Differentiable Manifolds
R.V. Gurjar

§ 1. We will begin with results from the theory of differentiable functions

of several real variables.

§ 1.1. Let U C R™ be a non-empty open subset. We denote by xq,--- ,x,
global coordinates on R™. A function f : U — R is said to be infinitely differ-
entiable, or C'*°, if all the partial derivates % exist (and then they are
also continuous) at any point in U. If U C R", V' C R™ are non-empty open
sets and

f: U —'V a map such that each coordinate function of f = (fy,--- , fin) is

a C™ function on U then we say that f is a differentiable or smooth map.

Remarks (1) More generally, we can define functions which are C* on
open sets in R and maps which are C*. A function is C* if all its derivatives

upto order k exist and are continuous on U, etc.

(2) A C* function may not be analytic. For example,

e if x>0
let f(z) =
0 if <0

Let {r,,} be an ordering of all rational numbers. The function g(z) =

Z 2%,1 f(x — ry) is C* but nowhere analytic, i.e. g is not represented

m=1
by its Taylor’s series. This is because each term in the above series is ana-

lytic at each point except at r,,. Hence if ¢ is analytic in some open set then
it is analytic at any r,, in that open set, a contradiction since all but one

functions in the serie s is analytic at r,,.



In fact, we will show below that there exist non-trivial C'"*° functions on
R™ which are identically 0 outside a compact subset of R™ (C* Urysohn’s

lemma).

Notation. Will use the following multi-index notation in future.

= (m ay,), ; > 0 being integers.
( Ty, n)a‘? =t aln
(i)al”'( 2 )an Oé'_OéllOéQ' O(n!,‘a‘:a1+...+an_

H ell= (Sa2pe

With these notations we will state the important Taylor’s formula.

§1.2. Taylor’s theorem

Let U C R" be an open set and let f € C*(U). Suppose z,y € U are such
that the closed line segment [z, y| joining x to y is also contained in U. Then

we have

£y = 1)+ i, ZI 0 @ g gomy (PE e

where £ € [z,y] is a suitable point.

This follows from the 1-variable Taylor’s formula applied to the function

g(t) = f(y+t(z—y)), where t belongs to an open neighborhood of [0, 1] in R.

Let Ry denote the last term in Taylor’s formula. Then for all  such that
|z — y| < § we have |Ry| < M§*, where M depends on k and the upper

bound on all the partial derivatives of f of total order k in U.



§1.3. C'"*° Urysohn’s lemma

Our aim is to prove the following useful result.

Proposition 1. Let A C R” be a compact set and U an open set in R"
containing A. Then there is a C* function f : R™ — [0, 1] such that f(A) =1
and the set {p € R" | f(p) > 0} has compact closure contained in U.

Proof. Step 1. For any point a € R™ and € > 0, let B.(a) be the open
ball of radius € with center a. Let h(t) be defined on R by

h(t) =0,t <0, and h(t) = e ! for t > 0.

Then h is a C* function. We write (z) for (zq,--- ,z,) € R™.

— h(e=Y a2
Let 9(w) = m—s x(?ﬁ(z’)x?f%e)

Then g is well defined and C*. Clearly g(z) = 0 if Y. 2? > € and for all

other (z),g(z) > 0. If 0 < > 27 < e then g(z) = 1. Thus g(z) is C*,

vanishes outside B (0) and > 0 on B £(0). Further, g(z) =1 on E\/E/—Q(O).

Now g(x) = g(x — a) has the analogous property in B f(a), viz. g(x) =0
outside B /(a),> 0 on B ;(a) and identically 1 on F\/%(a).

Step 2. Since A is a compact, we can find €> 0 and finitely many points

k k
ay,- -+ ,a; € A such that A C U B e/5(a;) and U Eﬁ(ai) C U. Let g; be
i=1 1
defined on B, /(a;) with the properties in Step 1. Let f(z) = 1 -7, (1—g;).
For any = € A at least one g; has value 1 at . Hence f |4= 1. Clearly,
k

each g; = 0 outside U B j(a;). Hence f is identically zero outside the
1

k
compact set U B e(a;) which is contained in U.
1



Corollary. Let (a) € R",U an open set containing (a) and f a C* function
U — R. Then there is an open neighbourhood V of (a),V C U such that
"= f |v extends to a C* function R” — R.

§ 1.4. Partition of Unity

Recall that for a continuous function f on an open subset U C R™ the
support of f is the closure of the set {(z) € R™ | f(x) # 0}. A family of subset
{E;}ier of U is called locally finite if any a € U has an open neighbourhood
which meets only finitely many E;. A family of subsets {E}};c; is called a
refinement of the family {E;}ic; if each £} C Ej, for some Ej, depending on
j.

A topological space X is locally compact if any point x € X has an open
neighborhood whose closure is compact.

Recall the following result from General Topology.

Lemma 1. Let X be a locally compact, Hausdorff topological space which
is a countable union of compact sets. Then X is a paracompact, i.e. any
open covering {U;} of X has a locally finite refinement by open sets {V;}
such that V; C U;;,{V;} is a covering of X and V; is compact.

Theorem 1. Let U C R” be an open subset and U = U U;, where each
i€l

U; is open. Then there exists a family of C'™ functions {¢; };c; such that

(i)  0<¢; <1 and support ¢; C U;

(ii)  {support ¢;}ier is a locally finite family

(iii) ngl(x) =1 for each z € U.

i€l

Proof. By Lemma 1 there is a locally finite refinement {V;},c; such that
V; is compact, V; C U; and U = UV;. We can find an open covering {W;};cs
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such that W; C V; for j € J. By Proposition 1, there exists a C*° function 1;

on U, v;(x) > 0 on wj, support ¢; C U; and ¢; > 0. Define ¢ = wj/zwk.
keJ
This is well-defined by local finiteness of {W;} and since ¢, (z) > 0 for each x

for some k. Now Z @; = 1. Let 7 : J — I be any map such that V; C U,().
jed
For each i € I, let J; = 771(i). Define ; = ngg Then > ¢; = 1, support
Jjedi
w; C U; and {supp ¢;} is a locally finite family.

Corollary. Let U C R™ be open, X a closed subset of U and V an open
subset of U containing X. Then there exists a C"*° function ¢ : U — R such
that Y(z) =1forz € X,¢(x) =0forx e V -V,0<¢ < 1.

Proof. By the Theorem above, there exist C'* function 1,2 > 0 such
that supp @1 C V, supp o CU — X and ¢ + o =1 on U. Let ¢ = ¢;.

Remark. Later we will construct a partition of unity on any second count-

able differentiable manifold.

§2. Inverse and implicit function theorems

§2.1 Inverse function theorem

Let U C R™ be an open set, f: U — R™ a C* function, f = (f1, -+, fu),
such that for some a € U, the determinant | ng;_ | (a) # 0. Then there is an
open neighbourhood a € V' C U such that f |, is a homeomorphism onto an

open neighbourhood of f(a).

Proof. We can assume that a = 0, f(a) = 0. By composing f with a

suitable non-singular linear map of R™ into itself, we can also assume that



the Taylor expansion of f; upto terms of degree 3 has the form f; = x; +
%!(O):ca + Z|a:3 %f!(g). Here, Taylor’s Theorem, ¢ is a suitable point

;=2
on the segment joining 0 and x. It is easy to see that for suitable real numbers

ry > 0,---,r, > 0, letting ¢ = f(z) — « (in the multiindex notation),
| @i |, yi |[< ri implies | g(x) —g(y) |< 1/2 | x —y [. Hence f(z) — f(y) =
g(z) — g(y) + =z — y and for such z,y we have | f(z) — f(y) > 5 |z —y |
This shows that f is injective on W = {z | | z; |< r;}. Let V = {y € R" |
| y; |< 3} and B =W N f~1(V). We will construct the inverse function
inductively.

Let ¢o : V. — W be defined by ¢o(y) = 0 and by induction ¢x(y) =
y—g(¢r-1(y)). Using the observation above that | g(x)—g(z') [< 1/2 | z—2' |
on W, we verify by induction that ¢ (y) € W for each k and further

| or(y) — er1(y) [=] 91 (y)) — 9(0r-a(y)) |< 2—2(7’ =),

Let o(y) = limyi(y) as k — 0.
Since g(z) = f(x) — x, we deduce that f(e(y)) = y. Since f |y is
injective, ¢ is the inverse of f. Each ¢} is continuous and the convergence

¢ — ¢ is uniform. Hence ¢ is continuous.

Remark. The analogous statement and proof is valid for a holomorphic

function f from an open set U C C" to C™.

§ 2.2. Implicit function theorem

Let Uy C R™, Uy C R™ be open sets and f : U; x Uy — R™ a C'™ function.
Let x,y be global coordinates on R™, R™ respectively. Suppose that for some

(a,b) € Uy x Us, f(a,b) = 0 and the matrix (%)(a, b) has rank n. Then

Oy;
there is an open neighbourhood U x V' of (a,b) such that for any = € U,



there is a unique y = y(z) € V such that f(z,y(x)) = 0. Further, the map

x — y(x) is continuous.

Proof. We deduce this result from the Inverse function theorem. For conve-
nience, we denote the coordinates in R™ and R™ by zq, -+ , 2, and y1, - -+, yn

respectively. Define F' : Uy x Uy — R"™*" by F(z,y) = (z, f(z,y)). We check
)

s
oF
9y
a neighbourhood U’ x V' of (a,b) and a neighbourhood W of (a, 0) such that

F |prxy— W is a homeomorphism. Let ¢ : W — U’ x V be the continu-

easily that the determinant (a,b) # 0. By the previous result, there is

ous inverse of F'. Let U be a neighbourhood of a such that x € U implies
(x,0) € W. For x € U, let y(z) be the projection of ¢(z,0) on V. Clearly
if y € V is such that f(x,y) = 0 then y = y(z). Then y(x) is a continuous
map with f(z,y(z)) = 0.

Remark. Analogous result is valid for holomorphic maps C™*" — C". In

this case y(x) is a holomorphic function of z.

§2.3. Differentiability of the implicit functions

We will not give details for the general case since it only involves more
complicated notation and no other serious difficulties.

Assume that f(z,y1, -+ ,yn) is C? in an open neighbourhood U of 0 in
R™1 £(0) = 0 and 2£(0) # 0. By Implicit function theorem, there is an
open neighbourhood V of 0 in R™ and a continuous function ¢ : V" — R such
that f(g(y1, - ,Yn), Y1, Y2, ,yn) = 0 for (y) € V. By Taylor’s formula,
we can find an open subset U’ C U and a constant M > 0 such that for any

(xayl)"' 7yn) € Ula

0 0 0
Floe ) = 00+ 5L O+ + 2L O+ R
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where | R |< M(2* 4y} +--- +92) in U'. Hence if V is a sufficiently small
neighbourhood of 0 in R™ then (g(y),y1, -+ ,yn) € U’ and we have

of of of
) = 0= Lo, oy + -+ 20y, + R
flay), v ) 95 )g(y)+ay1( Jyi + +ayn( Jyn +
If we vary only y; and keep the other y; = 0, we set
of of
0=—=-00).9(0,-- ,y;,---,0 0)y; + R.
5 0900,y )+ayi()y+
(0, 3,0, ,0) 2L (0)
JFrom this we see that  lm — Z£2obond) 2w Thig shows that ¢ is
Y — 0 Yi %(0)

differentiable (of order at least 1).
Since the Inverse function theorem is a special case of the Implicit func-
tion theorem the same discussion applies for differentiability of the inverse

function.

§2.4. An example

Let f(x1, -+ ,2n) = 21" + 25° + -+ + 2% — 1, where q; are integers > 1.
The only point in R™ where all the partials g—i are 0 is the origin. Hence
at any point p on the hypersurface {f = 0} in R", g—i(p) # 0 for at least
one 7. Then in a neighbourhood of p, there exists a differentiable function,
g(zy,--+ , 7, ,x,) such that 2" +--- + g% +--- + 2% — 1 = 0. Hence
the map (xy,---,Zy, - ,xn) — (21, ,9, - ,T,) is a parametrization of
an open subset of the hypersurface {f = 0}.

Similar result is valid for common zeros of finitely many differentiable

functions by making use of the Implicit function theorem.

§2.5. Rank Theorem

Definition. Let U,V C R™ be open sets. A surjective homeomorphism
f:U — V such that f and f~! are both C* is called a diffecomorphism.
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Theorem. Let U C R™, V C R" be open sets and let f = (f1,---, f.) be
aC*®map U — V. Let x1,--- ,z,, be the coordinates on R™. Suppose that

Ox;
with suitable diffeomorphisms of U and V', we can assume that f has the

the matrix <a—f) () has rank r for each x € R™. Then by composing f
form (x1,--+ ,x) — (x1, 29, ,2,,0,---,0).

Proof. This is an application of the Implicit function theorem. Assume
that f(0) = 0. We will indicate the argument only for the case when m > n
1<i<n (0) # 0. Introduce new
155

i<n

variables 1, -+ ,y, and g; = f; —y; for 1 <1 < n. Then g; are differentiable.

and 7 = n. Assume for simplicity that ‘27]2_

By the Implicit function theorem, 3C* functions

hl(l‘n-‘rlv"' s LTmy Y1, 7 7yn)7"' 7hn<xn+17"' y Lmy Y1, 0 7yn)

in an open neighbourhood of 0 in R™ such that

fi(hla"' )hlaxn-i-la"' 7'rm) =Y fOI'izl,Q,"' , .

§ 3. Differentiable manifolds

3.1. Let X be a Hausdorff topological space. Suppose that any z € X
has an open neighbourhood which is homeomorphic to an open ball in some
R"™. Then X is called a topological manifold. If X is connected then it is
easy to see that the integer n is independent of x € X. In this case we say
that X is a topological manifold of dimension n. Using the theorem about
invariance of dimension we can see that if X is connected then the integer n
is well-defined. Now we will assume that X is connected.

Suppose now that X has an open covering {U;} such that there is a
homeomorphism f; : U; — B; C R", where B; is the unit open ball in
R"™. Assume that whenever U; N U; # ¢ for some ¢ # j, the natural map
Fi(UNUy) L9, f:(U;NU;) is a C* map. In this case we say that X is a C>

9



manifold of dimension n. The function f; is called a coordinate charts and f;;
the transition functions. Using the coordinate charts we can introduce many

notions from the study of C'* functions an open sets in R”. For example

(1) Let V C X be a non-empty open subset. Let g : V' — R be a function.
We say that g is C™ if for each i the map go f;(V NU;) — Ris C*.

(2) More generally, let X, Y be C'* manifolds and g : X — Y a map. Let
{(Us, £)},{(V;,h;)} denote coordinates charts for X,Y respectively.
This gives natural maps. fi(U;) — h;(g(U;)) for any 4,j whenever
Vi N g(U;) # ¢. If for any such ¢, j these maps are C°° maps then we
say that g is a C'*° map.

Remark. H. Whitney has proved that any paracompact C'! manifold car-
ries a real analytic structure. This structure is unique. In view of this

considering only C'°* manifolds is not a loss of generality.

§3.2. Examples

1) Let S™ C R™! be the hypersurface {z1+---+z2 , = 1}. We have seen
earlier that at any point on S™ where x,,,1 # 0, the functions x4, -- , z,
serve as local parameters, i.e. the map (x1,-- ,zp41) — (21, ,2,)
is a homeomorphism in a small neighbourhood of such a point. Since
Tni1 is a C* function of zq,--- ,z, in such a neighbourhood we see
easily that S™ is a C'"*° manifold.

2) Let X, Y be differentiable manifolds of dimension m, n and let (U;, f;), (V;, g;)
be coordinate charts for X, Y respectively. Then U; x V; (fo99) B, x B,

is a homeomorphism and the transition functions are C'°.

3) Let 7 : " — S™ be the diffeomorphism 7(z) = —z. If (U, f) is a

coordinate chart for the C'*° structure on S™ then we take the quotient

10



space RP"™ of S™ obtained by identifying x and —x Vx € S™. Let
7 : 8" — RP" be the quotient map. Then (7(U), f o 7~1) serve as

coordinate charts for RP™.

4) SL(n,R). Let SL(n,R) be the set of n x n matrices with real entries
and determinant 1. Write the entries as (X;;). Then SL(n,R) can
be considered as a closed hypersurface in R™ defined by {D = 1},
where D =| X;; |. Clearly at any point p on {D = 1}, at least one
partial derivative 887%(]9) # 0. By implicit function theorem, near p
the function Xj; |{p:1} is a C'* function of the remaining variables

Xy Hence SL(n,R) is a manifold of dimension n? — 1.

§3.3. Partitions of unity for C'* manifolds

An easy modification of the partition of unity result proved earlier for an

open subset of R" yields the following general result.

Theorem of Partition of unity for ¢ manifolds

Given an open covering {U;} of a C* manifold V' which is second count-
able, there exists a family of C'™ function {y;} such that ¢; > 0, support
¢; C U; such that the family {supp ¢;} is locally finite and ) ¢;(z) = 1 for
each z € V.

Proof. We have only to use the fact that if (U, ¢) is a coordinate chart and
K C U is compact, then there a C'**° function  on V with compact support
C U such that n(z) > 0 for z € K. This was already proved before.

11



Corollary. If F is a closed subset of V., F' C U an open set, then there

exists a C'*° function ¢ on V such that

plr) = 1 ifzeF
= 0 ifreX-U.

§ 4. Tangent and cotangent vectors

§ 4.1 For an open set U C R™ and a differentiable map f : (—1,1) — U, the
image is a curve passing through f(0). Let the defining functions be denoted
by 21(t), - ,x,(t) where t € (—1,1). The vector (“(0),--- , %=(0)) is the
tangent direction to this curve at the point f(0). We will now define the
tangent space to a manifold M which does not depend on embedding M in

R"™.

Definition Let M be a C*° manifold and a € M. Consider all ordered pairs
(f,U) where U is an open neighbourhood of a and f is a C* map U — R.
Define an equivalence relation on the set of ordered pairs as follows. (f,U) ~
(f',U") if there is an open neighbourhood V' of a such that V" C U NV’ and
f lv=f"|v. The equivalence classes are called germs of C*° functions at a,
denoted by C5°. We define a tangent vector L at a to be an R-linear map
L : C — R such that for f,g € C°, L(f - g) = L(f) - g(a) + f(a)L(g), i.e.,
L is a derivation of C;° into R.

Given a germ (f,U), where (U, ) gives a coordinate chart at a, the
condition that %(a) =0=-.-= %(a) is well-defined. For any f,g €
C*, o= f-g— f(a)g— f-g(a) has the property that (noting that f(a), g(a)
are constants) that L(yp) = 0. For any r € R, consider the constant functions
1,re C®. Now L(r-1) = L(r)- 1+ r.L(1). Hence L(1) = 0 and by linearity
of L,L(r) = 0 for any » € R. More generally, let f € C2 be such that

12



of (a) =0 for 1 <1i < n. We use the Taylor’s theorem,

ox;
D*f(§)
2!

(z — a)*(multi — index notation!)

f(@) = fla) +

for some ¢ € [ax]. Since f is C™ we can see that the terms in % are
again C* functions of x. It is clear that L(DTQf(a: —a)?) = 0. Thus, L is
trivial on the subspace of functions in C;° whose first derivatives are 0 at a.
Let M, C C¢° be the subspace of functions which vanish at a, we see that L
acts naturally on M,/ M? and the vector space of all the tangent vectors at
a is naturally isomorphic to the dual Homg(M,/M?2 R). Tt is denoted by
T.(M). Hence dimgT,(M) = dim R.

If U € R™ is an open set and a € U, we define the tangent spaces
(6%1)@, e ,(%)a by (a%i)a(f) = g—i(a) for f € C. It is easy to verify that

0

&Ei)a'
Now let (U, ¢) be a coordinate chart of a« € M. For any f El_C;’O, define
(%)a(f) = a(fg—;f’i_l)(go(a)) for 1 < i < n. Here zy,-- -z, are coordinates on

o(U) C R™

n
the n tangents (a%i)a are linearly independent, hence T,(U) = ZR(
=1

Definition The dual Homg(T,(M),R) is called the space of differentials
(or cotangent vectors, or co-vectors) at a. Clearly, if we define (dx;), €
Homg(T,(M),R) by (dmi)a((%)a) = 0;; then (dx1)a, - - - , (dx,), form a basis
of the space of differentials at a, which we denote by T (M). For any f €
C>*(U), define (df), by (dfa)((%)a) = a%(a). Here U C R" is an open set.
More generally, if (U, ) is a coordinate chart at @ and f € C°, we define
(df)a by (df)a((52)a) = 252252 ((a):

Again, for a differentiable map v : (=1,1) — U C R" and f € C>(U),

define X(f) = 24(f o~(t))(0). Then X(f) = g—i(a) -9 where y(t) =
i=1

z1(t), -+ ,z,(t)) and a = +(0). The vector (2£L(0),--- ,%2(0)) is the tan-
dt dt

gent to the parametrized curve in U defined by . This illustrates the relation

13



between the intuitive idea of tangent to a curve and the abstract definition
of a tangent vector at a. It is easy to see that given X € T,(U), there is
a parametrized curve v : (—1,1) — U such that the two meanings of X(f)

coincide for any f € C5°.

§ 4.2. Tangent and cotangent maps.

Let V, W, be C"* manifolds of dimensions n and m respectively and f :
V. — W a C* map. We define the maps. f. : T,(V) — Ty (W) and
[Ty W) = T (V) by fu(X)(g) = X(go f) and (f*(d¢))a = (d(¢© [))a,
where g € C, (W), dp € T}, (W) and X € To(V). It is easy to verify that
if g has all the first derivatives 0 at f(a) then go f has all the first derivatives
0 at a.

§4.3. Tangent and cotangent bundles

Let V' be a C* manifold of dimension n. Let T(V) = HTa(V) be the

acV
disjoint union of tangent spaces at points in V. We will indicate how T'(V)

is itself a C'*° manifold of dimension 2n.
Let {(U;,¢:)} be coordinate charts covering V. Suppose a € U; N U;.
Let (xq,---,2,) and (y1,- - ,yn) be coordinates on U;, U; respectively. Any
- 0 - 0
tangent vector X at a has the form X = Zai(%)a and X = Zbl(ﬁ_yz)a

1 ¢ 1
Using the transition function U; N U; — U; N U; let y; = hj(zy, -+, x,) for

1 <j <n Now for any f € C® X(f) = Zaig—i = ijg—yfj. Hence
>oiai{d2; g—yf_ : gZ? = ijg—J. This gives ), ai% =b;for 1 <j <m,ie
J ? J 2

Oy L. Oyn
ox1 oz
Ay : .
b = ZZ aia_x]i' The vector (by, -+ ,b,) = (a1, - ,a,)
oy L. Yn
a$n 811771
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Now let E be the disjoint union [[,U; x R™ and define the equiva-
lence relation ((x;),v) ~ ((y;),w) if the point (x;) = (y;) € U; N U; and

Lo Oyn
(wlv"'awn):(yl""’yn) % ...... %
Oxn Ozn

Let m: E — E/ ~ be the natural map and p’ : E — V be the continuous
map p'(z;),v) — (x;). Then p’ factors through E/ ~ and defines a continuous
map p : B/ ~— V. E/ ~ is called the tangent bundle of V. It is easy to
show that E/ ~ is Hausdorff. Clearly, p~(U;) ~ U; x R".

In a similar fashion, we can construct the cotangent bundle of V', denoted
by T*(V') or QY(V).

T*(V) is generated by (dz1)a, -+, (dx,)e in U; and (dyr)a, -+, (dyn)a- In
U; N U;, we have (dy;)q = Y gi’; (dzj),. This give patching diffeomorphism
(U;NU;) x R" — (U;NU;) x R™ for T*(V'). If we let APT*(V) = [[APT(V)

for 1 < p < n and give a natural structure of a C'*° manifold in a similar

n
manner, we get a manifold of dimension n + ( ) This can be called the
p

bundle of differential p-forms.

§ 4.4. Vector fields and differential forms

Let p : T(V) — V be the natural projection A C*° vector field X on V is a
C*® map X : V — T(V) such that po X = identity on V. On a coordinate
chart (U, p); X, = Zhi(a)(a%i)a for any a € U, where a — h;(a) are C*
function on U.

Similarly, a C*° map w : V. — APT*(V) such that w(a) € APT (V) for

a € V is called a C* p-form. Again on (U, ¢) as above

Wa= D0 i, (@)(dwn)a A A (dai,)o

11 <t <-<ip

where h;,;,...;, are C* functions on U.
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Remark. APT?(V) is the dual vector space of APT, (V).

64.5. Immersion and submersion

Given a C"™ map V — W between C'* manifolds V, W respectively, we say
that f has rank r at a € V if rank f, : To(V) — Ty@)(W) is r, i.e., the di-

- 0
mension of the image is . Let (ay,--- ,a,) € T,(V)(i.e., X = Zai( )a €
= oz
n 8fj
T.(V)), then f.(ay,---,a,) = (b1, -+ ,by), where b; = Zaia (a). The
Z;
i=1
rank of the map f, is 7 if the matrix (2fi(a)) has rank r. If f, is 1 — 1 for

Ox;
each a € V the f is called an immersion and if f, is surjective then f is called

a submersion.

Remark If f is an immersion then f(1') may not be a closed subset of W.
But if f is proper then f(V') is closed in W.

Suppose f is an immersion. Then by Rank Theorem, we can assume
(after making local C* diffeomorphisms in V' and W) that f.(zy, - ,2,) =
(1, 2,0, ,0).

§4.6. Sard’s Theorem

Let U,V C R™ be open subsets and f : U — V a diffeomorphism. For any
subset S C U such that S has measure 0 the measure of f(.5) is also 0. Now
let W be any C'*°, second countable manifold. Then the notion of a measure
0 subset S C W is well-defined.

Definition Let V, W be C"*° manifolds of dimensions n, m respectively and

f:V =W aC*® map. A point a € V is called a critical point for f if rank
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f« at a <m. If f~1(w) does not contain any critical point then w is called a
reqular value. Otherwise, w is called a critical value.

Now we come to a fundamental result in differential topology.

Sard’s Theorem. Let f:V — W be a C"° map between second countable
manifolds. Then the image under f of the set of critical points in V has

measure 0 in W.

Proof Since image under a C*° diffeomorphism of a measure 0 subset of an
open subset of R™ again has measure 0, we need to consider only the following
case. f:U — RP is a C™ map with U open in R” and p > 1. Let C' be the
set of critical points; that is the set of all z € U with rank df, < p. Then
we must prove that f(C') has measure 0 in R?. The set C' is clearly closed.
The proof is by induction on n. Let C; denote the set of x € U such that all
partial derivatives of f of order < ¢ vanish at x. Then C D Cy D Cy D ---.

Step 1 f(C — C}) has measure 0.

Proof If p =1 then C = (4}, hence we can assume that p > 2. We need

the following consequence of Fubini’s theorem.

Lemma 2. A measurable set A C R? = R! x RP~! has measure 0 if its
intersection with each hyperplane {r} x RP~! is a set of measure 0 in RP~!.

We will show that for any x € C' — (', there is an open neighbourhood
V' C R"™ such that f(V N C) has measure 0. Since C' — C is covered by
countably many of such neighbourhoods, f(C' — C}) has measure 0.

Let z € C — C}. Suppose g—:ﬁ(x) # 0. We can assume without loss of
generality that in a suitable neighbourhood V' of z, fi(z) = ;. Hence the
map f has the form (21,29, -+ ,x,) — (21, fo,- -+, fp). If follows that a point

in {t} x R"! is critical for f iff it is critical for the map f(zq,---,7,) =
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(fot,za,- -+ ,2,), -, fp). By induction on n, the set of critical values has
measure 0 in {t} x RP7'. Since C is closed, f(C) is a countable union of

compact subsets. Hence by Fubini’s theorem f(V N C) has measure 0.

Step 2 We will prove that for i > 1, f(C; — C;41) has measure 0.

Let x € Cy — Cky1. We can assume that asmlgszlf.l-amxn () # 0. As-
sume that s; > 0. The kth derivative w(z) = %(z) = 0 but

%(1’) # 0. The map (zq1, -+ ,x,) LA (w,x9, - ,x,) is a diffecomor-
phism in an open neighbourhood V' of z onto an open neighbourhood V' of
0 in R™. Consider foh™!: V' — RP. Using an argument similar to step 1

we see that f(Cy — Cx11) has measure 0.

Step 3. For large k, f(C)) has measure 0. Assume that k > o7 Let
I™ C U be a cube of edge 9.

By Taylor’s theorem and definition of Cy, f(x + h) = f(x) + R(x,h),
where || R(z,h) |< C || h||F™ for x € C, N I",x + h € I". The constant C
depends only on f and I™. For any integer r, divide I™ into ™ cubes of edge
g. Suppose x € I; where [; is a cube in the subdivision. Any x + h € I; has
| h||< Vn(2). Now f(I) lies in a cube of edge -4+ with center at f(z),
where a = 2C - (1/nd)*™. Then f(Cj N I™) is contained in at most r™ cubes

of total volume < r"(%5)? = aPr"~**UP Since k + 1 > %, as 1 — oo this

volume tends to 0. Hence f(Cj N I™) has measure 0.

This completes the proof of Sard’s theorem.

Remark 1) H. Whitney has given an example of a function of class
C™ ™on an open subset U C R™ with n > m such that the set of criti-
cal values is R™.

2) If m < n, then the set of regular values of a C*° map U C R* — R™
is everywhere dense. Let y € R™ be a regular value. Then either f~!(y) = ¢
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or it is a differentiable submanifold of dimension n — m.

§ 4.7. Applications of Sard’s Theorem

1) Existence of Morse Functions Let M be a C* manifold of dimen-
sion m and let M C R" be a closed embedding for some n > m. For any
point p € R"® — M, define the function f : M — R by f(q) =|| p — q ||*
Using Sard’s Theorem we can show that for all points p outside a set of

measure 0 the function f has only non-degenerate critical points, i.e., at any

point ¢ € M, there are local coordinates x1, - - - , z,, at ¢ such that near ¢ the
matrix ( aiywj (¢)) is non-singular, if all the partial derivates g—i(q) = 0.

The condition that g—a{i(q) = 0 for all 7 means ¢ is a critical point of the

distance function f defined on M. If (aféaj;_(q)) is non-singular then ¢ is
10T

called a mon-degenerate critical point. It is clear that f is a proper map

M — R. The result just mentioned shows the existence of Morse functions

on M.

2) Transversality Theorem Let P be a C* -closed submanifold of a
C* manifold N. For any C*° manifold M a C* map g : M — N is said to
be transverse to P if whenever p € P N g(M) the tangent space T,(P) and
df (T.(M)) generate T,(N), where p = f(x) for any = € f~!(p).

Thom’s transversality theorem says that for any ¢ map f: M — N,
there is a C'°°-homotopic map g : M — N which is arbitrarily close to f such
that ¢ is transverse to P.

The proof of this result depends on Sard’s theorem. An application
of Rank Theorem show that if ¢ is transverse to P then ¢7'(P) is a C-
submanifold of M of codimension same as the codimension of P in .

In particular, if dim M+ dim P < dim N, then ¢7'(P) = ¢. Now

let f:S™ — S"be a continuous map, where m < n. We can assume by
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approximation that f is a C'° map. Taking P = {p}, we can deform f to
a C® map g : S™ — S™ — {p}. Since S™ — {p} is homeomorphic to R", we
conclude that for m < n, 7, (S™) = (0).

3) Embedding in R". Let M be a C™ manifold of dimension n. It is well-
known that there is a closed embedding M C RN for N >> 0. If N > 2n+1,
we can find a direction [ € R¥ such that the orthogonal projection to I
maps M diffeomorphically into RV~!. Continuing this way, we can embed
M c R?**L. Further, we can show that any two embeddings of M in R?"+2
are isotopic, i.e., there is a C* map F : M x I — R?"*2 such that for each
tel,F: Mx{t} — R*"isan embedding and F' | M x {0}, F' | M x{1} are
given embeddings of M in R?"*2. This shows that any embedding S™ C R?"+2

is unknotted.

4) Tubular neighbourhoods. Let M be a compact C'* manifold with
an embedding M C R". Define for ¢ > 0 N(M) = {y € R" | d(y, M) < €}.
Then for some ¢ > 0, N (M) is a smooth n-dimensional manifold in R”
with C* boundary ON.(M), with a fiber bundle map N.(M) — M whose
fibers are discs D,,_,, of dimension n — m, where m = dim M. Further,
ON (M) — M is a C* sphere bundle with fiber S™~™"1.

The proof of this is similar to the proof of existence of Morse function

given earlier.

§ 5. Integration on manifolds

§ 5.1. Exterior differentiation Let VV be a C*° manifold. Let AP(V)
denote the space of C* differential p-forms on V. Hence AY(V) is the vector
space of all C*™ functions on V. Then there is a map d : AP(V) — APTH(V)
for each p such that
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(1) d is R-linear, i.e., d(aw; + fws) = adw, + fdw, for any «, 5 € R and
w1, Ws € /\P(V)

(2) For p=0,d(f) is the 1-form such that
d(f)as = the image of f in T, (V).
(3) d(dw) =0 for w € AP(V) for any p.
(4) d(wi Awg) = dwy Awa + (—1)Pw; A ws for any wy € AP(V),wy € AY(V).

The map d is described in a coordinate chart (U, ) as follows. Let

1, -+ ,T, be local coordinates in U. Then w = Z fil...ipdxil,\...,\dxip.
i1< - <ip
Define dw = Zi1<i2-~~<ip d( fi,.ip) Ndxiy A+ - Adx;,. Here df = g—fld% +t

%dajn. Only the properties (3) and (4) need to be verified. This is left to

the reader.

Proposition 2. Let V,W be C**° manifolds and f : V — W a C'* map.
Then for any p > 0 and w € AP(W), dwv) f*(w) = f*(dwyw).

Proof We assume that W is an open subset of R™. Now f* is an algebra
homomorphism of AT*(W) — AT*(V). Hence it suffices to prove the result
when p=0or p=1and w=dg,g € C®°(W). If p=0, then w = g is a C*
function. By definition, f*((dg)s@)) = d(g o f)a-

If w = dg, where g is a function then

f*(d(dg)) = 0 and d[f*(dg)] = d[d(g o /)] = 0.

§ 5.2. Orientation

Let V be a C* manifold of dimension n. If 3 a C*°n— form w on V which
is nowhere 0 on V then w is called an orientation on V and V is said to be

orientable.
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Proposition 3. V is orientable iff there exists a system of coordinates
(Ui, @;) with UU; = V such that the transition functions ¢; o gpj_l lo; (Uit

have a positive jacobian determinant whenever U; N U; # ¢.

Proof Let w be an orientation on V. For any a € V there is a coordinate
chart (U,, ) at a such that w = f(z)dzy A--- Adx, for x € U, such that and
f(x) # 0in U,. By interchanging x1, 5 we can assume that f(x) > OVz € V.

If 41, ,y, are coordinates in an intersecting chart U,, then in U, N
Uy,w = % dy; Ndys N\ - - A dy,. By assumption above, fJ >0 Vp €
U, N U,. 1t follows that J > 0 for all p € U, N U,,.

If 2%, 2%, ... x! are local coordinates in the coordinate chart (U;, ¢;) such
that in U; N U; the determinant \‘igﬁ))] > 0. Then we say that the system of

local coorditates ¢ in V' are positively oriented.

Conversely, suppose (U;, ;) are coordinate charts such that the Jacobian
determinants % > 0in U; NU;. Let {¢;} be a partition of unity
subordinate to {U;}. Define w, = Y, ¢;(x)dzt A -+ Adat, where zt, -+ 2!

rrn

are local coordinates on U;.

Then w, is C"*° and > 0 for any = and hence an orientation of V.

§ 5.3. The double cover

Consider the C* bundle A"T*(V) and E = {{ € A"T*(V)/€ # 0}. Define
p(§) = aif £ € A"TF(V). Define an equivalence relation in E by & ~ & if
p(&1) = p(&) and & = X - & for some A > 0. Let V = E/ ~.

Proposition 4. V is Hausdorff and V — V is a covering of degree 2.

Proof The equivalence relation is open and the graph of the equivalence

relation in E x E is closed. Hence V is Hausdorff.
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Let (U, ) be a coordinate chart and a € U. Define &, by & = dz; A
o ANdxp,ne = —dry A - ANdag,.
Now p~ Y (U) = (UWUer€,)U(UserT,), hence V is a covering of degree 2.

Corollary 1 If V is connected then V is orientable if and only if V is not

connected.

Proof Suppose V is connected and orientable. Let w be an orientation.
Then UU,cy @, is a non-empty open and closed subset of V so that V is not
connected.

Suppose V is connected and V is not connected. Let £, € V and U,
the connected component of ¢, in V. Now p : U, — V is a covering and
it is a homeomorphism since V' — V is a covering of degree 2. It follows
that there is a section s : V — V whose image lies in one of the connected
components of V and this gives a nowhere vanishing C°n- form on V. Thus

V' is orientable.
Corollary 2 If V is simply connected then it is orientable.

Remark V is always orientable.
The pull back of the bundle A"T*(V) — V to V has a nowhere vanishing

C* section and the pull back bundle is nothing but A7*(V') (this is because
the pull back of A"T*(V) — V to E has a nowhere vanishing section).

§ 5.4. Manifolds with boundary

Let R} = {(z1,--- ,x,) € R"/z, > 0}.
Let V' be a Hausdorff topological space such that V' has an open cover

n

v, such

U;} with homeomorphism ¢; : U; — R”, onto an open subset of R
¥ +
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that whenever U; N U; # ¢, the map ¢; o goj_l/%.(Ui NU;) is a C*° map of

©;(U;NUj) as asubset of R”. Then V is called a C'*° manifold with boundary.

gf_ for ¢ < n in the same way
i

f((ll,(LQ,"' ,an+h)7f((ll,"' ,(ln)
h .

For a C'*° manifold with boundary, C'*° functions, tangent vectors, T,(V),

For a real valued function on R, we define

as for a function on R"™ and % la=limy,_ 1 g

differential forms etc. are defined in the same way as for a C'°° manifold.
Orientation is also defined in an analogous way.

We will assume that a ¢ manifold with boundary is second countable.

In local coordinates (U, ¢), ¢(U) C R} and ¢(a) = 0, the set 0V = {x €
V/x, = 0} is called the boundary of V. It is easy to see that 9V is a C™
manifold of dimension n — 1.

For a point a € dV, a cube @ associated to a coordinate chart (U, ¢) has
the property that

e(@NIV) ={(x) e R"/ =1 < z; <1 for i <nand z, = 0}. The
interior Q° is defined in this case as ' {(z) e R"/—1 < z; < 1fori <n—1
and 0 < z,, < 1}). Hence in this case the interior of @) has a different meaning

than for a cube contained in V' — 9V

§ 5.5. Integration

Recall that a subset A C R"™ has (n—dimensional) Jordan content zero,
C(A) = 0, if for any € > 0 there is a finite collection of cubes Cj,--- , C,
which cover A and whose total volume is less that e. It is easy to see that if

A is compact then C(A) = 0 iff A has Lebesgue measure zero.

Definition A bounded subset D C R" is said to be a domain of integration
if the boundary B — B° has content zero.
A function f on R" is almost continuous if the set of points at which f is

not continuous has content zero.
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Lemma 3. Given a domain D of integration in R™ and f a real valued,

bounded, almost continuous function on D, the Riemann integral [ pJdridry - -

exists.
A function f as in the above lemma is said to be integrable on D.

Recall the following result on change of variables in integration.

Proposition 5. let ¢ : U — U’ be a a diffeomorphism of a domain of
integration U C R™ onto a domain of integration U’ C R™ and let J(y) denote
the Jacobian determinant of ¢. Let f’ be integrable on U’. Then f := f'o¢p
is integrable on U and [, f'dys - - - dy, = [, f'(e(2)) | J(@) | dzy - - - da,.
Using an argument similar to the proof of Sard’s Theorem, we see easily

the following.

Lemma 4. If A C R" is a relatively compact subset of content zero and
w: U — R™a C* map, where U is an open neighbourhood of A and n < m.
The ¢(A) has content zero.

This result will enable us to extend the notion of content zero to C'*°
manifolds in an obvious manner.

Now let V' be a C* manifold, (U, ¢) a coordinate chart. We assume that
V' is orientable and w a nowhere vanishing n-form on V. We call w a volume
formon V. In U,w = fdxy A --- A dz,, where f is a C"° function on U and
f(z) # 0 for any x € U. Let n = gdxy A --- A dx, be any C* form on M
whose support is compact and contained in U. Then n = h - w, where h is a

nowhere zero C'* function on V. Define

/77=/gdx1/\---/\d3:n:/h-w.
1% U U

If (U',¢') is another coordinate chart containing the support of 7, then

supp n C U NU’. Recall the change of variables formula for integration:
J(x)

/ g(x)dxy Ndzy - - - dx, = / gl—=\dyy A ---dy,.
U o (y)
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But H > 0 since V' is orientable. Hence [, 7 is well-defined.

Now let 1 be an arbitrary C*° n-form on V. Let {U;, ;)} be a cover of V'
by coordinate charts such that the Jacobian determinants % > 0 for any
two overlapping U;, U;. Let {1;} be a partition of unity subordinate to {U;}.
We can suppose that supp v; is compact and contained in U; and ) v¢; = 1.
Now n; are C* forms defined on whole of V' and support 7 - ¢; C Uj is
compact.

Define [, 7=, ij n;.

This is independent of the choice of the partition of unity. For, let {h;}
be another partition of unity subordinate to {U;}. Now ¢; = >, ¢;h, and
support ¢;h, C support ;1 support hy.

Jv ¥m =32, [, ¥jhen and hence
> v = ;ngjwjhen - ;Lhen.

Lemma 5. Let (V,0V) be a C* manifold with boundary. If V' is orientable
then OV is orientable.

Proof We only need to check the following.

Let p € 9V and (U, ¢), (U’, ) coordinate charts near p. Let z1,--- ,x,
be coordinates in U and y;, - ,y, in U'. In U, 9V is defined by z, = 0
and in U’" by y, = 0. Thinking of y,--- ,y, as functions of x{,--- ,x, in
UnNnuUy, = zu(ag + g(x1,--- ,x,)), where ag is a non-zero constant and
g(0,---,0) = 0. It follows that gix’;(p) = 0 for j < n. The determinant

oy .. owm
ox1 0zn
: (p) >0
Oyn .. Oyn
8$1 8£Bn
since V is orientable. The functions x1, o, - - , x,,_1 restricted to UNOV and
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Y1, Yo, "+, Yn_1 restricted to U’ N OV define local coordinates on OV near p.

oy .. Oy
81E1 81',”,1
Ayn .
It follows that g% (p) | (p) > 0.
OYn—1 . OYn—1
81‘1 8$n—1

For points on V — 90V near p, x,, > 0 and y,, > 0. This implies that ag > 0

and hence 2= (p) > 0. Hence the determinant
9yi |
oz, |15 (p) > 0.

Thus (U N 0V, g) give coordinate charts on V' such that the transition
functions have Jacobian determinant > 0. Hence 0V is orientable. Namely,
if (z') are positively oriented local coordinates in U; for each i such that
{z! = 0} defines OV N U; then x%, x%, ... z¢ | give positively oriented local
coordinated in the covering OV N U; of d. As in the proof of Proposition 3

in §5.2 this gives an orientation on 9V'.

§ 5.6. Stoke’s Theorem

Let (V,0V) be a compact oriented manifold with boundary of dimension n.
By a cube @ in V' we mean the following. If Q@ C V — 9V, (@ is contained
in a coordinate chart (U,p) and Q = {(x1, -+, x,) | =1 < x; < 1 Vi}.
If @QNOV # ¢, then 3 a coordinate chart (U, ¢) containing ) such that
Q={(x1,,2,) |0< ;<1 for1<i<n-1 —1<uz, <1} and
QNoV ={(x) € Q| x, =0}.

The interior Q° of @ is defined as follows. If Q) C V — 9V then Q° =
{(x1, - yxn)|—1 <a; <1 foralli}. TQNIV # ¢ then Q° = {(z1, ..., Tn)|—
l<z; <1 fori<n, 0<uz, <1}

We orient OV as follows. If n is even, let OV have the induced orientation
and where n is odd let 0V have the opposite orientation as that induced by

the orientation of V.
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Stoke’s Theorem Let w be an (n — 1)-form of class C* on V. Let OV be

oriented as above. Then we have

/dw:/ wla -
v av

In particular, if OV = ¢ then fv dw = 0.

Proof We can assume that w has support contained in the interior ()° of a

cube @ C (U, ). Write
W = Z(—l)j_l/\jdxl VANRRIVAY d(lfj_l VAN dl’j_H VANRRIVAY d(L’n

J=1

Now dw = 28 )dxq A+ -+ A dx,. Thus
T

1 1
/dw—/zax] YdxiA- - -Adx, = Z/ /awjdxl/\ /\dxn_/l,,_/1

[)\j(l’l,"' 7xj—1>17$j+17"' ,ZEn)—)\j(fL’l,"' 7?L’j_17—17l'j+1,"' ,l‘n)]dl‘l dl’] dl’n

Case 1 QnNIV = o.
Since supp w C Q% \j(z) = 0 if x; = —1 or 1. Hence each integrand
above vanishes and fv dw = 0. Since w |gy= 0 also, favw = 0 and Stoke’s

theorem is proved in this case.

Case 2. QNOV # ¢. Now Q° ={(z) | -1 <z; < 1fori <m—1and
0 < z,, < 1}. In this case all the integrands in the summation are zero except

the one corresponding to 7 = n. Hence

1 1
/ dw = _/ / )\n(xl,~~~ ,xn_l,O)dml A Ndzp_.
Y% -1 -1

Now w [gy= (=1)""! f_ll . f_ll A1, Tp_1,0)dxy A+ Adr,_q. Using

the convention about induced orientation on 0M, we get the required result.
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Special cases of Stoke’s Theorem.

1) Green’s theorem Let V' C R? be a compact manifold with boundary
a union of simple closed curves.

If wis a C* 1-form on V, then using the natural coordinates z,y on
R2,w = adx + bdy. Here a,b are restrictions of C°° functions on some open
set containing V. Now dw = (52 — g—‘;)d:p Ady. By Stoke’s theorem, [, (4 —
g—;)dx Ady = [, adz + bdy.

For the integral on the right hand side, the orientation on 0V is such that
as we traverse the boundary, the region V' is on the left. Hence the integral
on the right is the line integral along the curve dV. This is the Green’s

Theorem.

2 Divergence theorem. Let V C R? be a compact 3-manifold with
boundary a union of C'* surfaces. Let w = PdyAdz+ Qdz Ndx+ Rdx Ady be
a 2-form on V|, where P, (), R are C'*™° functions on some open set containing
V. Now dw = (‘3—]; + %—Q + %)dw A dy A dz. By Stoke’s theorem,

y
P
/(a—+a—Q+a—R)dx/\dy/\dz:/ Pdy Ndz + Qdz A\ dx + Rdx A dy.
v Or Oy 0z

-0V

This is the divergence theorem.

3 ) Curl Let V be a C™ surface in R® with boundary a union of simple
closed curves. Any 1-form on V is of the form w = Adx + Bdy + Cdz, where

A, B,C are C* functions on V. Stoke’s theorem asserts that

oC 0B dB 0A 0A oC
/V(a—y—E)dy/\dz—l—(%—8—y)dx/\dy+(£—%)dz/\dx—/av Adz+Bdy+Cdz.

The integrals on the left-hand side can be converted to surface integrals over

V.
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Remark The function % + %—3 + % is called the divergence of the vector
field (P,@, R) on V°. Similarly the vector (% — g5 94 _ o0 o8 _ %) is
called the curl of the vector field (A, B, C).
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