler–Poincaré Theorem: Let X be a finite CW-complex and let
ai be the number of i-cells in X , then χ(X ) is defined and
X
χ(X ) =
(−1)i ai .
i
(See Glen Bredon, Topology and Geometry, Springer GTM 139, Chap. IV on Homology Theory, Theorem 13.3.)
An exotic philosophical principle: interesting numbers in mathematics are Euler characteristics. For example, the
special values of the Riemann ζ-function are Euler characteristics of moduli space of curves.

Example 3: Topological Data Analysis
Topological Data Analysis (TDA) studies the shape of data using
methods from (algebraic) topology. TDA a ‘hot’ topic these days
in the emerging field of data science.
A major tool in TDA is the idea of persistent homology.
Let X be a simplicial complex, and f : X → R be a function so
that f (σ) ≤ f (τ ) if σ is a face of τ. For n ≥ 0 an integer,
Xn := f −1 (−∞, n] is a subcomplex. We have a filtered simplicial
complex: X0 ⊂ X1 ⊂ · · · ⊂ Xd = X . The inclusion Xi ,→ Xj
induces a map in p-th homology fpi,j : Hp (Xi ) → Hp (Xj ). The
persistent homology groups are the images of these maps fpi,j .
(Carlsson and Zomorodian, Computing persistent homology, Discrete and Comput. Geom, 33:249–274 (2005).)
(Edelsbrunner and Harer, Computational topology. An introduction. AMS, Providence, RI, 2010.)

Example 3: Persistent homology in ‘viral evolution’.

The following table is from the paper by Chan, Carlsson, and
Rabadan, The topology of viral evolution, PNAS, Nov. 12, 2013,
vol. 110, no. 46, 18566–18571.

Mathematics: Pure Vs Applied
Consider the question(s):
What is Pure Mathematics? What is Applied Mathematics?
1

When did a quaternion transcend from pure to applied?

2

When did a homology group make this transition?

3

Is Calculus pure or applied?

In my opinion, this is simply a wrong question to ask.
Mathematics is an organic aspect of human knowledge and one
never knows a priori what part of some subarea in mathematics is
applicable to a problem in some other area of mathematics or
science or engineering.

Mathematics: the language of the sciences
Philosophy is written in that great book which for ever lies before our
eyes-I mean our universe-but we cannot understand it if we do not first
learn the language and grasp the symbols in which it is written. The
Book is written in the mathematical language... without which one
wanders in vain through a dark labyrinth.

(1636 portrait of Galileo Galilei, by Justus Sustermans.)

The perennial question...

I am often asked, over a casual conversation, say at party, from a
friend not from the world of science, upon hearing that I am a
mathematician, and after hearing me mumble for about 30 seconds
when they wanted to know what does a mathematician do:
So, does this have any applications?

I think I will reply by throwing a question back at ’em:
Does a language have any applications?

Thank You!

