RINGS OF MINIMAL MULTIPLICITY

J. K. VERMA

ABSTRACT. In this exposition, we discuss two theorems of S. S. Abhyankar about Cohen-Macaulay
local rings of minimal multiplicity and graded rings of minimal multiplicity.

1. INTRODUCTION

We shall discuss two theorems of S. S. Abhyankar about rings of minimal multiplicity which he
proved in his 1967 paper “Local rings of high embedding dimension” [1] which appeared in the
American Journal of Mathematics. The first result gives a lower bound on the multiplicity of the
maximal ideal in a Cohen-Macaulay local ring and the second result gives a lower bound on the
multiplicity of a standard graded domain over an algebraically closed field.

The origins of these results lie in projective geometry. Let k be an algebraically closed field and X
be a projective variety. We say that it is non-degenerate if it is not contained in a hyperplane. Let
I(X) be the ideal of X. It is a homogeneous ideal of the polynomial ring S = k[z¢, z1,...,x,]. The
homogeneous coordinate ring of X is defined as R = S(X) = S/I(X). Then R is a graded ring and
we write it as R = &2 (R,,. Here R,, = S,,/(I(X) N Sy). The Hilbert function of R is the function
Hp(n) = dimy, R,.

Theorem 1.1 (Hilbert-Serre). There exists a polynomial Pr(z) € Q[z]| so that for all large n,
Hpgr(n) = Pr(n). The degree of Pr(x) is the dimension d of X and we can write

Pata) =) ("5 1) —em (T LT ) e ot

Definition 1.2. The integer e(R), also denoted by deg X, is called the degree of the projective
variety X.

Theorem 1.3. If X C P" is a non-degenerate irreducible projective variety. Then
1+ codim X < deg X equivalently dim Ry — dim R+ 1 < e(R).
Definition 1.4. We say that X is a projective variety of minimal degree if
deg X =1+ codim X.
The graded ring R is said to have minimal multiplicity if
dim Ry —dim R+ 1 = e(R).

This is an expanded version of a lecture delivered at the Bhaskaracharya Institute of Mathematics, Pune on the
occasion of the eighty eighth birthday of late Professor Shreeram Abhyankar.

Thanks are due to Kriti Goel and Sudeshna Roy for their help in preparation of these notes.
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Del Pezzo classified all projective surfaces of minimal degree in 1886. Bertini gave the classification
for all projective varieties of minimal degree. Simpler and modern treatments for this classification
have been given by Nagata [6], Harris [4], Xamb¢ [8] and Eisenbud-Harris [3].

2. THE DIMENSION AND DEPTH OF NOETHERIAN LOCAL RINGS
1. Dimension of a Noetherian ring. Let R be a Noetherian ring. A chain of prime ideals
PoCp1 C---Chyg

where all the prime ideals po, p1,...,p, are distinct is said to have length g. The Krull dimension
of R is defined to be

dim R = sup{g | R has a chain of prime ideals of length g}.
If 5 is a prime ideal of R then its height is defined to be
ht P = sup{g | there is a chain of length g of prime ideals contained in B}.

Theorem 2.1. Suppose K is a field and S = K[X1, Xs,...,Xy,] is the polynomial ring. Let P is
a prime ideal of S and R = S/B. Let L be the quotient field of R. Then

dim R = trdegy L.

Now let (R, m) be a local ring. Then dim R = htm. The Krull’s Altitude Theorem asserts that
dim R < p(m) where p(m) is the minimum number of generators required for m. There are two
more ways to define the Krull dimension of R. The Chevalley dimension of R is defined as

¢(R) = inf{n | there exist n elements a1,as,...,a, € m with m = +/(a1,a2,...,an)}.

The most unintuitive but a very effective way to find the Krull dimension is to use the Hilbert-
Samuel function H; : N — N, defined as

Hi(n) = ((R/I™).

P. Samuel showed that there is a polynomial Pr(z) € Q[z], called the Hilbert polynomial of I so
that for all large n, Pr(n) = Hy(n). Moreover deg Pr(z) = d = dim R. We write

r+d—1 r+d—2
Pr(x) =ep(1) —e1(I) +"'+(—1)d€d(f).
d d—1
Here eg(I),e1(1),...,eq(I) are integers and they are called the Hilbert coefficients of 1. The number
eo(m) := e(R) > 0 and it is called the multiplicity of the local ring (R,m).
Theorem 2.2 (The Dimension Theorem). Let (R,m) be a Noetherian local ring. Then
dim R = ¢(R) = deg Pr(x).

Definition 2.3. Let M be a finite R-module over a Noetherian ring. Then the dimension of M
is defined to be dim M = dim R/ ann(M). The embedding dimension of a Noetherian local ring is
embdim R = pu(m). If dim R = d and (ay,...,aq) is m-primary then we say that ay,asz,...,aq is a
system of parameters for R.
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2. Depth of a Noetherian local ring. In order to introduce depth of a local Noetherian ring
(R, m) we introduce the notion of an M-regular sequence where M is a finite R-module. Let I be
a proper ideal of R. A sequence a1, as,...,a, € I is called an M -regqular sequence of length n if a;
is a nonzerodivisor on M/(a1,az,...,a;—1)M for all i = 1.

Theorem 2.4. The length of any mazimal M -reqular sequences in I depends only on I and M. It
is denoted by depth;(M). We have

depth; (M) < dim M.

Definition 2.5. A local ring (R, m) is called Cohen-Macaulay if m has an R-regular sequence of
length dim R. A Noetherian ring R is called Cohen-Macaulay if Ry is Cohen-Macaulay for every
mazximal ideal m of R.

Cohen-Macaulay rings are ubiquitous. We give several examples.

Example 2.6. Let k be a field and R = k[z1,x9,...,z,] be the polynomial ring. Macaulay
proved that R is Cohen-Macaulay. I. S. Cohen proved that any regular local ring (R, m) is Cohen-
Macaulay. Recall that R is called regular if dim R = embdim R. In particular the power series
ring k[[z1, ..., 2,]] and the ring of convergent power series C{x1, z2,...,x,} are regular and hence
Cohen-Macaulay.

Theorem 2.7 (Hochster, 1972). Let k be a field. Let My, Ma,... M, be monomials in S =
klxy,xa,...,xp]. Let R = k[My, Ms, ..., M,]. If R is integrally closed in its quotient field then it is
Cohen-Macaulay.

Theorem 2.8 (Hochster-Roberts, 1974). Let R = k[z1,22,...,2,] be a polynomial ring over
an algebraically closed field k. Let G be a linearly reductive linear algebraic group over k acting
linearly on R. Then the ring of invariants

RE={feR|g(f)=F foral geG}.

is a Cohen-Macaulay ring.

Theorem 2.9. If R is CM then so are R[z] and R[[z]] and R, for any prime p. If a is a nonzero-
divisor in R and R is Cohen-Macaulay then so is R/(x).

Cohen-Macaulay rings can be characterised in many ways. We shall use a criterion in terms of the
multiplicity of a system of parameters. If (R, m) is a Cohen-Macaulay local ring of dimension d and
ai,az,...,aq be a system of parameters. Then it is a regular sequence. Let I = (aj,aq,...,aq).

One can show that the Hilbert function of I is given by
n n+d—1
Hin) = /1) = e/ (",

Hence ey(I) = ¢(R/I). In fact the converse is also true.

Theorem 2.10. Let (R,m) be a Noetherian local ring. Then the following are equivalent
(1) R is Cohen-Macaulay.

(2) If a1, ag,...,aq is a system of parameters then it is an R-reqular sequence.

(3) For some system ai,aq,...,aq of parameters, eo(I) = £(R/I) where I = (a1, as,...,aq).



3. COHEN-MACAULAY LOCAL RINGS OF MINIMAL MULTIPLICITY

We shall now prove the first Theorem of Abhyankar in his 1967 paper which gives a lower bound
for the multiplicity of a Cohen-Macaulay local ring. We shall use basic facts about reductions of
ideals which were introduced by Northcott-Rees in 1954.

Let I be an ideal of a commutative wing R. An ideal J C [ is called a reduction of I, if there is
an n € N such that JI™ = I"*!. Intuitively J is a simpler version of I. A related notion is that of
integral closure of an ideal. We say that € R is integral over I if x satisfies an equation

"+ arz" a4+ ap1x+a, =0

for some a; € I' for i = 1,2,...,n. The set of elements of R which are integral over I is called the
integral closure of I. We say that I is integral over J if every element of I is integral over J. If R/m
is an infinite field then there exists a reduction J of any m-primary ideal so that J is generated by
d elements.

A local ring R is called quasi-unmized if every minimal prime p in its m-adic completion R satisfies
R/p = dim R.

Theorem 3.1 (Rees, 1961). Let J C I be m-primary ideals of a Noetherian local ring R where J
is a reduction of I. Then e(I) = e(J). If R is quasi-unmized and e(I) = e(J) then J is a reduction
of 1.

Proof. The converse is a deep theorem of Rees which we will not prove. If J is a reduction of I
then JI" = I"*1. Hence J®I" = I™*" for all n > 1. Hence J**" C I"*" C J™. Hence for all r > 1,

UR/JI™) < U(R/I™T) < U(R)J™T).

For n large these lengths are given by their respective Hilbert polynomials. Divide by n?/d! and
take limit as n — oo to see that e(I) = e(J). O

Theorem 3.2 (Abhyankar, 1967). Let (R, m) be a Cohen-Macaulay local ring of dimension d.
Then

embdim(R) —dim R+ 1 < e(R).

Let R/m be infinite. Then embdim(R) — dim R + 1 = e(R) if and only if for some and hence all

minimal reductions J of m, Jm = m?2.

Proof. By passing to the Nagata extension R(z) = R[z]n[;) we may assume that the residue field
R/m is infinite. Let J be a minimal reduction of m. Then J is generated by d elements of m. Hence
these generators form an R-regular sequence as R is Cohen-Macaulay. Hence

((R/m) + L(m/m?) + £(m?/Jm) = ((R/J) 4+ £(J/mJ) = e(R) + d.

Therefore we have 1 +emb dim(R) +£(m?/Jm) = e(R) + d. Hence emb dim(R) —dim R+ 1 < e(R).
Morever the equality holds if and only of Jm = m?. (Il

Example 3.3. Let k be a field in the examples below.
(1) If R is regular then it has minimal multiplicity. Indeed, embdim R = dim R and e(R) = 1.
Hence embdim R —dim R+ 1 =1 = e(R).
(2) Let e be a positive integer and R = k[[z¢,...,22*"!]]. Then dim R = 1,embdim R = e and
e(R) = e. Hence it has minimal multiplicity.
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(3) Let R = K[[(X,Y)?]]. Then R is Cohen-Macaulay of dimension 2 and embdim R = s +
1,e(R) = s. Hence it has minimal multiplicity. In fact it has a rational singularity.

(4) There exist Cohen-Macaulay local rings of minimal multiplicity which do not have rational
singularity. For example R = k[X,Y, Z] and m = (X,Y, Z). Then R,/(Z% — X* — Y*?) has
minimal multiplicity but it does not have rational singularities.

(5) Let R = k[[X,Y, Z]]/(X?+Y?+Z?). Then R is Cohen-Macaulay with minimal multiplicity
since embdim R —dimR+1=3-2+1=2=¢(R).

(6) Let R = k[[X,Y, Z]]/(X™ + Y™ + Z™) where n > 3. Then R is Cohen-Macaulay without
minimal multiplicity. In fact embdimR —dimR+1=3—-24+1=2<n.

4. HOMOGENEOUS DOMAINS OF MINIMAL MULTIPLICITY

In this section we present Abhyankar’s second theorem from his 1967 paper. This theorem is
a graded analogue of the local theorem. We follow the treatment given by K. Yamagishi and U.
Orbanz in the book “Equimultiplicity and Blowingup”. We begin by defining homogeneous domains.

Definition 4.1. Let k be an algebraically closed field and A = @, A, be a Noetherian graded
domain where Ay =k and A = k[A1]. Then A is called a homogeneous domain.

Example 4.2. Let P be a prime ideal of S = C[Xy, X, ..., X,] generated by homogeneous poly-
nomials. Then S/P is a homogeneous domain.

Let m = Ay = @,2; An. Then A, is the unique maximal homogeneous ideal of A. The Hilbert
function of A is defined to be H(n) = dimy A/m"™. By Hilbert-Serre Theorem, H4(n) is given by
a polynomial P4(x) € Q[z] for all large n. This is called the Hilbert polynomial of A. Moreover
d = dim A = deg Ps(x). We write the Hilbert polynomial as

r+d—1 r+d—2
Pata) =) ("5 T ma (M) 4 ) et
The coefficient e(A) is called the degree or the multiplicity of A. The embedding dimension of A is
defined to be dim A;.

Theorem 4.3. (1) Let A be a homogeneous domain. Then embdim A —dim A + 1 < e(4). (2)
Let dim A > 2. If embdim A — dim A + 1 = e(A) then A is normal and Cohen-Macaulay.

Proof. We give the proof assuming that dim A = 2. Let A be the integral closure of A in its quotient
field. Then A is graded and it has a unique maximal homogeneous ideal m. The canonical map

Ay — m/m?
is an injective linear transformation of k-vector spaces. Then B = A is a two-dimensional normal
domain. Hence it is Cohen-Macaulay. By the projection formula for the multiplicities we have
e(A) =e(A1B) > e(By) > embdim B — dim B + 1.
Therefore we have
embdimA —dimA+ 1 <embdimB —dimB+ 1 < e(B;) < e(A4).

If equality holds in this equation then m is generated by Aj. Hence A = k[A;] = A. Hence A
is normal and therefore it is Cohen-Macaulay. The general case is treated by an application of
Bertini’s theorem. O
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Definition 4.4. If A satisfies embdim A — dim A + 1 = e(A) then A is said to have minimal
multiplcity.

Example 4.5. (1) The graded domain A = C[X™, X"~ 'Y,...,Y"] is a homogeneous domain
of minimal multiplicity. Note that

embdimA —dimA+1=n+1-24+1=n=ce(A).
(2) The ring A = C[2?, xy, y] is Cohen-Macaulay, non-normal and it satisfies
embdimA —dimA+1=e(A) =2.

(3) Consider the graded ring B = C[z,v,2]/(z%) N (y, z). This is not a domain. It satisfies
Abhyankar’s equality since

embdimA —dimA+1=3-2+1=2.

But A is not Cohen-Macaulay.
(4) Let C = Clz,y,z,w]/(z,y)N (2, w). Then C is reduced but not a domain. It does not satisfy
Abhyankar’s inequality since

embdimC —dimC +1=3>¢(C) =2.
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