Notes on the Vershik-Okounkov approach to the
representation theory of the symmetric groups

1 Introduction

These notes contain an expository account of the beautiful new ap-
proach to the complex nite dimensional irreducible repremntations
of the symmetric group, developed by Anatoly Vershik and Anei
Okounkov [4].

The main task of any representation theory of the symmetric
groups is to explain the appearence of Young diagrams and Yau
tableaux in the theory in a natural way. The traditional approach
(see[l, 2, 3]) is indirect and rests upon nontrivial auxiliary con-
structions. The presence of Young tableaux in the theory isi§ti ed
only in the end, after the proof of the branching rule. The ma
steps of the Vershik-Okounkov approach are as follows:

(i) A direct elementary argument shows that branching fromS, to
S» 1 Is simple, i.e., multiplicity free.

(i) Consider an irreducible S,-module V. Since the branching
is simple the decomposition oV into irreducible S, ;-modules is
canonical. Each of these modules, in turn, decompose carcatly
into irreducible S, ,-modules. Iterating this construction we get
a canonical decomposition oV into irreducible S;-modules, i.e.,
one dimensional subspaces. Thus there is a canonical bagis/¢
determined upto scalars, and called the the Gelfand-Tsatlibasis
(GZ-basis).
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(i) Let Z, denote the center ofCS,. The Gelfand-Tsetlin algebra
(GZ-algebra), denotedGZ,, is de ned to be the (commutative) sub-
algebra ofCS,, generated byZ,[ Z,[ [ Z,. Itis shown that GZ,
consists of all elements IICS, that act diagonally in the GZ-basis
in every irreducible representation. ThusGZ, is a maximal com-
mutative subalgebra ofCS, and its dimension is equal to the sum
of dimensions of the distinct inequivalent irreducibles,-modules. It
follows that any vector in the GZ-basis (in any irreducible epresen-
tation) is uniquely determined by the eigenvalues of the eleents of
the GZ-algebra on this vector.

(iv) For i =1;2;:::;ndene X; = (1;i)+(2;i)+ +(i 1) 2
CS,. The X;'s are called the Young-Jucys-Murphy elements (YJM-
elements) and it is shown that they generate the GZ-algebralo
a GZ-vectorv (i.e., an element of the GZ-basis in some irreducible

a = eigenvalue ofX; onv and we let
Spec )= f (v) : vis a GZ-vectoq:

It follows from step (iii) that, for GZ-vectors u and v, u = Vv i

(u) = (v) and thus #Spec (n) is equal to the sum of the di-
mensions of the distinct irreducible inequivalent represgéations of
Sn-

(v) In the nal step we construct a bijection between Specn)

and Tab (n) (= set of all standard Young tableaux on the letters
f1,2;:::;ng) such that tuples in Spec (i) whose GZ-vectors be-
long to the same irreducible representation go to standardoydng

tableaux of the same shape. This step is carried out inducély

using an elementary analysis of the commutation relation

Sf=1; XiXis = Xin Xi; siXi+1= Xjus:
wheres; = the Coxeter generator §;i + 1).

For more detailed explanations about the underlying philaxphy
of this method as well as many remarks on extensions and argiks
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with Lie theory, see the original paper$4, 5]. Our exposition closely
follows [4] (we have added a few details here and there). In these
notes we have restricted ourselves to only the most basic uds
namely that the branching graph of the chain of symmetric gnaps

is the Young graph. For the further development of the theorysee
[4, 5].

Notation

A partition is a nite sequence = ( 1; 2;:::; ) of weakly
decreasing positive integers. We say that hasr parts and that
is a partiton of n = | + + . Let P(n) denote the set of all
partitions of n and let P;(n) denote the set of all pairs (i ), where
IS a partition of n andi is a partin . A part is nontrivial if it is
2 and we let # denote the sum of the nontrivial parts of . The
number of all partitions of n is denotedp(n).

Conjugacy classes ir5, are parametrized by partitions ofn.
Given a partiton 2 P(n), let ¢ 2 CS, denote the sum of all
partitions in S, with cycle type . Itis well known that fc : 2
P(n)g is a basis of the center oCS,.

For a permutation s 2 S, we denote by (s) the number of inver-
sions ins. It is well known that the s can be written as a product of
"(s) Coxeter transpositionss; = (i;i+1); i=1;2;:::;n 1andthat
s cannot be written as a product of fewer Coxeter transpositis.

All our algebras are nite dimensional, overC, and have units.
Subalgebras contain the unit, and algebra homomorphismsgserve

Al[AZ[ [ An-



2 Gelfand-Tsetlin bases and Gelfand-Tsetlin al-
gebras

In this section we shall introduce Gelfand-Tsetlin bases &
bases) and Gelfand-Tsetlin algebras (GZ algebras) for andunctive
chain of nite groups with simple branching.

Let
flg=G; G Gn (1)

be an inductive chain of nite groups. Denote byG; the set of
equivalence classes of nite dimensional complex irredb& repre-
sentations of G,. Denote by V the irreducible G, module corre-
sponding to 2 G;,. De ne the following directed graph, called the
branching multigraph or Bratelli diagramof this chain: its vertices
are the elements of the set
a AN
G

n
n 1

(disjoint union)

and two vertices ; are joined by k directed edges from to
whenever 2 G, ; and 2 G, for somen, and the multiplicity of

in the restriction of to G, ; is k. We call G, the nth level of
the branching multigraph. We write % if there is an edge from
to

For the rest of this section assume that the branching multi-
graph de ned above is actually a graph, i.e., the multiplidies of all
restrictions are 0 or 1. We say that thebranching or multiplicities
are simple

Consider theG,-moduleV , where 2 G;,. Since the branching
is simple, the decomposition



where the sum is over all 2 G, ; with % , is canonical.
Iterating this decomposition we obtain a canonical decomgiion
of V into irreducible G;-modules, i.e., one-dimensional subspaces,

v=b v @

where the sum is over all possible chains
T = 1% 2% % 3)
with ; 2 G’ and , = . By choosing a nonzero vectow; in

each one-dimensional spadé above, we obtain a basi§vrgofV

called the Gelfand-Tsetlin basis (GZ-basis) From here till the end

of Section 6 we consider the GZ-basis as xed. In Section 7 wea8

discuss an appropriate choice of these nonzero vectors (lretcase
of symmetric groups) so that all irreducibles are realizedver Q. By

the de nition of v, we have

ClG] vv = Vi, i=1;2::;n:

Also note that chains in (3) are in bijection with directed pdhs in
the branching graph from the unique element ; of G to

We have identi ed a canonical basis (upto scalars), namelyhe
GZ-basis, in each irreducible representation @,. A natural ques-
tion at this point is to identify those elements ofC[G,] that act di-
agonally in this basis (in every irreducible representati). In other
words, consider the algebra isorl\r/]orphism

C[Gn] = End(V ); (4)
2G)
given by
g7t (v 'V : 2G)); 92 Gy
Let D(V ) consists of all operators onV diagonal in the GZ-
basis ofV . Our question can now be stated ag: what is the im-
ge under the isomorphism (4) of the subalgebra 26, D(V ) of
2c: ENA(V ).



Let Z, denote the center of the algebr&[G,] and setGZ, =

bra of CS,,. We call GZ,, the Gelfand-Tsetlin algebra (GZ-algebra)
of the inductive family of group algebras.

Theorem 2.1. GZ, is the image of  ,5» D(V ) under the iso-
morphism (4) above, i.e..GZ, consists of all elements o€[G, ] that
act diagonally in the GZ-basis in every irreducible represttion of
Gn. Thus GZ, is a maxigpal commutative subalgebra &[G,] and
its dimension is equal to dim

2G),

Proof Consider the chainT from (3) above. Fori = 1;2;:::;n,
let p, 2 Z; denote the central idempotent corresponding to the
representation ; 2 G'. De ne pr 2 GZ, by

Pr=P.P, P

A little re ection shows that the image of pr under the isomorphism
(4)is(f : 2G,),wheref =0,if 6 andf isthe projection
on Vr (with respect to the decomposition (2) ofvV .)

It follows that the image ofGZ,, under (4) incluqf;s 26, D(V ),

which is a maximal commutative subalgebra of ,. End(V ).
SinceGZ, is commutative, the result follows.2 .

By a GZ-vector of G, (determined upto scalars) we mean a vec-
tor in the GZ-basis of some irreducible representation @,. As an
immediate consequence of the theorem above we get the follugv
result.

Corollary 2.2. () Let v2V ; 2 G, . If vis an eigenvector (for
the action ) of every element of5Z,,, then (a scalar multiple of)v
belongs to the GZ-basis of .

(i) Let v;u be two GZ-vectors. liv andu have the same eigenvalues
for every element ofGZ,,, thenv = u.
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We shall nd an explicit set of generators for the GZ-algebsof
the symmetric groups in Section 4.

3 Simplicity of branching for symmetric groups

In this section we give a criterion for simple branching andse
the theory of involutive algebras to verify this criterion n the case
of symmetric groups.

Theorem 3.1. Let M be a nite dimensional semisimpleC-algebra
and letN be a semisimple subalgebra. L&t(M; N ) denote thecen-
tralizer of this pair consisting of all elements oM that commute
with N. Then Z(M;N) is semisimple and the following conditions
are equivalent:

1. The restriction of any nite dimensional complex irredudble rep-
resentation of M to N is multiplicity free.

2. The centralizerZ(M; N ) is commutative.

Proof By Wedderburn's theorem we may assume, without loss of
generality, that M = M, My, where eachM; is a matrix

Mi. Fori = 1;:::;k, let N; denote the image ofN under the
natural projection of M onto M;. Being the homomorphic image of
a semisimple algebralN; itself is semisimple.

We haveZ(M;N )= Z(M1;Ny) Z(My; Ng). By the double
centralizer theorem eaclZ (M;; N;), and thus Z(M; N ), is semisim-
ple.

For i = 1;:::;k, let V; denote the set of all fny;:::;my) 2

inequivalent irreducible M -modules and that the decomposition of
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V; into irreducible N -modules is identical to the decomposition 0¥,
into irreducible N;-modules.

It now follows from the double centralizer theorem thatV; is
multiplicity free as a N;-module, for alli i all irreducile modules of
Z(Mj; N;j) have dimension 1, for ali i Z(M;j;N;) is abelian, for all
i1 Z(M;N) is abelian2

We shall now give an elegant proof that the restriction of an
irreducible representation ofS, to S, ; is multiplicity free. The
proof exploits the additional structure of an involution that certain
algebras possess (likg 7! g ! in groups andA 7! A in matrices).

Recall the notion of an involutive algebra. Let~ denote the real
eld or the complex eld. If F = Cand 2 C, then denotes the
complex conjugate of ,andif F = Rand 2 R,then =

An involutive algebraover F is an algebraA (over F) together
with a conjugate linear anti-automorphism of order 2, i.e.a bijective
mapping x 7! x such that

(x+y) =x +y;(x) =x ;(xy) =yx;(x) =X
forall x;y 2 A,and 2 F. We callx the adjoint of x.

An elementx 2 A is said to benormal if xx = x x and is said
to be hermitian or self-adjointif x = x .

Given an involutive algebraA over R, we de ne an involutive
algebra overC, called the -complexi cation of A as follows: The
elements of the complexi cation are ordered pairsx{y) 2 A A.
We write (x;y) as x + iy. The algebra operations are the natural
ones. For +i 2 C, X;X1;X2;V¥;V¥1;¥2 2 A we have

(X1 + iy1) + (X2 + iy2) (X1 + X2) + i(y1+ ¥2)
(Xe+ ly))(Xa+iy2) = (XiXa2  YiYa) + 1(X1Y2 + Y1X2)
( +i )(x+iy) (x y)+i(y + x)
(x +iy) X oy
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By a real element of the complexi cation we mean an element of the
form x = x + i0, for somex 2 A. Note that the adjoint of a real
element in the complexi cation is the same as its adjoint irA.

Example Let F beR or C and let G be a nite group. Then the
gEoup aIgebrg,F [G] is an involutive algebra under the involution
(. i) = . ig . ltcan also be easily checked thaC[G] is
the -complexi cation of R[G].

Theorem 3.2. Let A be a complex involutive algebra.

(i) An element x 2 A is normal if and only if x = y + iz, for some
self-adjointy;z 2 A that commute.

(@i) A is commutative if and only if every element of is normal.

(i) If A is the -complexi cation of a real involutive algebra, then
A is commutative if every real element oA is self-adjoint.

Proof (i) (if) xx =(y+iz)(y iz )=yy +izy iyz +zz =
y?+ z?; where in the last step we use the fact thay; z are commuting
self-adjoints. Similarly we can show x = y? + z.

(only if) Write x = y + iz, wherey = Z(x+ x Jandz= X(x X ).
It is easily checked thaty and z are self-adjoint. Now

- i 2 2y — i 2 2y.

yz= (X7 xx #xx (x))= (7 (X))

where in the last step we use the normality ok. Similarly, zy =
1/y2 2
7(x= (x)9).
(ii) (only if) This is clear.
(if) Let y;z 2 A be two self-adjoint elements. Then

(y+iz)y iz) = y*+2%+i(zy vy2)

(y iz )y+iz) = y*+2%+i(yz zy)

Sincey + iz is normal (by hypothesis) we havey = yz. So any two
self-adjoint elements ofA commute.
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Let X1;X2 2 A. Sincexy; X, are normal we can writex; = y; +
iz; and X, = y, + iz,, whereys;ys,; z1;Z, are self-adjoint (and all
commute with each other, by the paragraph above). We now have

X1X2 = (Y1¥2  Z12Z2) + i(Z1Y2 + Y12Z2) = XoXu:

(i) Let y;z be real elements oA. Then yz is also real andyz =
(yzy) = zy = zy,soy and z commute. Letx = y+ iz 2 A,
wherey and z are real. By part (i) x is normal and by part (i) A
IS commutative. 2

Theorem 3.3. The centralizer Z[C[S,]; C[S, 1]] of the subalgebra
C[S, 1] in C[S;] is commutative.

Proof The involutive subalgebraZ[C[S,]; C[S, 1]] of C[S,] is the
-complexi cation of Z[R[S,]; R[S, 1]] (why?). It therefore su ces
to show that every element oZ [R[S,]; R[S, 1]] is self-adjoint.

Let X
f = ; 2R,
2Sh
be an element oZ [R[S,]; R[S, 1]].

Fix a permutation 2 S,. Now and ! have the same cycle
structure and are thus conjugate. There is a well known prodare
to produce a permutation inS, conjugating to . Namely, rst
write down in a straight line the permutation in cycle form. Below
this line write down ! in cycle form, the only requirement being
that the lengths of the corresponding cycles match. The peuta-
tion in S, taking an element of the top row to the corresponding
element of the bottom row conjugates to !. It is clear that we
can so write down the two permutations that the lettern matches

with itself. Thus we can choose 2 S, ; such that != 1
Since 2S, wehavef =f or
X
f=f 1= (Y
2Sh

10



It follows that = 1. Since was an arbitrary element inS;
it follows that f =1f. 2

We denote the centralizerZ[C[S,]; C[S, 1]] by Z¢n 13- In the
next section we shall provide another proof tha?, 1.1y is commu-
tative.

4 Young-Jucys-Murphy elements

From this section onwards we consider only the symmetric grps
and we putG, = S,. Thus chains in the branching graph (as in Sec-
tion 2) will refer to chains in the branching graph of the symnatric
groups.

Y; Sum of all i-cycles inS, i:
'~ Sum of all i-cycles inS,, containing n:

Note that Y,, = 0.

For (;i) 2 Piy(n) dene ¢y 2 CS, to be the sum of all per-
mutations in S, satisfying

type () =

size of the cycle of containingn = i.

Observe that each ofYy;:::;Y, ;Y2 ;Y is equal toc i, for
suitable andi.

Lemma 4.1. (i) fciiyj (;i) 2 Pa(n)gis a basis ofZ, 1.q). It
follows thathYy;:::;Ye ;Y2 :1i Y3 Zn 1oy
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(i) Zen 11y =hYy i Yn Yo Y.

Proof (i) The rst statement is left as an exercise for the reader
(it is similar to the proof that fc j 2 P (n)gis a basis ofZ,).
The second statement then follows from the observation maglest
before the statement of the lemma.

(i) By induction on # . If # = 0, then ¢ ;) is the identity

permutation and the result is clearly true. Assume the restivhen-

ever # k. Consider (;i ) 2 Py(n) with # = k+ 1. Let the

nontrivial parts of be 4;:::; | (here we are not assuming that
1 2 1). Consider the following two subcases:

(a) i = 1: Consider the productY ,Y , Y . Then we have, using
part (i) (why?),
X
Y)Y, Yo = goCnt S
(;1)

where (.;) 6 0 and the sum is over all (; 1) with# < # . The
result follows by induction.

(b) i > 1: Without loss of generality we may assume that = ;.
Consider the productYolY , Y ,. Then we have, using part (i)
(why?),

X
YOY, Y, = )Gt GiCGis
()

where () 60 and the sum is over all (;j ) with# < # . The
result follows by induction.

(iif) This follows from parts (i) and (ii).

(iv) This is similar to the proof of part (iii)). 2
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Xi = @;D)+@2;i)+ +(i L)
= Sum of all 2-cycles inS; Sum of all 2-cycles inS; ;:

Note that X; = 0. Also note that X; 62Z;. In fact, X, is the

di erence of an element inZ; and an element inZ; 1, so X; 2
GZ; GZ,. These elements have remarkable properties and are
called the Young-Jucys-Murphy(YJM) elements.

Theorem 4.2. (i) Z¢ 11 = n 1, Xpi:

(i) GZp = X3 Xp; 000 Xpl.

Proof (i) Clearly Z(n 1.1y h Z, 1;X,i (note that X, = YD. To

show the converse it is enough to show thatzo, D Yn°2 hZ, 1;Xql.
SinceY= X, we haveYL2 hZ, 1;Xi.

Assume thatY2:::;Y%, 2hZ, 1;X,i. We shall now show that
Y2, 2hZ, 1;X,i. We write Y%, as
X

where the sum is over all distinctiy;:::;ix 2 f1,2;:::;n  1g: In
the following we use this summation convention implicitly.

Now consider the productYk°+1Xn 2hZ, 1;Xqi:

( IG
(i1;::050n) (i;n) (5)
[EHH I i=1
Take a typical element (y;:::;ix; n)(i;n) of this product. If i & ij,
forj =1;:::;kthis productis (i;i1;:::;ix;n). On the other hand if
i =ij,forsomel j Kk, thisproductbecomesi(;:::;ij)(ij+1;:::;n)
It follows that the element (5) above is equal to
X X X
(iig; 210 i n)+ (in; 220 0)(j+as 2200 n); (6)
ik i1k j=1



where the rst sum is over all distincti;iq;:::;ic 211;2;:::;n 19
and the second sum is over all distincity;:::;ix 21 1;2;:::;n  1g.
We can rewrite (6) as
X
Yoo + G CGiys
(i)

where the sum is over all (i ) with # k +1. By induc-
tion hypothesis and part (ii) of Lemma 4.1 it follows thatY,%, 2
th 1;Xni .

(iThe proofis by induction (the cases = 1; 2 being clear). Assume
we have proved thatGZ, ; = hX ;X 00X, 10. It remains to
show that GZ,, = hGZ,, 1;X,i. The lhs clearly contains the rhs so
it su ces to check that the |hs is contained in the rhs. For this it
su ces to check that Z,, h GZ, i; Xui. This follows from part (i)
sinceZ, Zun 11). 2

Note that Theorem 5(i) implies that Z, 1.1y is commutative.

The GZ-basis in the case of symmetric groups is also calleceth
Young basis since it was rst considered by A.Young (though not
as a global basis as here). By Corollary 2.2(i) the Young (or G

vectors are common eigenvectors f@Z,. Let v be a Young vector
(for S,). De ne

whereg; = eigenvalue ofX; onv. We call (v) the weightofv (note
that a; = 0 since X; = 0). Set

Spec )= f (v) : vis a Young vectog:

It follows from Corollary 2.2(ii) that

X
dim GZ,, = #Spec (n) = dim :
2s)
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By de nition of Young vectors, the set Spec () is in natural bijec-
tion with chains T as in (3). Given 2 Spec () we denote byv
the Young vector with weight and by T the corresponding chain
in the branching graph. Similarly, given a chainT as in (3) we de-
note the correponding weight vector (vy) by (T). Thus we have
1-1 correspondences

T70 (T); T
between chains (3) and Spemj.
There is a natural equivalence relation on Spec (): for ; 2
Spec (),
, v andv belong to the same irreducibles,-module
, T and T end in the same vertex

Clearly we have #(Spec ()= )=# S/ :

5 Action of Coxeter generators on the Young
basis and the algebra H(2)

The Young vectors are a simultaneous eigenbasis for the GZ-
algebra. Let us now consider the action of the full algebr&S,
on the Young basis. The action of the Coxeter generatorg =
(51 +1); 1 =1;:::;n 1 onthe Young basis is "local" in the sense
of the following lemma.

Lemma 5.1. Let T be a chain

1% 2% % . k2SS, (7)
andletl i n 1 Thens; vt is a linear combination of vectors
vro, where T runs over chains of the form

1% 3% % 3 R2S (8)
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suchthat 2= , for k 6 i. Moreover, the coe cients of this linear
combination depend only on; ;; ; i+1 and the choice of the scalar
factors for the vectors in the Young basis. That is, the actioof s;
a ects only the ith level and depends only on levels 1;i; andi+1
of the branching graph.

Proof Clearly, forj i+1,wehaves; vy 2V i.Forj i 1,the

action ofs; onV i is §;-linear (sinces; commutes with all elements
of §;). Thus s; vy belongs to theV i -isotypical component ofvV .

This proves the rst part of the lemma. The moreover part is &

as an exercise for the reade2

We shall now give explicit formulas for the action of the Coxer
generatorss; on the Young basis vectoryt in terms of the weights
(T). For this purpose, it will be useful to know the relations st
ised by the s;'s and the X;'s since thevr's are eigenvectors for

SX; = Xjs; ] 6 i +1; (9)

(The preceding lemma can also be proved using the commutatio
relation (9) above. We leave this as an exercise). L&t be as in
(7) above and let (T) = (aj;a;:::;a,). Let V be the subspace
of V i1 generated byvy and s; vy (note that V is atmost two
dimensional). The relation (10) shows tha¥ is invariant under the
actions ofs;; X, and X;;; and a study of this action will enable us
to write down a formula fors;, vy.

We are thus led to consider the algebréd (2) generated by ele-
mentsH,, H,, and s subject to the following relations:

32:1; HiH, = HoH;; sH;i+1= H5s: (11)

Note that H, can be excluded becaudé, = sH;s+ s, but it is most
useful to includeH, in the list of generators.
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Lemma 5.2. (i) All irreducible representations ofH (2) are atmost
two dimensional.

@) For i =1;2;:::;n 1 the image ofH(2) in CS, obtained by
settings = s; = (i;i +1), H; = X4, and H, = Xj,1 IS semisim-
ple, i.e., the subalgebrdM of CS, generated bys;; X;, and Xj.; is
semisimple.

Proof (i) Let V be an irreducibleH (2) module. SinceH; and H,

commute they have a common eigenvecta. Let W be the space
spanned byv ands v. ThendimW 2 and (11) shows thatW is

a submodule ofV. SinceV is irreducible it follows that W = V.

(i) Let Mat(n) denote the algebra of complex! n! matrices, with
rows and columns indexed by permutations i,. Consider the left
regular representation ofS,. Writing this in matrix terms gives an
embedding ofCS, into Mat(n). Note that the matrix in Mat(n)
corresponding to a transposition inS, is real and symmetric. Since
Xi and X;; are sums of transpositions the matrices iMat(n)
corresponding to them are also real and symmetric. It follasvthat
the subalgebraM is closed under the matrix * operation A 7! (A)Y).
A standard result on nite dimensional C -algebras shows thaiM
is semisimple.2

We can now explicitly describe the action of the Coxeter gen-
erators on the Young basis in terms of transformation of weds.
In the following it is convenient to parametrize Young vectts by
elements of Specn) rather than by chains T (recall that these sets
are in natural bijection).

Spec(n). Consider the Young vectov = vr. Then

() & 6 a1, foralli.
(i) a+1 =& lifandonlyifs; v = v .
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(i) For i=1;:::;n 2 the following statements are not true:
& =g+ +t1l= a2, a=aa 1=a.:

(iv) If a4 6 & 1then

O='s  =(ayiii;a 1@ a;aiee; il a)
belongs to Spe¢n) and ©° . Moreover the vector
1
V= S S E— \Y
di+1 G

is a scalar multiple ofv o. Thus, in the basisfv ;vg the actions of
Xi; Xi+1, and s; are given by the matrices

" #
g 0 . &in 0 - and a +11 a L (ai +1l aj)?
0 aa ' 0 & ° 1 .

Qi Qi+l

respectively.

Proof (i) Suppose rstthat v ands; v are linearly dependent.
Then, sinces? = 1, we haves; v = v . The relation (10)
(equivalent to s;X;s; + s; = Xj+1) now showsa;,; = & 1.

Now assume thatv ands; v are linearly independent and let
V be the subspace oY ** they span. Then, as checked befor¥,
is invariant under the action of the algebraM and the matrices for
the actions ofX;; X;+; ands; in the basisfv ; s; v gofV are

a 1 . aa 1 | 01

0 aw ' 0 a 29 49

respectively. The action ofX; onV i1 is diagonalizable and thus,
sinceV is Xj-invariant, the action of X; onV is also diagonalizable.
This implies & 6 a4 .
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(if) The if part has already been proved in part (i) above. Letus now
prove the only if part. Supposes;.; = g +1 (the casea.; = a 1
is similar). Assume thatv ands; v are linearly independent and
let V be the subspace oY +* they span. NowV is an M -module
and M is semisimple. But it can be easily checked that there is
only one 1-dimensional subspace ¥f, namely the space spanned by
Ssi v Vv ,thatis invariant under the action of M, a contradiction.
Thus v and s; v are linearly dependent and this implies that
Si V =V.

(i) Supposea = a+1 1 = a4, (the proof in the other case is
the same). By part (ii) we haves; v = v andsjy; v = V.
Consider the Coxeter relation

SiSi+1Si = Si+1SiSj+1

and let both sides act orv . The |hs yields v and the rhs yields
vV , a contradiction.

(iv) By part (ii) we have that v ands; v are linearly independent.
Forj 6 i;i +1 we can easily check using commutativity oX; and
s; that X; v = gv. Similarly, using (10), we can easily check that
Xi v= g+ vandXi, v= av. Itfollows from Corollary 2.2(i) that

02 Spec () and from Corollary 2.2(ii) that v is a scalar multiple
of vo. Clearly ©° asv 2 V . The matrix representations of
si; Xi and X, are easily veri ed. 2

If =(a;;:::;a,) 2 Spec f)and g 6 a.1 1, we say that the
transposition s; is admissiblefor . Note thatif 2 Spec ) is ob-
tained from 2 Spec () by a sequence of admissible transpositions
then

In the next section we shall show that Spe( consists of inte-
gral vectors. This given, the matrix for the action ofs; from part
(iv) of Theorem 5.3 suggests that if we choose the GZ-bagisrg
appropriately then all irreducible representations of5, are de ned
over Q. We shall show how to do this in Section 7.
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6 Content vectors and Young tableaux

In the Vershik-Okounkov theory Young tableaux are relatedd
irreducible S, representations via their content vectors. Let us de ne
these rst.

De nition 6.1. Let =(a;;a;:::;a,) 2 Z". We say that is a
content vector if

() a; =0.

(i) fag 1,8 +1g\f aj;a;:::;a 1086 ;; foralli> 1.

(i) if & = @ = aforsomei<j thenfa 1,a+tlg f a.;:::5;8 10
(i.e., between two occurrences o there should also be occurrences
ofa landa+1).

Condition (ii) in the de nition above can be replaced (in the
presence of conditions (i) and (iii)) by condition (ii") bebw.
(i) Forall i> 1,if & > Otheng = & 1for somej<i and if
a < Otheng = & +1 for somej<i .

The set of all content vectors of lengthn is denoted Cont f)
Z".
Theorem 6.1. Spec(n) Cont (n).

Proof Let =(ai;:::;a,) 2 Spec (). Clearly a; =0 as X; =0.
We verify conditions (ii) and (iii) by induction on n. SinceX, =
(1;2) we havea, = 1 and thus condition (ii) is veri ed (and con-
dition (iii) does not apply). Now assumen 3.

If a, 1 = a, 1 there is nothing to prove, so assume this does
not hold. Then the transposition (» 1;n) is admissible for
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Now assume thatay = a, = a for somei < n. We may
assume thati is the largest possible index, i.e.a does not oc-

a 162#8.:;:::;a, 10. We shall derive a contradiction (the case
wherea+ 1 62 B41;:::;a, 19 Iis similar).
By induction hypothesis the numbera+1 occurs infaj+1;:::;a, 10

at most once (for, if it occured twice, then by the induction kpoth-
esisa would also occur contradicting our assumption). Thus there
are two possibilities:

(a;::an)=(a; ;i saor(a;:ian)=(a it atl; ;i s a);
where stands for a number di erent froma 1;a;a+ 1.

In the rst case we can apply a sequence of admissible trangpo
tions to infer that (:::;a;a;::) 2 Spec @), contradicting Theorem
5.3(i) and in the second case we can apply a sequence of adiliss
transpositions to infer that (:::;a;a+ 1;a;:::) 2 Spec (), contra-
dicting Theorem 5.3(iii). 2

If = 1(a:::;a) 2 Cont(n)and & 6 a.; 1, we say that
the transposition s; is admissiblefor . We de ne the following
equivalence relation on Cont): if can be obtained from

by a sequence of (zero or more) admissible transpositions.

We are nally ready to introduce Young tableaux into the pic-
ture. Recall the de nition of the Young graphY: its vertices are
Young diagrams, and two vertices and are joined by a directed
edge from to if and only if and is a single box. In
this case we write % . The contentc(B) of a box B of a Young
diagram is its x-coordinate its y-coordinate (our convention for
drawing Young diagrams is akin to drawing matrices withx-axis
running downwards andy axis running to the left). By Tab ( ) we
denote the set of all paths inY from the unique partition of 1 to
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. Such paths are calledstandard Young tableaux Given a path
T 2 Tab (), written as

1% 2% % .=
a convenient way to represent it is to take the Young diagramfo

respectively. Set
Tab (n)=[ Tab ( );

where the union is over all partitions of n.

Let T, 2 Tab (n) and assume thati and i + 1 do not appear
in the same row or column ofT;. Then exchangingi andi + 1 in
T, produces another standard Young tableauX, 2 Tab (n). We
say that T, is obtained fromT; by an admissible transposition For
Ty;T, 2 Tab (n), dene T; T, if T, can be obtained fromT; by
a sequence of (zero or more) admissible transpositions @t easily
seen that is an equivalence relation).

The proof of the following combinatorial lemma is left as an
exercise.

Lemma 6.2. Let : Tab(n) ! Cont (n) be de ned as follows.
Given
T= 1% ,% % ,2 Tab(n),

De ne
(T)y=(c(1);c( 2 1) g n 1)):

Then is a bijection which takes -equivalent standard Young tableaux
to -equivalent content vectors.

Lemma 6.3. Let T1; T, 2 Tab (n). Then T, T, if and only if the
Young diagrams ofT; and T, have the same shape.

Proof The only if part is obvious. To prove the if part we proceed
as follows. Let =( 1; 2;:::; ;) be a partition of n. De ne the
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following elementR of Tab ( ): in the rst row write down the

down the numbers ;+1; +2;:::; 1+ 5 (inincreasing order)
and so on till the last row. We show that anyT 2 Tab ( ) satis es

T R. This will prove the if part. Consider the last box of the last
row of . Let i be written in this box of T. Exchangei andi +1

in T (which is clearly an admissible transposition). Now repedhis
procedure withi+1 andi+2,theni+2andi+3,and nally n 1
and n. At the end of this sequence of admissible transpositions we
have the numbern written in the last box of the last row of . Now
repeat the same procedure fan  1;n 2;:::;2. 2

Let us make a remark about the proof of Lemma 6.3. Led
denote the permutation that mapsR to T. Then the proof shows
that R can be obtained fromT by a sequence of(s) admissible
transpositions. ThusT can be obtained fromR by a sequence of
“(s) admissible transpositions.

We can now present one of the central results in the represant
tion theory of the symmetric groups.
Theorem 6.4. (i) Spec (n) = Cont (n) and the equivalence rela-
tions and coincide.

(i) The map ' : Spec(n) ! Tab(n) is a bijection and, for
;2 Spec(n) we have if and only if ( )and ()
have the same Young diagram.

(i) The branching graph of the chain of symmetric groups ishe
Young graphY.

Proof We have

Spec ) Cont (n).

If 2 Spec ), 2 Cont(n), and then it is easily
seen that 2 Spec () and . It follows that given an
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-equivalence clas#\ of Spec () and an -equivalence class
B of Cont (n), either A\B =; orB A .

#(Spec (n)= ) = p(n), since the number of irreducibleS,-
representations is equal to the number of conjugacy classas
Sn,

#(Cont (n)= )= p(n), by Lemmas 6.2 and 6.3.

The four statements above imply part (i). Parts (i) and (iii) are
now clear. 2

7 Young's seminormal and orthogonal forms

We now discuss the choice of the scalar factors in the Youngdis
fvrg, so that all irreducible representations ofS, are de ned over

Q.

Given the results of Section 6, we can now parametrize irre-
ducible S,-modules by partitions ofn and we can parametrize the
Young basis vectors in arg, -irreducible (parametrized by 2 P (n))
by standard Young tableaux of shape .

Fix a partition  of n and consider the irreducibleS,-moduleV .
Let R be the tableau de ned in the proof of Lemma 6.3. Choose
any nonzero vectorvg 2 Vg. Now consider a tableaul 2 Tab ( ).
Let s be the permutation that mapsR to T. De ne

vr = pr(s WR);

and de ne "(T) = “(s). Recall, from Section 2, thatpr denotes the
projection onto Vy. We will now show that vy 6 0. It will then
follow that fvr : T 2 Tab (n)g is a basis ofV .

24



Before proceeding further we observe the following: 1€k 2
Tab ( ) and choose a nonzero vectov 2 Vy. Theorem 5.3(iv)
shows that, if s; is an admissible transposition forT, then s; v
is the sum of a nonzero rational multiple o/ and a nonzero vector
in Vs, 1. If 57 is not admissible forT, then Theorem 5.3(ii) shows
thats; v= .

Fix T 2 Tab ( ) and let s be the permutation that mapsR to
T. Let k= (T). The proof of Lemma 6.3 shows that we can write

T=s R=c¢ec, o R;

where eachg is an admissible transposition (w.r.tgs; 6 R). It
now follows (why?) from the de nition of vr, the observation above,
and the fact that s cannot be written as a product of fewer thark
Coxeter transpositions that

X
S Vg = Vp + Ug;
Q

wherevr 6 0, ug 2 Vo and the sum is over allQ 2 Tab ( ) with
(Q) <~ ().
Theorem 7.1. Consider the basisvy : T 2 Tab (n)gofV de ned

Coxeter generator. The action of; on vy is as follows.

If i andi+ 1 are in the same column oflf then s; leavesvy
unchanged.

If i andi+ 1 are in the same row ofT thens; multiplies vy
by 1

Suppose andi +1 are not in the same row or column ofl .
letS=s T (i.e, swapi andi+1 in T).
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If *(S) = "(T)+1 then the action ofs; in the two dimensional
subspace with ordered basfs/r; vsg is given by the matrix
" #
1 1

1
ai+1 & 1(ai+l aj)?

1

i Aj+1

If *(S)= "(T) 1then the action ofs; in the two dimensional
subspace with ordered basfs/r;vsg is given by the transpose
of the matrix above.

Thus, all irreducible representations o5, are de ned overQ.
Proof Items (i) and (ii) in the statement of the theorem follow from
Theorem 5.3(ii).

Let us now consider item (iii). Assume that (S)= (T)+ 1.
We have (why?), using the expression f& vg above,

X
S vr = S (S W ug)
© X
= 5 (G2 & W Ug)
X Q
= Vgt Ugo
QO

where ugo 2 Voo and the sum is over allQ®°2 Tab ( ) with “(Q9
“(T). It now follows (why?) from Theorem 5.3(iv) that

1
Si \y = —————Vvr + V.
i T a1 a T S
The expression fors; vs can be obtained by applyings; to both
sides of the equation above.

If (S)= (T) 1thenwe writeT = s; S and switch T and
S in the formulas for vt; vs above along with switchinga, and a;.; .
Doing this is equivalent to transposing the matrix.2
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Another way to prove the theorem above is to directly verify lhe
Coxeter relations (we leave this as an exercise).

The basis and the action described above is called Youngasmi-
normal form of V . Now let us consider Young'®rthogonal formfor
V . This is de ned overR. SinceV is irreducible there is a unique
(upto scalars) (why?) S,-invariant inner product on V . Pick one
such inner product and normalize the vector§vrg de ned above
(we use the same notation for the normalized vectors). Notdat
the vectorsf vy g are orthonormal (why?). The following result now
follows from the previous result.

Theorem 7.2. Consider the orthonormal basisvr : T 2 Tab (n)g
of V de ned above. Fix a chainT and let (T)=(a;:::;a,). Let
si be a Coxeter generator and put= a.; &. The action ofs; on
v7 is as follows.

If i andi + 1 are in the same column oflf then s; leavesvy
unchanged.

If i andi+ 1 are in the same row ofT thens; multiplies vy
by 1.

Suppose andi +1 are not in the same row or column ofl .
letS=s T (i.e, swapi andi+1 in T).

The action of 5; in the two dimensional subspace with ordered
basisfvr;vsg is given by the matrix

rl P
1 r 2

p

1 r 2?2
rl

The numberr is called theaxial distance It is the di erence of
the contents of the corresponding boxes in the Young diagram
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