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Problem Set-1

1. Show that the units of Z[i] are 1, +i. Show that the ideal (2) in Z]i]
is not a prime ideal, but is the square of a prime ideal.

2. Show that the rings Z[v/2] and Z[2'/%] have infinitely many units.
3. If w is a unit and x is nilpotent, show that v + x is a unit.
4. Give an example of a ring in which

(a) Jacobson radical = Nilradical

(b) Jacobson radical # Nilradical

5. Ais aring. If f(x) =ap+ a1z + -+ + a,2"™ € Alz] is a unit and
g(x) =by+ bz + -+ bypa™ € Alx] is its inverse,
then prove that

anbm = O, aibm—l = 0, R ,Clmbl =0 am+1 = 07

n »'n

thus a,, is nilpotent.
Deduce that ag is a unit and ay, as, ..., a, are nilpotent.

Show that in Alz], Jacobson radical = Nilradical.

6. If my, mo, ..., m, are coprime in pairs.
Show that the system of congruences

r=z; (modm;), 1<i<r
has an integer solution.

(Hint: Get y; such that y; = 1(mod m;) and y; = 0(mod m;),j # i.)
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