
Differentiable Manifolds
R.V. Gurjar

§ 1. We will begin with results from the theory of differentiable functions

of several real variables.

§ 1.1. Let U ⊂ Rn be a non-empty open subset. We denote by x1, · · · , xn

global coordinates on Rn. A function f : U → R is said to be infinitely differ-

entiable, or C∞, if all the partial derivates ∂i1+···+inf

∂x
i1
1 ···∂xin

n

exist (and then they are

also continuous) at any point in U . If U ⊂ Rn, V ⊂ Rm are non-empty open

sets and

f : U →′
V a map such that each coordinate function of f = (f1, · · · , fm) is

a C∞ function on U then we say that f is a differentiable or smooth map.

Remarks (1) More generally, we can define functions which are Ck on

open sets in Rn and maps which are Ck. A function is Ck if all its derivatives

upto order k exist and are continuous on U , etc.

(2) A C∞ function may not be analytic. For example,

let f(x) =

e−1/x if x > 0

0 if x ≤ 0

Let {rm} be an ordering of all rational numbers. The function g(x) =
∞∑

m=1

1
2m .f(x − rm) is C∞ but nowhere analytic, i.e. g is not represented

by its Taylor’s series. This is because each term in the above series is ana-

lytic at each point except at rm. Hence if g is analytic in some open set then

it is analytic at any rm in that open set, a contradiction since all but one

functions in the serie s is analytic at rm.
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In fact, we will show below that there exist non-trivial C∞ functions on

Rn which are identically 0 outside a compact subset of Rn (C∞ Urysohn’s

lemma).

Notation. Will use the following multi-index notation in future.

α = (α1, · · · , αn), αi ≥ 0 being integers.

x = (x1, · · · , xn), xα = xα1
1 · · ·xαn

n .

Dα = ( ∂
∂x1

)α1 · · · ( ∂
∂xn

)αn , α! = α1!α2! · · ·αn!, | α |= α1 + · · ·+ αn.

‖ x ‖= (
∑
x2

i )
1/2.

With these notations we will state the important Taylor’s formula.

§1.2. Taylor’s theorem

Let U ⊂ Rn be an open set and let f ∈ Ck(U). Suppose x, y ∈ U are such

that the closed line segment [x, y] joining x to y is also contained in U . Then

we have

f(x) = f(y) + Σk−1
|α|=1

Dαf(y)

α!
(x− y)α + Σ|α|=k

Dαf(ξ)

α!
(x− y)α

where ξ ∈ [x, y] is a suitable point.

This follows from the 1-variable Taylor’s formula applied to the function

g(t) = f(y+t(x−y)), where t belongs to an open neighborhood of [0, 1] in R.

Let Rk denote the last term in Taylor’s formula. Then for all x such that

|x − y| ≤ δ we have |Rk| ≤ Mδk, where M depends on k and the upper

bound on all the partial derivatives of f of total order k in U .
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§1.3. C∞ Urysohn’s lemma

Our aim is to prove the following useful result.

Proposition 1. Let A ⊂ Rn be a compact set and U an open set in Rn

containing A. Then there is a C∞ function f : Rn → [0, 1] such that f(A) = 1

and the set {p ∈ Rn | f(p) > 0} has compact closure contained in U .

Proof. Step 1. For any point a ∈ Rn and ε > 0, let Bε(a) be the open

ball of radius ε with center a. Let h(t) be defined on R by

h(t) = 0, t ≤ 0, and h(t) = e−1/t for t > 0.

Then h is a C∞ function. We write (x) for (x1, · · · , xn) ∈ Rn.

Let g(x) =
h(ε−

∑
x2

i )

h(ε−
∑

x2
i )+h(

∑
x2

i−
1
2
ε)

Then g is well defined and C∞. Clearly g(x) = 0 if
∑
x2

i ≥ ε and for all

other (x), g(x) > 0. If 0 ≤
∑
x2

i ≤ 1
2
ε then g(x) ≡ 1. Thus g(x) is C∞,

vanishes outside B√
ε(0) and > 0 on B√

ε(0). Further, g(x) ≡ 1 on B√
ε/2

(0).

Now g(x) = g(x − a) has the analogous property in B√
ε(a), viz. g(x) ≡ 0

outside B√
ε(a), > 0 on B√

ε(a) and identically 1 on B√
ε/2

(a).

Step 2. Since A is a compact, we can find ∈> 0 and finitely many points

a1, · · · , ak ∈ A such that A ⊂
k⋃

i=1

B√
ε/2(ai) and

k⋃
1

B√
ε(ai) ⊂ U . Let gi be

defined on B√
ε(ai) with the properties in Step 1. Let f(x) = 1−πk

i=1(1−gi).

For any x ∈ A at least one gi has value 1 at x. Hence f |A≡ 1. Clearly,

each gi ≡ 0 outside
k⋃
1

B√
ε(ai). Hence f is identically zero outside the

compact set
k⋃
1

B√
ε(ai) which is contained in U .
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Corollary. Let (a) ∈ Rn, U an open set containing (a) and f a C∞ function

U → R. Then there is an open neighbourhood V of (a), V ⊂ U such that

f ′ = f |V extends to a C∞ function Rn → R.

§ 1.4. Partition of Unity

Recall that for a continuous function f on an open subset U ⊂ Rn the

support of f is the closure of the set {(x) ∈ Rn | f(x) 6= 0}. A family of subset

{Ei}i∈I of U is called locally finite if any a ∈ U has an open neighbourhood

which meets only finitely many Ei. A family of subsets {E ′
j}j∈J is called a

refinement of the family {Ei}i∈I if each E ′
j ⊂ Eji

for some Eji
depending on

j.

A topological space X is locally compact if any point x ∈ X has an open

neighborhood whose closure is compact.

Recall the following result from General Topology.

Lemma 1. Let X be a locally compact, Hausdorff topological space which

is a countable union of compact sets. Then X is a paracompact, i.e. any

open covering {Ui} of X has a locally finite refinement by open sets {Vj}
such that V j ⊂ Uij , {Vj} is a covering of X and V j is compact.

Theorem 1. Let U ⊂ Rn be an open subset and U =
⋃
i∈I

Ui, where each

Ui is open. Then there exists a family of C∞ functions {ϕi}i∈I such that

(i) 0 ≤ ϕi ≤ 1 and support ϕi ⊂ Ui

(ii) {support ϕi}i∈I is a locally finite family

(iii)
∑
i∈I

ϕi(x) = 1 for each x ∈ U .

Proof. By Lemma 1 there is a locally finite refinement {Vj}j∈J such that

Vi is compact, V i ⊂ Ui and U = UVi. We can find an open covering {Wj}j∈J
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such that Wj ⊂ Vj for j ∈ J . By Proposition 1, there exists a C∞ function ψj

on U, ψj(x) > 0 on wj, support ψj ⊂ Uj and ψj ≥ 0. Define ϕ′j = ψj/
∑
k∈J

ψk.

This is well-defined by local finiteness of {Wj} and since ψk(x) > 0 for each x

for some k. Now
∑
j∈J

ϕj = 1. Let τ : J → I be any map such that Vj ⊂ Uτ(j).

For each i ∈ I, let Ji = τ−1(i). Define ϕi =
∑
j∈Ji

ϕ′j. Then
∑
ϕi = 1, support

ϕi ⊂ Ui and {supp ϕi} is a locally finite family.

Corollary. Let U ⊂ Rn be open, X a closed subset of U and V an open

subset of U containing X. Then there exists a C∞ function ψ : U → R such

that ψ(x) = 1 for x ∈ X,ψ(x) = 0 for x ∈ V − V, 0 ≤ ψ ≤ 1.

Proof. By the Theorem above, there exist C∞ function ϕ1, ϕ2 ≥ 0 such

that supp ϕ1 ⊂ V , supp ϕ2 ⊂ U −X and ϕ1 + ϕ2 = 1 on U . Let ϕ = ϕ1.

Remark. Later we will construct a partition of unity on any second count-

able differentiable manifold.

§2. Inverse and implicit function theorems

§2.1 Inverse function theorem

Let U ⊂ Rn be an open set, f : U → Rn a C∞ function, f = (f1, · · · , fn),

such that for some a ∈ U , the determinant | ∂fi

∂xj
| (a) 6= 0. Then there is an

open neighbourhood a ∈ V ⊂ U such that f |V is a homeomorphism onto an

open neighbourhood of f(a).

Proof. We can assume that a = 0, f(a) = 0. By composing f with a

suitable non-singular linear map of Rn into itself, we can also assume that
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the Taylor expansion of fi upto terms of degree 3 has the form fi = xi +∑
∑

αi=2

Dαf(0)
α!

xα +
∑

|α=3
Dαf(ξ)

α!
. Here, Taylor’s Theorem, ξ is a suitable point

on the segment joining 0 and x. It is easy to see that for suitable real numbers

r1 > 0, · · · , rn > 0, letting g = f(x) − x (in the multiindex notation),

| xi |, | yi |< ri implies | g(x) − g(y) |≤ 1/2 | x − y |. Hence f(x) − f(y) =

g(x) − g(y) + x − y and for such x, y we have | f(x) − f(y) |≥ 1
2
| x − y |.

This shows that f is injective on W = {x | | xi |< ri}. Let V = {y ∈ Rn |
| yi |≤ 1

2
ri} and B = W ∩ f−1(V ). We will construct the inverse function

inductively.

Let ϕ0 : V → W be defined by ϕ0(y) = 0 and by induction ϕk(y) =

y−g(ϕk−1(y)). Using the observation above that | g(x)−g(x′) |≤ 1/2 | x−x′ |
on W , we verify by induction that ϕk(y) ∈ W for each k and further

| ϕk(y)− ϕk−1(y) |=| g(ϕk−1(y))− g(ϕk−2(y)) |≤
r

2k
(r = (

∑
r2
i )

1/2).

Let ϕ(y) = limϕk(y) as k →∞.

Since g(x) = f(x) − x, we deduce that f(ϕ(y)) = y. Since f |W is

injective, ϕ is the inverse of f . Each ϕk is continuous and the convergence

ϕk → ϕ is uniform. Hence ϕ is continuous.

Remark. The analogous statement and proof is valid for a holomorphic

function f from an open set U ⊂ Cn to Cn.

§ 2.2. Implicit function theorem

Let U1 ⊂ Rm, U2 ⊂ Rn be open sets and f : U1 ×U2 → Rn a C∞ function.

Let x, y be global coordinates on Rm,Rn respectively. Suppose that for some

(a, b) ∈ U1 × U2, f(a, b) = 0 and the matrix
(

∂fi

∂yj

)
(a, b) has rank n. Then

there is an open neighbourhood U × V of (a, b) such that for any x ∈ U ,
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there is a unique y = y(x) ∈ V such that f(x, y(x)) = 0. Further, the map

x→ y(x) is continuous.

Proof. We deduce this result from the Inverse function theorem. For conve-

nience, we denote the coordinates in Rm and Rn by x1, · · · , xm and y1, · · · , yn

respectively. Define F : U1×U2 → Rm+n by F (x, y) = (x, f(x, y)). We check

easily that the determinant

∣∣∣∣∣∂F
∂x
∂F
∂y

∣∣∣∣∣ (a, b) 6= 0. By the previous result, there is

a neighbourhood U ′× V of (a, b) and a neighbourhood W of (a, 0) such that

F |U ′×V→ W is a homeomorphism. Let ϕ : W → U ′ × V be the continu-

ous inverse of F . Let U be a neighbourhood of a such that x ∈ U implies

(x, 0) ∈ W . For x ∈ U , let y(x) be the projection of ϕ(x, 0) on V . Clearly

if y ∈ V is such that f(x, y) = 0 then y = y(x). Then y(x) is a continuous

map with f(x, y(x)) = 0.

Remark. Analogous result is valid for holomorphic maps Cm+n → Cn. In

this case y(x) is a holomorphic function of x.

§2.3. Differentiability of the implicit functions

We will not give details for the general case since it only involves more

complicated notation and no other serious difficulties.

Assume that f(x, y1, · · · , yn) is C2 in an open neighbourhood U of 0 in

Rn+1, f(0) = 0 and ∂f
∂x

(0) 6= 0. By Implicit function theorem, there is an

open neighbourhood V of 0 in Rn and a continuous function g : V → R such

that f(g(y1, · · · , yn), y1, y2, · · · , yn) ≡ 0 for (y) ∈ V . By Taylor’s formula,

we can find an open subset U ′ ⊂ U and a constant M > 0 such that for any

(x, y1, · · · , yn) ∈ U ′,

f(x, y1, · · · , yn) =
∂f

∂x
(0)x+

∂f

∂y1

(0)y1 + · · ·+ ∂f

∂yn

(0)yn +R,
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where | R |≤ M(x2 + y2
1 + · · · + y2

n) in U ′. Hence if V is a sufficiently small

neighbourhood of 0 in Rn then (g(y), y1, · · · , yn) ∈ U ′ and we have

f(g(y), y1, · · · , yn) = 0 =
∂f

∂x
(0).g(y) +

∂f

∂y1

(0)y1 + · · ·+ ∂f

∂yn

(0)yn +R.

If we vary only yi and keep the other yj = 0, we set

0 =
∂f

∂x
(0).g(0, · · · , yi, · · · , 0) +

∂f

∂yi

(0)yi +R.

¿From this we see that lim

yi → 0
g(0,··· ,yi,0,··· ,0)

yi
→ −

∂f
∂yi

(0)

∂f
∂x

(0).
This shows that g is

differentiable (of order at least 1).

Since the Inverse function theorem is a special case of the Implicit func-

tion theorem the same discussion applies for differentiability of the inverse

function.

§2.4. An example

Let f(x1, · · · , xn) = xa1
1 + xa2

2 + · · · + xan
n − 1, where ai are integers ≥ 1.

The only point in Rn where all the partials ∂f
∂xi

are 0 is the origin. Hence

at any point p on the hypersurface {f = 0} in Rn, ∂f
∂xi

(p) 6= 0 for at least

one i. Then in a neighbourhood of p, there exists a differentiable function,

g(x1, · · · , x̂i, · · · , xn) such that xa1
1 + · · · + gai + · · · + xan

n − 1 ≡ 0. Hence

the map (x1, · · · , x̂i, · · · , xn) → (x1, · · · , g, · · · , xn) is a parametrization of

an open subset of the hypersurface {f = 0}.
Similar result is valid for common zeros of finitely many differentiable

functions by making use of the Implicit function theorem.

§2.5. Rank Theorem

Definition. Let U, V ⊂ Rn be open sets. A surjective homeomorphism

f : U → V such that f and f−1 are both C∞ is called a diffeomorphism.
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Theorem. Let U ⊂ Rm, V ⊂ Rn be open sets and let f = (f1, · · · , fn) be

a C∞ map U → V . Let x1, · · · , xm be the coordinates on Rm. Suppose that

the matrix
(

∂fi

∂xj

)
(x) has rank r for each x ∈ Rm. Then by composing f

with suitable diffeomorphisms of U and V , we can assume that f has the

form (x1, · · · , xm) → (x1, x2, · · · , xr, 0, · · · , 0).

Proof. This is an application of the Implicit function theorem. Assume

that f(0) = 0. We will indicate the argument only for the case when m ≥ n

and r = n. Assume for simplicity that
∣∣∣ ∂fi

∂xj

∣∣∣ 1≤i≤n
1≤j≤n

(0) 6= 0. Introduce new

variables y1, · · · , yr and gi = fi− yi for 1 ≤ i ≤ n. Then gi are differentiable.

By the Implicit function theorem, ∃C∞ functions

h1(xn+1, · · · , xm, y1, · · · , yn), · · · , hn(xn+1, · · · , xm, y1, · · · , yn)

in an open neighbourhood of 0 in Rm such that

fi(h1, · · · , h1, xn+1, · · · , xm) = yi for i = 1, 2, · · · , n.

§ 3. Differentiable manifolds

3.1. Let X be a Hausdorff topological space. Suppose that any x ∈ X

has an open neighbourhood which is homeomorphic to an open ball in some

Rn. Then X is called a topological manifold. If X is connected then it is

easy to see that the integer n is independent of x ∈ X. In this case we say

that X is a topological manifold of dimension n. Using the theorem about

invariance of dimension we can see that if X is connected then the integer n

is well-defined. Now we will assume that X is connected.

Suppose now that X has an open covering {Ui} such that there is a

homeomorphism fj : Ui → Bi ⊂ Rn, where Bi is the unit open ball in

Rn. Assume that whenever Ui ∩ Uj 6= φ for some i 6= j, the natural map

fi(Ui ∩Uj)
fij−→ fj(Ui ∩Uj) is a C∞ map. In this case we say that X is a C∞
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manifold of dimension n. The function fi is called a coordinate charts and fij

the transition functions. Using the coordinate charts we can introduce many

notions from the study of C∞ functions an open sets in Rn. For example

(1) Let V ⊂ X be a non-empty open subset. Let g : V → R be a function.

We say that g is C∞ if for each i the map g ◦ f−1
i (V ∩Ui) → R is C∞.

(2) More generally, let X, Y be C∞ manifolds and g : X → Y a map. Let

{(Ui, fi)}, {(Vj, hj)} denote coordinates charts for X, Y respectively.

This gives natural maps. fi(Ui) → hj(g(Ui)) for any i, j whenever

Vj ∩ g(Ui) 6= φ. If for any such i, j these maps are C∞ maps then we

say that g is a C∞ map.

Remark. H. Whitney has proved that any paracompact C1 manifold car-

ries a real analytic structure. This structure is unique. In view of this

considering only C∞ manifolds is not a loss of generality.

§3.2. Examples

1) Let Sn ⊂ Rn+1 be the hypersurface {x2
1+ · · ·+x2

n+1 = 1}. We have seen

earlier that at any point on Sn where xn+1 6= 0, the functions x1, · · · , xn

serve as local parameters, i.e. the map (x1, · · · , xn+1) → (x1, · · · , xn)

is a homeomorphism in a small neighbourhood of such a point. Since

xn+1 is a C∞ function of x1, · · · , xn in such a neighbourhood we see

easily that Sn is a C∞ manifold.

2) LetX, Y be differentiable manifolds of dimensionm,n and let (Ui, fi), (Vj, gj)

be coordinate charts for X, Y respectively. Then Ui × Vj
(fi,gi)−→ Bi ×Bj

is a homeomorphism and the transition functions are C∞.

3) Let τ : Sn → Sn be the diffeomorphism τ(x) = −x. If (U, f) is a

coordinate chart for the C∞ structure on Sn then we take the quotient
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space RP n of Sn obtained by identifying x and −x ∀x ∈ Sn. Let

π : Sn → RP n be the quotient map. Then (π(U), f ◦ π−1) serve as

coordinate charts for RP n.

4) SL(n,R). Let SL(n,R) be the set of n × n matrices with real entries

and determinant 1. Write the entries as (Xij). Then SL(n,R) can

be considered as a closed hypersurface in Rn2
defined by {D = 1},

where D =| Xij |. Clearly at any point p on {D = 1}, at least one

partial derivative ∂D
∂Xij

(p) 6= 0. By implicit function theorem, near p

the function Xij |{P=1} is a C∞ function of the remaining variables

Xk`. Hence SL(n,R) is a manifold of dimension n2 − 1.

§3.3. Partitions of unity for C∞ manifolds

An easy modification of the partition of unity result proved earlier for an

open subset of Rn yields the following general result.

Theorem of Partition of unity for C∞ manifolds

Given an open covering {Ui} of a C∞ manifold V which is second count-

able, there exists a family of C∞ function {ϕi} such that ϕi ≥ 0, support

ϕi ⊂ Ui such that the family {supp ϕi} is locally finite and
∑
ϕi(x) = 1 for

each x ∈ V .

Proof. We have only to use the fact that if (U,ϕ) is a coordinate chart and

K ⊂ U is compact, then there a C∞ function η on V with compact support

⊂ U such that η(x) > 0 for x ∈ K. This was already proved before.

11



Corollary. If F is a closed subset of V, F ⊂ U an open set, then there

exists a C∞ function ϕ on V such that

ϕ(x) = 1 if x ∈ F
= 0 if x ∈ X − U.

§ 4. Tangent and cotangent vectors

§ 4.1 For an open set U ⊂ Rn and a differentiable map f : (−1, 1) → U , the

image is a curve passing through f(0). Let the defining functions be denoted

by x1(t), · · · , xn(t) where t ∈ (−1, 1). The vector (dx1

dt
(0), · · · , dxn

dt
(0)) is the

tangent direction to this curve at the point f(0). We will now define the

tangent space to a manifold M which does not depend on embedding M in

Rn.

Definition LetM be a C∞ manifold and a ∈M . Consider all ordered pairs

(f, U) where U is an open neighbourhood of a and f is a C∞ map U → R.

Define an equivalence relation on the set of ordered pairs as follows. (f, U) ∼
(f ′, U ′) if there is an open neighbourhood V of a such that V ⊂ U ∩ V ′ and

f |V = f ′ |V . The equivalence classes are called germs of C∞ functions at a,

denoted by C∞
a . We define a tangent vector L at a to be an R-linear map

L : C∞
a → R such that for f, g ∈ C∞

a , L(f · g) = L(f) · g(a) + f(a)L(g), i.e.,

L is a derivation of C∞
a into R.

Given a germ (f, U), where (U,ϕ) gives a coordinate chart at a, the

condition that ∂f
∂x1

(a) = 0 = · · · = ∂f
∂xn

(a) is well-defined. For any f, g ∈
C∞

a , ϕ = f · g− f(a)g− f · g(a) has the property that (noting that f(a), g(a)

are constants) that L(ϕ) = 0. For any r ∈ R, consider the constant functions

1, r ∈ C∞
a . Now L(r · 1) = L(r) · 1 + r.L(1). Hence L(1) = 0 and by linearity

of L,L(r) = 0 for any r ∈ R. More generally, let f ∈ C∞
a be such that
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∂f
∂xi

(a) = 0 for 1 ≤ i ≤ n. We use the Taylor’s theorem,

f(x) = f(a) +
D2f(ξ)

2!
(x− a)2(multi− index notation!)

for some ξ ∈ [a,x]. Since f is C∞ we can see that the terms in D2f(ξ)
2!

are

again C∞ functions of x. It is clear that L(D2f
2

(x − a)2) = 0. Thus, L is

trivial on the subspace of functions in C∞
a whose first derivatives are 0 at a.

Let Ma ⊂ C∞
a be the subspace of functions which vanish at a, we see that L

acts naturally on Ma/M2
a and the vector space of all the tangent vectors at

a is naturally isomorphic to the dual HomR(Ma/M2
a,R). It is denoted by

Ta(M). Hence dimRTa(M) = dim R.

If U ⊂ Rn is an open set and a ∈ U , we define the tangent spaces

( ∂
∂x1

)a, · · · , ( ∂
∂xn

)a by ( ∂
∂xi

)a(f) = ∂f
∂xi

(a) for f ∈ C∞
a . It is easy to verify that

the n tangents ( ∂
∂xi

)a are linearly independent, hence Ta(U) =

η∑
i=1

R(
∂

∂xi

)a.

Now let (U,ϕ) be a coordinate chart of a ∈ M . For any f ∈ C∞
a , define

( ∂
∂xi

)a(f) = ∂(f◦ϕ−1)
∂xi

(ϕ(a)) for 1 ≤ i ≤ n. Here x1, · · ·xn are coordinates on

ϕ(U) ⊂ Rn.

Definition The dual HomR(Ta(M),R) is called the space of differentials

(or cotangent vectors, or co-vectors) at a. Clearly, if we define (dxi)a ∈
HomR(Ta(M),R) by (dxi)a((

∂
∂xj

)a) = δij then (dx1)a, · · · , (dxn)a form a basis

of the space of differentials at a, which we denote by T ∗a (M). For any f ∈
C∞

a (U), define (df)a by (dfa)((
∂

∂xj
)a) = ∂f

∂xj
(a). Here U ⊂ Rn is an open set.

More generally, if (U,ϕ) is a coordinate chart at a and f ∈ C∞
a , we define

(df)a by (df)a((
∂

∂xi
)a) = ∂(f◦ϕ−1)

∂(xi)
(ϕ(a)).

Again, for a differentiable map γ : (−1, 1) → U ⊂ Rn and f ∈ C∞
a (U),

define X(f) = d
dt

(f ◦ γ(t))(0). Then X(f) =
n∑

i=1

∂f
∂xi

(a) · dxi

dt
, where γ(t) =

(x1(t), · · · , xn(t)) and a = γ(0). The vector (dx1

dt
(0), · · · , dxn

dt
(0)) is the tan-

gent to the parametrized curve in U defined by γ. This illustrates the relation
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between the intuitive idea of tangent to a curve and the abstract definition

of a tangent vector at a. It is easy to see that given X ∈ Ta(U), there is

a parametrized curve γ : (−1, 1) → U such that the two meanings of X(f)

coincide for any f ∈ C∞
a .

§ 4.2. Tangent and cotangent maps.

Let V,W , be C∞ manifolds of dimensions n and m respectively and f :

V → W a C∞ map. We define the maps. f∗ : Ta(V ) → Tf(a)(W ) and

f ∗ : T ∗f(a)(W ) → T ∗a (V ) by f∗(X)(g) = X(g ◦ f) and (f ∗(dϕ))a = (d(ϕ ◦ f))a,

where g ∈ C∞
f(a)(W ), dϕ ∈ T ∗f(a)(W ) and X ∈ Ta(V ). It is easy to verify that

if g has all the first derivatives 0 at f(a) then g◦f has all the first derivatives

0 at a.

§4.3. Tangent and cotangent bundles

Let V be a C∞ manifold of dimension n. Let T (V ) =
∏
a∈V

Ta(V ) be the

disjoint union of tangent spaces at points in V . We will indicate how T (V )

is itself a C∞ manifold of dimension 2n.

Let {(Ui, ϕi)} be coordinate charts covering V . Suppose a ∈ Ui ∩ Uj.

Let (x1, · · · , xn) and (y1, · · · , yn) be coordinates on Ui, Uj respectively. Any

tangent vector X at a has the form X =
n∑
1

ai(
∂

∂xi

)a and X =
n∑
1

bi(
∂

∂yi

)a.

Using the transition function Ui ∩ Uj → Ui ∩ Uj let yj = hj(x1, · · · , xn) for

1 ≤ j ≤ n. Now for any f ∈ C∞
a , X(f) =

∑
ai

∂f
∂xi

=
∑
bj

∂f
∂yj

. Hence∑
i ai{

∑
j

∂f
∂yj

· ∂hj

∂xi
} =

∑
bj

∂f
∂yj

. This gives
∑

i ai
∂hj

∂xi
= bj for 1 ≤ j ≤ n, i.e.

bj =
∑

i ai
∂yj

∂xi
. The vector (b1, · · · , bn) = (a1, · · · , an)


∂y1

∂x1
· · · · · · ∂yn

∂x1

...
...

∂y1

∂xn
· · · · · · ∂yn

∂xn


14



Now let E be the disjoint union
∏

i Ui × Rn and define the equiva-

lence relation ((xi), ν) ∼ ((yj), w) if the point (xi) = (yj) ∈ Ui ∩ Uj and

(w1, · · · , wn) = (ν1, · · · , νn)

(
∂y1

∂x1
· · · · · · ∂yn

∂x1

∂y1

∂xn
· · · · · · ∂yn

∂xn

)

Let π : E → E/ ∼ be the natural map and p′ : E → V be the continuous

map p′(xi), ν) → (xi). Then p′ factors through E/ ∼ and defines a continuous

map p : E/ ∼→ V . E/ ∼ is called the tangent bundle of V . It is easy to

show that E/ ∼ is Hausdorff. Clearly, p−1(Ui) ≈ Ui × Rn.

In a similar fashion, we can construct the cotangent bundle of V , denoted

by T ∗(V ) or Ω1(V ).

T ∗a (V ) is generated by (dx1)a, · · · , (dxn)a in Ui and (dy1)a, · · · , (dyn)a. In

Ui ∩ Uj, we have (dyi)a =
∑ ∂yi

∂xj
(dxj)a. This give patching diffeomorphism

(Ui ∩Uj)×Rn → (Ui ∩Uj)×Rn for T ∗(V ). If we let ∧pT ∗(V ) =
∏
∧pT ∗a (V )

for 1 ≤ p ≤ n and give a natural structure of a C∞ manifold in a similar

manner, we get a manifold of dimension n +

(
n

p

)
. This can be called the

bundle of differential p-forms.

§ 4.4. Vector fields and differential forms

Let p : T (V ) → V be the natural projection A C∞ vector field X on V is a

C∞ map X : V → T (V ) such that p ◦X = identity on V . On a coordinate

chart (U,ϕ);Xa =
∑
hi(a)(

∂
∂xi

)a for any a ∈ U , where a → hi(a) are C∞

function on U .

Similarly, a C∞ map w : V → ∧pT ∗(V ) such that w(a) ∈ ∧pT ∗a (V ) for

a ∈ V is called a C∞ p-form. Again on (U,ϕ) as above

wa =
∑

i1<i2<···<ip

hi1···ip(a)(dxi1)a ∧ · · · ∧ (dxip)a,

where hi1i2···ip are C∞ functions on U .
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Remark. ∧pT ∗a (V ) is the dual vector space of ∧pTa(V ).

§4.5. Immersion and submersion

Given a C∞ map V → W between C∞ manifolds V,W respectively, we say

that f has rank r at a ∈ V if rank f∗ : Ta(V ) → Tf(a)(W ) is r, i.e., the di-

mension of the image is r. Let (a1, · · · , an) ∈ Ta(V )(i.e., X =
n∑

i=1

ai(
∂

∂xi

)a ∈

Ta(V )), then f∗(a1, · · · , an) = (b1, · · · , bm), where bj =
n∑

i=1

ai
∂fj

∂xi

(a). The

rank of the map f∗ is r if the matrix ( ∂fi

∂xj
(a)) has rank r. If f∗ is 1 − 1 for

each a ∈ V the f is called an immersion and if f∗ is surjective then f is called

a submersion.

Remark If f is an immersion then f(V ) may not be a closed subset of W .

But if f is proper then f(V ) is closed in W .

Suppose f is an immersion. Then by Rank Theorem, we can assume

(after making local C∞ diffeomorphisms in V and W ) that f∗(x1, · · · , xn) =

(x1, · · · , xn, 0, · · · , 0).

§4.6. Sard’s Theorem

Let U, V ⊂ Rn be open subsets and f : U → V a diffeomorphism. For any

subset S ⊂ U such that S has measure 0 the measure of f(S) is also 0. Now

let W be any C∞, second countable manifold. Then the notion of a measure

0 subset S ⊂ W is well-defined.

Definition Let V,W be C∞ manifolds of dimensions n,m respectively and

f : V → W a C∞ map. A point a ∈ V is called a critical point for f if rank

16



f∗ at a < m. If f−1(w) does not contain any critical point then w is called a

regular value. Otherwise, w is called a critical value.

Now we come to a fundamental result in differential topology.

Sard’s Theorem. Let f : V → W be a C∞ map between second countable

manifolds. Then the image under f of the set of critical points in V has

measure 0 in W .

Proof Since image under a C∞ diffeomorphism of a measure 0 subset of an

open subset of Rn again has measure 0, we need to consider only the following

case. f : U → Rp is a C∞ map with U open in Rn and p ≥ 1. Let C be the

set of critical points; that is the set of all x ∈ U with rank dfx < p. Then

we must prove that f(C) has measure 0 in Rp. The set C is clearly closed.

The proof is by induction on n. Let Ci denote the set of x ∈ U such that all

partial derivatives of f of order ≤ i vanish at x. Then C ⊃ C1 ⊃ C2 ⊃ · · · .

Step 1 f(C − C1) has measure 0.

Proof If p = 1 then C = C1, hence we can assume that p ≥ 2. We need

the following consequence of Fubini’s theorem.

Lemma 2. A measurable set A ⊂ Rp = R1 × Rp−1 has measure 0 if its

intersection with each hyperplane {r} × Rp−1 is a set of measure 0 in Rp−1.

We will show that for any x ∈ C − C1, there is an open neighbourhood

V ⊂ Rn such that f(V ∩ C) has measure 0. Since C − C1 is covered by

countably many of such neighbourhoods, f(C − C1) has measure 0.

Let x ∈ C − C1. Suppose ∂f1

∂x1
(x) 6= 0. We can assume without loss of

generality that in a suitable neighbourhood V of x, f1(x) = x1. Hence the

map f has the form (x1, x2, · · · , xn) → (x1, f2, · · · , fp). If follows that a point

in {t} × Rn−1 is critical for f iff it is critical for the map f(x2, · · · , xn) =

17



(f2(t, x2, · · · , xn), · · · , fp). By induction on n, the set of critical values has

measure 0 in {t} × Rp−1. Since C is closed, f(C) is a countable union of

compact subsets. Hence by Fubini’s theorem f(V ∩ C) has measure 0.

Step 2 We will prove that for i ≥ 1, f(Ci − Ci+1) has measure 0.

Let x ∈ Ck − Ck+1. We can assume that ∂k+1f1

∂s1x1∂s2x2···∂snxn
(x) 6= 0. As-

sume that s1 > 0. The kth derivative w(x) = ∂kf1

∂(s1−1)x1···∂snxn
(x) = 0 but

∂k+1f1

∂s1x1···∂snxn
(x) 6= 0. The map (x1, · · · , xn)

h→ (w, x2, · · · , xn) is a diffeomor-

phism in an open neighbourhood V of x onto an open neighbourhood V ′ of

0 in Rn. Consider f ◦ h−1 : V ′ → Rp. Using an argument similar to step 1

we see that f(Ck − Ck+1) has measure 0.

Step 3. For large k, f(Ck) has measure 0. Assume that k > n
p−1

. Let

In ⊂ U be a cube of edge δ.

By Taylor’s theorem and definition of Ck, f(x + h) = f(x) + R(x, h),

where ‖ R(x, h) ‖≤ C ‖ h ‖k+1 for x ∈ Ck ∩ In, x+ h ∈ In. The constant C

depends only on f and In. For any integer r, divide In into rn cubes of edge
δ
r
. Suppose x ∈ I1 where I1 is a cube in the subdivision. Any x+ h ∈ I1 has

‖ h ‖≤
√
n( δ

r
). Now f(I1) lies in a cube of edge a

rk+1 with center at f(x),

where a = 2C · (
√
nδ)k+1. Then f(Ck ∩ In) is contained in at most rn cubes

of total volume ≤ rn( a
rk+1 )

p = aprn−(k+1)p. Since k + 1 > n
p
, as r → ∞ this

volume tends to 0. Hence f(Ck ∩ In) has measure 0.

This completes the proof of Sard’s theorem.

Remark 1) H. Whitney has given an example of a function of class

Cn−mon an open subset U ⊂ Rn with n > m such that the set of criti-

cal values is Rm.

2) If m ≤ n, then the set of regular values of a C∞ map U ⊂ Rn → Rm

is everywhere dense. Let y ∈ Rm be a regular value. Then either f−1(y) = φ
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or it is a differentiable submanifold of dimension n−m.

§ 4.7. Applications of Sard’s Theorem

1) Existence of Morse Functions Let M be a C∞ manifold of dimen-

sion m and let M ⊂ Rn be a closed embedding for some n > m. For any

point p ∈ Rn −M , define the function f : M → R by f(q) =‖ p − q ‖2.

Using Sard’s Theorem we can show that for all points p outside a set of

measure 0 the function f has only non-degenerate critical points, i.e., at any

point q ∈M , there are local coordinates x1, · · · , xm at q such that near q the

matrix ( ∂2f
∂xi∂xj

(q)) is non-singular, if all the partial derivates ∂f
∂xi

(q) = 0.

The condition that ∂f
∂xi

(q) = 0 for all i means q is a critical point of the

distance function f defined on M . If ( ∂2f
∂xi∂xj

(q)) is non-singular then q is

called a non-degenerate critical point. It is clear that f is a proper map

M → R. The result just mentioned shows the existence of Morse functions

on M .

2) Transversality Theorem Let P be a C∞ -closed submanifold of a

C∞ manifold N . For any C∞ manifold M a C∞ map g : M → N is said to

be transverse to P if whenever p ∈ P ∩ g(M) the tangent space Tp(P ) and

df(Tx(M)) generate Tp(N), where p = f(x) for any x ∈ f−1(p).

Thom’s transversality theorem says that for any C∞ map f : M → N ,

there is a C∞-homotopic map g : M → N which is arbitrarily close to f such

that g is transverse to P .

The proof of this result depends on Sard’s theorem. An application

of Rank Theorem show that if g is transverse to P then g−1(P ) is a C∞-

submanifold of M of codimension same as the codimension of P in N .

In particular, if dim M+ dim P < dim N , then g−1(P ) = φ. Now

let f : Sm → Snbe a continuous map, where m < n. We can assume by
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approximation that f is a C∞ map. Taking P = {p}, we can deform f to

a C∞ map g : Sm → Sn − {p}. Since Sn − {p} is homeomorphic to Rn, we

conclude that for m < n, πm(Sn) = (0).

3) Embedding in Rn. Let M be a C∞ manifold of dimension n. It is well-

known that there is a closed embedding M ⊂ RN for N >> 0. If N > 2n+1,

we can find a direction l ∈ RN such that the orthogonal projection to l

maps M diffeomorphically into RN−1. Continuing this way, we can embed

M ⊂ R2n+1. Further, we can show that any two embeddings of M in R2n+2

are isotopic, i.e., there is a C∞ map F : M × I → R2n+2 such that for each

t ∈ I, F : M×{t} → R2n+2 is an embedding and F |M×{0}, F |M×{1} are

given embeddings ofM in R2n+2. This shows that any embedding Sn ⊂ R2n+2

is unknotted.

4) Tubular neighbourhoods. Let M be a compact C∞ manifold with

an embedding M ⊂ Rn. Define for ε > 0 Nε(M) = {y ∈ Rn | d(y,M) ≤ ε}.
Then for some ε > 0, Nε(M) is a smooth n-dimensional manifold in Rn

with C∞ boundary ∂Nε(M), with a fiber bundle map Nε(M) → M whose

fibers are discs Dn−m of dimension n − m, where m = dim M . Further,

∂Nε(M) →M is a C∞ sphere bundle with fiber Sn−m−1.

The proof of this is similar to the proof of existence of Morse function

given earlier.

§ 5. Integration on manifolds

§ 5.1. Exterior differentiation Let V be a C∞ manifold. Let Ap(V )

denote the space of C∞ differential p-forms on V . Hence A0(V ) is the vector

space of all C∞ functions on V . Then there is a map d : Ap(V ) → Ap+1(V )

for each p such that
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(1) d is R-linear, i.e., d(αω1 + βω2) = αdω1 + βdω2 for any α, β ∈ R and

ω1, ω2 ∈ ∧p(V ).

(2) For p = 0, d(f) is the 1-form such that

d(f)a = the image of f in T ∗a (V ).

(3) d(dω) = 0 for ω ∈ Ap(V ) for any p.

(4) d(ω1 ∧ ω2) = dω1 ∧ ω2 + (−1)pω1 ∧ ω2 for any ω1 ∈ Ap(V ), ω2 ∈ Aq(V ).

The map d is described in a coordinate chart (U,ϕ) as follows. Let

x1, · · · , xn be local coordinates in U . Then ω =
∑

i1<···<ip

fi1···ipdxi1∧···∧dxip
.

Define dω =
∑

i1<i2···<ip
d(fi1···ip)∧dxi1 ∧· · ·∧dxip . Here df = ∂f

∂x1
dx1 + · · ·+

∂f
∂xn

dxn. Only the properties (3) and (4) need to be verified. This is left to

the reader.

Proposition 2. Let V,W be C∞ manifolds and f : V → W a C∞ map.

Then for any p ≥ 0 and ω ∈ Ap(W ), d(V )f
∗(ω) = f ∗(d(W )ω).

Proof We assume that W is an open subset of Rm. Now f ∗ is an algebra

homomorphism of ∧T ∗(W ) → ∧T ∗(V ). Hence it suffices to prove the result

when p = 0 or p = 1 and ω = dg, g ∈ C∞(W ). If p = 0, then ω = g is a C∞

function. By definition, f ∗((dg)f(a)) = d(g ◦ f)a.

If ω = dg, where g is a function then

f ∗(d(dg)) = 0 and d[f ∗(dg)] = d[d(g ◦ f)] = 0.

§ 5.2. Orientation

Let V be a C∞ manifold of dimension n. If ∃ a C∞n− form ω on V which

is nowhere 0 on V then ω is called an orientation on V and V is said to be

orientable.
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Proposition 3. V is orientable iff there exists a system of coordinates

(Ui, ϕi) with ∪Ui = V such that the transition functions ϕi ◦ ϕ−1
j |ϕj(Ui∩Uj)

have a positive jacobian determinant whenever Ui ∩ Uj 6= φ.

Proof Let ω be an orientation on V . For any a ∈ V there is a coordinate

chart (Ua, ϕ) at a such that ω = f(x)dx1∧· · ·∧dxn for x ∈ Ua such that and

f(x) 6= 0 in Ua. By interchanging x1, x2 we can assume that f(x) > 0∀x ∈ Va.

If y1, · · · , yn are coordinates in an intersecting chart Ub, then in Ua ∩
Ub, ω = f ·J(x1,··· ,xn)

(y1,··· ,yn)
dy1 ∧ dy2 ∧ · · · ∧ dyn. By assumption above, fJ > 0 ∀p ∈

Ua ∩ Ub. It follows that J > 0 for all p ∈ Ua ∩ Ub.

If xi
1, x

i
2, . . . , x

i
n are local coordinates in the coordinate chart (Ui, ϕi) such

that in Ui ∩ Uj the determinant |J(xi)
(xj)

| > 0. Then we say that the system of

local coorditates xi in V are positively oriented.

Conversely, suppose (Ui, ϕi) are coordinate charts such that the Jacobian

determinants J(x1,··· ,xn)
(y1,··· ,yn)

> 0 in Ui ∩ Uj. Let {ψi} be a partition of unity

subordinate to {Ui}. Define ωx =
∑

i ψi(x)dx
i
1 ∧ · · · ∧ dxi

n, where xi
1, · · · , xi

n

are local coordinates on Ui.

Then ωx is C∞ and > 0 for any x and hence an orientation of V .

§ 5.3. The double cover

Consider the C∞ bundle ∧nT ∗(V ) and E = {ξ ∈ ∧nT ∗(V )/ξ 6= 0}. Define

p(ξ) = a if ξ ∈ ∧nT ∗a (V ). Define an equivalence relation in E by ξ1 ∼ ξ2 if

p(ξ1) = p(ξ2) and ξ1 = λ · ξ2 for some λ > 0. Let Ṽ = E/ ∼.

Proposition 4. Ṽ is Hausdorff and Ṽ → V is a covering of degree 2.

Proof The equivalence relation is open and the graph of the equivalence

relation in E × E is closed. Hence Ṽ is Hausdorff.
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Let (U,ϕ) be a coordinate chart and a ∈ U . Define ξ, η by ξx = dx1 ∧
· · · ∧ dxn, ηx = −dx1 ∧ · · · ∧ dxn.

Now p−1(U) = (∪Ux∈Uξx)U(Ux∈Uηx), hence Ṽ is a covering of degree 2.

Corollary 1 If V is connected then V is orientable if and only if Ṽ is not

connected.

Proof Suppose V is connected and orientable. Let ω be an orientation.

Then ∪Ux∈V ωx is a non-empty open and closed subset of Ṽ so that Ṽ is not

connected.

Suppose V is connected and Ṽ is not connected. Let ξa ∈ Ṽ and Ua

the connected component of ξa in Ṽ . Now p : Ua → V is a covering and

it is a homeomorphism since Ṽ → V is a covering of degree 2. It follows

that there is a section s : V → Ṽ whose image lies in one of the connected

components of Ṽ and this gives a nowhere vanishing C∞n- form on V . Thus

V is orientable.

Corollary 2 If V is simply connected then it is orientable.

Remark Ṽ is always orientable.

The pull back of the bundle ∧nT ∗(V ) → V to Ṽ has a nowhere vanishing

C∞ section and the pull back bundle is nothing but ∧nT ∗(Ṽ ) (this is because

the pull back of ∧nT ∗(V ) → V to E has a nowhere vanishing section).

§ 5.4. Manifolds with boundary

Let Rn
+ = {(x1, · · · , xn) ∈ Rn/xn ≥ 0}.

Let V be a Hausdorff topological space such that V has an open cover

{Ui} with homeomorphism ϕi : Ui → Rn
+, onto an open subset of Rn

+, such
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that whenever Ui ∩ Uj 6= φ, the map ϕi ◦ ϕ−1
j /ϕj

(Ui ∩ Uj) is a C∞ map of

ϕj(Ui∩Uj) as a subset of Rn
+. Then V is called a C∞ manifold with boundary.

For a real valued function on Rn
+, we define df

∂xi
for i < n in the same way

as for a function on Rn and df
∂xn

|a= limh→+0
f(a1,a2,··· ,an+h)−f(a1,··· ,an)

h
.

For a C∞ manifold with boundary, C∞ functions, tangent vectors, Ta(V ),

differential forms etc. are defined in the same way as for a C∞ manifold.

Orientation is also defined in an analogous way.

We will assume that a C∞ manifold with boundary is second countable.

In local coordinates (U,ϕ), ϕ(U) ⊂ Rn
+ and ϕ(a) = 0, the set ∂V = {x ∈

V/xn = 0} is called the boundary of V . It is easy to see that ∂V is a C∞

manifold of dimension n− 1.

For a point a ∈ ∂V , a cube Q associated to a coordinate chart (U,ϕ) has

the property that

ϕ(Q ∩ ∂V ) = {(x) ∈ Rn/ − 1 ≤ xi ≤ 1 for i < n and xn = 0}. The

interior Qo is defined in this case as ϕ−1{(x) ∈ Rn/−1 < xi < 1 for i ≤ n−1

and 0 ≤ xn < 1}). Hence in this case the interior of Q has a different meaning

than for a cube contained in V − ∂V .

§ 5.5. Integration

Recall that a subset A ⊂ Rn has (n−dimensional) Jordan content zero,

C(A) = 0, if for any ε > 0 there is a finite collection of cubes C1, · · · , C`

which cover A and whose total volume is less that ε. It is easy to see that if

A is compact then C(A) = 0 iff A has Lebesgue measure zero.

Definition A bounded subset D ⊂ Rn is said to be a domain of integration

if the boundary B −B◦ has content zero.

A function f on Rn is almost continuous if the set of points at which f is

not continuous has content zero.
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Lemma 3. Given a domain D of integration in Rn and f a real valued,

bounded, almost continuous function onD, the Riemann integral
∫

D
fdx1dx2 · · · dxn

exists.

A function f as in the above lemma is said to be integrable on D.

Recall the following result on change of variables in integration.

Proposition 5. let ϕ : U → U ′ be a a diffeomorphism of a domain of

integration U ⊂ Rn onto a domain of integration U ′ ⊂ Rn and let J(ϕ) denote

the Jacobian determinant of ϕ. Let f ′ be integrable on U ′. Then f := f ′ ◦ϕ
is integrable on U and

∫
U ′ f

′dy1 · · · dyn =
∫

U
f ′(ϕ(x)) | J(ϕ) | dx1 · · · dxn.

Using an argument similar to the proof of Sard’s Theorem, we see easily

the following.

Lemma 4. If A ⊂ Rn is a relatively compact subset of content zero and

ϕ : U → Rm a C∞ map, where U is an open neighbourhood of A and n ≤ m.

The ϕ(A) has content zero.

This result will enable us to extend the notion of content zero to C∞

manifolds in an obvious manner.

Now let V be a C∞ manifold, (U,ϕ) a coordinate chart. We assume that

V is orientable and ω a nowhere vanishing n-form on V . We call ω a volume

form on V . In U, ω = fdx1 ∧ · · · ∧ dxn, where f is a C∞ function on U and

f(x) 6= 0 for any x ∈ U . Let η = gdx1 ∧ · · · ∧ dxn be any C∞ form on M

whose support is compact and contained in U . Then η = h · ω, where h is a

nowhere zero C∞ function on V . Define∫
V

η =

∫
U

gdx1 ∧ · · · ∧ dxn =

∫
U

h · ω.

If (U ′, ϕ′) is another coordinate chart containing the support of η, then

supp η ⊂ U ∩ U ′. Recall the change of variables formula for integration:∫
U

g(x)dx1 ∧ dx2 · · · dxn =

∫
U ′
g|J(x)

(y)
|dy1 ∧ · · · dyn.
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But J(x1,··· ,xn)
(y1,··· ,yn)

> 0 since V is orientable. Hence
∫

V
η is well-defined.

Now let η be an arbitrary C∞ n-form on V . Let {Ui, ϕi)} be a cover of V

by coordinate charts such that the Jacobian determinants J(x)
(y)

> 0 for any

two overlapping Ui, Uj. Let {ψi} be a partition of unity subordinate to {Ui}.
We can suppose that supp ψi is compact and contained in Ui and

∑
ψj = 1.

Now ηψj are C∞ forms defined on whole of V and support η · ψj ⊂ Uj is

compact.

Define
∫

V
η =

∑
j

∫
Uj
ηψj.

This is independent of the choice of the partition of unity. For, let {hj}
be another partition of unity subordinate to {Uj}. Now ψj =

∑
` ψjh` and

support ψjh` ⊂ support ψj∩ support h`.∫
V
ψjη =

∑
`

∫
V
ψjh`η and hence∑

j

ψjη =
∑

`

∫
V

∑
j

ψjh`η =
∑

`

∫
V

h`η.

Lemma 5. Let (V, ∂V ) be a C∞ manifold with boundary. If V is orientable

then ∂V is orientable.

Proof We only need to check the following.

Let p ∈ ∂V and (U,ϕ), (U ′, ψ) coordinate charts near p. Let x1, · · · , xn

be coordinates in U and y1, · · · , yn in U ′. In U, ∂V is defined by xn = 0

and in U ′ by yn = 0. Thinking of y1, · · · , yn as functions of x1, · · · , xn in

U ∩ U ′, yn = xn(a0 + g(x1, · · · , xn)), where a0 is a non-zero constant and

g(0, · · · , 0) = 0. It follows that ∂yn

∂xj
(p) = 0 for j < n. The determinant∣∣∣∣∣∣∣∣

∂y1

∂x1
· · · ∂y1

∂xn

...
∂yn

∂x1
· · · ∂yn

∂xn

∣∣∣∣∣∣∣∣ (p) > 0

since V is orientable. The functions x1, x2, · · · , xn−1 restricted to U∩∂V and
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y1, y2, · · · , yn−1 restricted to U ′ ∩ ∂V define local coordinates on ∂V near p.

It follows that ∂yn

∂xn
(p)

∣∣∣∣∣∣∣∣
∂y1

∂x1
· · · ∂yn−1

∂xn−1

...
∂yn−1

∂x1
· · · ∂yn−1

∂xn−1

∣∣∣∣∣∣∣∣ (p) > 0.

For points on V −∂V near p, xn > 0 and yn > 0. This implies that a0 > 0

and hence ∂yn

∂xn
(p) > 0. Hence the determinant

∣∣∣ ∂yi

∂xj

∣∣∣ i<n
j<n

(p) > 0.

Thus (U ∩ ∂V, ϕ) give coordinate charts on ∂V such that the transition

functions have Jacobian determinant > 0. Hence ∂V is orientable. Namely,

if (xi) are positively oriented local coordinates in Ui for each i such that

{xi
n = 0} defines ∂V ∩ Ui then xi

1, x
i
2, . . . , x

i
n−1 give positively oriented local

coordinated in the covering ∂V ∩ Ui of ∂. As in the proof of Proposition 3

in §5.2 this gives an orientation on ∂V .

§ 5.6. Stoke’s Theorem

Let (V, ∂V ) be a compact oriented manifold with boundary of dimension n.

By a cube Q in V we mean the following. If Q ⊂ V − ∂V, Q is contained

in a coordinate chart (U,ϕ) and Q = {(x1, · · · , xn) | −1 ≤ xi ≤ 1 ∀i}.
If Q ∩ ∂V 6= φ, then ∃ a coordinate chart (U,ϕ) containing Q such that

Q = {(x1, · · · , xn) | 0 ≤ xi ≤ 1 for 1 ≤ i ≤ n − 1, − 1 ≤ xn ≤ 1} and

Q ∩ ∂V = {(x) ∈ Q | xn = 0}.
The interior Qo of Q is defined as follows. If Q ⊂ V − ∂V then Qo =

{(x1, · · · , xn)|−1 < xi < 1 for all i}. IfQ∩∂V 6= φ thenQo = {(x1, ..., xn)|−
1 < xi < 1 for i < n, 0 ≤ xn < 1}.
We orient ∂V as follows. If n is even, let ∂V have the induced orientation

and where n is odd let ∂V have the opposite orientation as that induced by

the orientation of V .
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Stoke’s Theorem Let ω be an (n− 1)-form of class C∞ on V . Let ∂V be

oriented as above. Then we have∫
V

dω =

∫
∂V

ω |∂ .

In particular, if ∂V = φ then
∫

V
dω = 0.

Proof We can assume that ω has support contained in the interior Qo of a

cube Q ⊂ (U,ϕ). Write

ω =
n∑

j=1

(−1)j−1λjdx1 ∧ · · · ∧ dxj−1 ∧ dxj+1 ∧ · · · ∧ dxn.

Now dω = (
n∑

j=1

∂λj

∂xj

)dx1 ∧ · · · ∧ dxn. Thus

∫
V

dω =

∫
Q

(
n∑

j=1

∂λj

∂xj

)dx1∧· · ·∧dxn =
∑

j

∫ 1

−1

· · ·
∫ 1

−1

∂λj

∂xj

dx1∧· · ·∧dxn =

∫ 1

−1

· · ·
∫ 1

−1

[λj(x1, · · · , xj−1, 1, xj+1, · · · , xn)−λj(x1, · · · , xj−1,−1, xj+1, · · · , xn)]dx1 · · · d̂xj · · · dxn.

Case 1 Q ∩ ∂V = φ.

Since supp ω ⊂ Qo, λj(x) = 0 if xj = −1 or 1. Hence each integrand

above vanishes and
∫

V
dω = 0. Since ω |∂V = 0 also,

∫
∂V
ω = 0 and Stoke’s

theorem is proved in this case.

Case 2. Q ∩ ∂V 6= φ. Now Qo = {(x) | −1 < xi < 1 for i ≤ n − 1 and

0 ≤ xn < 1}. In this case all the integrands in the summation are zero except

the one corresponding to j = n. Hence∫
V

dω = −
∫ 1

−1

· · ·
∫ 1

−1

λn(x1, · · · , xn−1, 0)dx1 ∧ · · · ∧ dxn−1.

Now ω |∂V = (−1)n−1
∫ 1

−1
· · ·
∫ 1

−1
λn(x1, · · · , xn−1, 0)dx1 ∧ · · · ∧ dxn−1. Using

the convention about induced orientation on ∂M , we get the required result.
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Special cases of Stoke’s Theorem.

1) Green’s theorem Let V ⊂ R2 be a compact manifold with boundary

a union of simple closed curves.

If ω is a C∞ 1-form on V , then using the natural coordinates x, y on

R2, ω = adx + bdy. Here a, b are restrictions of C∞ functions on some open

set containing V . Now dω = ( ∂b
∂x
− ∂a

∂y
)dx∧ dy. By Stoke’s theorem,

∫
V
( ∂b

∂x
−

∂a
∂y

)dx ∧ dy =
∫

∂V
adx+ bdy.

For the integral on the right hand side, the orientation on ∂V is such that

as we traverse the boundary, the region V is on the left. Hence the integral

on the right is the line integral along the curve ∂V . This is the Green’s

Theorem.

2 Divergence theorem. Let V ⊂ R3 be a compact 3-manifold with

boundary a union of C∞ surfaces. Let ω = Pdy∧dz+Qdz∧dx+Rdx∧dy be

a 2-form on V , where P,Q,R are C∞ functions on some open set containing

V . Now dω = (∂P
∂x

+ ∂Q
∂y

+ ∂R
∂z

)dx ∧ dy ∧ dz. By Stoke’s theorem,∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
)dx ∧ dy ∧ dz =

∫
−∂V

Pdy ∧ dz +Qdz ∧ dx+Rdx ∧ dy.

This is the divergence theorem.

3 ) Curl Let V be a C∞ surface in R3 with boundary a union of simple

closed curves. Any 1-form on V is of the form ω = Adx+Bdy+Cdz, where

A,B,C are C∞ functions on V . Stoke’s theorem asserts that∫
V

(
∂C

∂y
−∂B
∂z

)dy∧dz+(
∂B

∂x
−∂A
∂y

)dx∧dy+(
∂A

∂z
−∂C
∂x

)dz∧dx =

∫
∂V

Adx+Bdy+Cdz.

The integrals on the left-hand side can be converted to surface integrals over

V .
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Remark The function ∂P
∂x

+ ∂Q
∂y

+ ∂R
∂z

is called the divergence of the vector

field (P,Q,R) on V ◦. Similarly the vector (∂C
∂y
− ∂B

∂z
, ∂A

∂z
− ∂C

∂x
, ∂B

∂x
− ∂A

∂y
) is

called the curl of the vector field (A,B,C).
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