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1 Introduction

An integral domain in which every ideal is generated by one element (i.e. it
is principal) is called a Principal Ideal Domain (P.I.D.). Z, k[X], where k is
a field, Z[i] are examples. All these are Euclidean domains (E.D.), which are
P.I.D. But the class of P.I.D. is larger than the class of E.D.

A P.I.D. is a Unique Factorization Domain (U.F.D.). Any two nonzero
elements a, b in it have a greatest common divisor (g.c.d.). The g.c.d of a and
b is of the form ra + sb, for some r, s.

We are going to study the structure of finitely generated modules over a
P.I.D. Over any commutative ring R, one has the basic modules, R, I, where I
is an ideal of R, and R/I. One can also take the direct sums of these modules to
form more modules. One observes that if R is a P.I.D. then the basic modules are
all cyclic modules, i.e. they are generated by one element. The interesting fact
is that every finitely generated module over a P.I.D. is formed by taking a finite
direct sum of these basic modules. This is what we aim to prove. Moreover,
one can find invariants, which determine the module upto isomorphism.

The theory began with the study of finitely generated abelian groups; and
to classify all finitely generated abelian groups upto isomorphism. In this case
we are studying the case when R is Z; and the theory is somewhat easier to es-
tablish. This theorem was first proved by Leopold Kronecker in 1858. However,
we will retain our perspective over P.I.D.’s by proving, whenever it is possible,
the intermediary steps over P.I.D.’s with the same effort.

Finally, the theory also evolved via the study of canonical forms of matrices
over a ring. A normal form or canonical form for a matrix is a class of expressions
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such that each matrix can be transformed to precisely one matrix with the
given class. The reader would have seen the echelon form in his study of linear
equations over a field. The three forms studied here are the Smith normal form,
the rational canonical form, and the Jordan canonical form. As a consequence,
one can reprove the Structure theorem for finitely generated modules over a
P.I.D.

We have indicated a few applications to finitely generated abelian group the-
ory, Linear algebra of transformations, Number theory (finiteness of Class Num-
ber), Combinatorics (studying Incidence matrix), Differential equations (reduc-
ing it to a problem in linear algebra, which can be easily resolved by using these
canonical forms).

2 Historical comments

This section has been culled from N. Bourbaki’s Algebra II, Chapters 4-7. We
have included it to give the reader a clear idea of how this topic evolved from
quite extraordinary beginnings. This will also give a clear picture of the defi-
ciency in our presentation in this article; and encourage the reader to delve into
the texts, to better his understanding of the material. (For instance, we have
not gone into the Jordan-Chevalley decomposition; which is accesible from the
material presented here.)

H.J.S. Smith in 1861 defined the invariant factors of an integer matrix, and
obtained the Smith normal form of these matrices. Previously Echelon forms
over fields (one-sided reduction) were studied by J.C.F. Gauss. The normal form
for similarity classes was described by C. Jordan in his ‘Traite des substitutions’
in 1870.

Independently, following its introduction by J.C.F. Gauss, and the important
part it played in the subsequent development of Number theory, the notion of
an abelian group was gradually being made precise. In his Disquisitiones Gauss
showed that there was an element of order equal to the exponent - in other
words he got the existence of the largest invariant factor of the group. In a
manuscript dating from 1801, but not published in his lifetime, Gauss sketched
a general proof of the decomposition of a finite abelian group into a direct sum
of p groups. The theory of elliptic functions and abelian integrals, developed by
Gauss, Abel and Jacobi, let to attention being paid to the structure of torsion-
free abelian groups. The first and best known example of a decomposition of
an infinite abelian group into a direct sum of cyclic groups was given in 1846 by
Dirichlet in his paper on the units of an algebraic number field. But it was only
in 1879 that the connection between the theory of finitely generated abelian
groups and Smith’s theorem was recognized and explicitly used by Frobenius
and Stickelberger.

The notion of an eigenvalue of a linear transformation appeared explicitly in
the theorem of systems of linear differential equations without constant coeffi-
cients applied by Lagrange to the theorem of small oscillations and by Lagrange
and Laplace to the the “secular” perturbations of planets. Euler used it in find-
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ing the axes of a conic or a quadric, and to study the principal axes of inertia
of a solid body. It is also involved in the beginnings of the theory of partial
differential equations, in particular the equation of a vibrating string. It was
Cauchy who recognized the relationships between these various problems being
studied in 1820’s. The classification of “pencils” of concics or quadrics is the
study of the elementary divisors of α + Xβ, where α, β are symmetric matri-
ces - which Sylvester studied in 1851, and Weierstrass, extending his methods,
obtained a canonical form for a “pencil” α + Xβ, with det(α + Xβ) not iden-
tically zero. From this he deduced the definition of an elementary divisors of a
square matrix (!), and proved that they characterize the matrix upto similarity.
These results were partially, and independently recovered by Jordan two years
later. Frobenius showed in 1879 that Weierstrass’ theorem can be deduced from
Smith’s theorem extended to polynomial rings.

3 Structure of finitely generated abelian groups

Lemma 3.1 Let M be a finitely generated module over a P.I.D. R. If m1, . . . ,mn

are generators of M , and if a1, . . . , an are integers with greatest common divisor
1, then the element m = a1m1 + . . . + anmn is one of a set of n generators of
M .

Proof: For n = 1, the lemma is clear. For n = 2, there are integers c1, c2, such
that a1c1 + a2c2 = 1. Then

m1 = c1(a1m1 + a2m2) + a2(c2m1 − c1m2)
m2 = c2(a1m1 + a2m2)− a1(c2m1 − c1m2)

and M = {m1,m2} = {m, c2m1 − c1m2}.
For n > 2, let d be g.c.d.(a1, . . . , an−1) and let ai = bid, for i < n.

Since g.c.d.(b1, . . . , bn−1) = 1, if m′ = b1m1 + . . . + bn−1mn−1, then by in-
duction there are elements m′

2, . . . ,m
′
n−1 such that M ′ = {m1, . . . ,mn−1} =

{m′,m′
2, . . . ,m

′
n−1}. Hence, M = {m′,m′

2, . . . ,m
′
n−1,mn}. But m = dm′ +

anmn, and g.c.d.(d, an) = 1. Hence, {m,m′′} = {m′,mn}, for some m′′ ∈ M .
Hence, M = {m,m′

2, . . . ,m
′
n−1,m

′′}, as required. �

Theorem 3.2 (Basis Theorem for finitely generated abelian groups)
Let G be a finitely generated abelian group. If n is the least integer such that

G is generated by n elements, then G is a direct sum of n cyclic submodules.

Proof: Let g1, . . . , gn be generators of G so chosen that gn has order k, with k
minimal, i.e. no other set of n generators of G has an element of smaller order.
Let H = {g1, . . . , gn−1}. By induction on n, H is a direct sum of n − 1 cyclic
subgroups. We show that H ∩ {gn} = 0. If not, then for some positive integer
an < k, and integers a1, . . . , an−1, we have an equation

a1g1 + . . . an−1gn−1 = angn
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Let d = g.c.d.{a1, . . . , an}. By Lemma 3.1, (a1/d)g1 + . . . (an−1/d)gn−1 −
(an/d)gn is a member of a set of n generators of G. Its order is atmost d,
and d ≤ an < k. This contradicts the minimality of k in the choice of gn. Hence
H ∩ {gn} = 0, and G = H ⊕ {gn} as required. �

Theorem 3.3 (Elementary divisors for finitely generated abelian groups)
Let G be the direct sum of n infinite cyclic subgroups, and let H be a non-

trivial subgroup of G. Then a basis {g1, . . . , gn} of G may be chosen, so that
for appropriate integers di, with di|di+1, for all i, the set of non-zero elements
of {digi} is a basis of H.

Proof: If n = 1, G is cyclic, and the theorem is clear. We induct on n. We show
that if 0 6= h ∈ H then there is an element g ∈ G, which is part of a basis of G
of n elements, such that h = dg, for some d ∈ Z: Take any basis {f1, . . . , fn} of
G, and let h = a1f1 + . . . + anfn. Let d =g.c.d.(a1, . . . , an), and let ai = dbi.
By Lemma 3.1 g = b1fi + . . . + bnfn is one element of a basis of n elements of
G; and h = dg as claimed.

Among all such n-basis for G, let us assume that the n-basis {g1, g
′
i} has been

chosen with d minimal, and dg1 ∈ H. Claim: If h = b1g1+b2g
′
2+. . .+bng′n ∈ H,

then d|b1. If not, let b1 = ld + r, with 0 6= r < d. Then h′ = h − ldg1 ∈ H.
Hence, there is a n-basis {g′′i } of G such that h′ = d′g′′1 with d′ ≤ r < d, contrary
to the minimality of d. Hence d|b1.

Hence, H = {dg1,H ∩ {g′2, . . . , g′n}}. By induction, H ∩ {g′2, . . . , g′n} =
{d2g2, . . . , dngn}, with {g2, . . . , gn} a basis of {g′2, . . . , g′n}, and with di|di+1, for
i ≥ 2. By above observation, d|d2, and so {g1, g2, . . . , gn} is a n-basis of G as
required. �

Remark 3.4 In Exercise 14 there is an example to show that the above theorem
does not hold when G is a finite group.

Corollary 3.5 Let G be a finitely generated abelian group.

(i) G ' Zr ⊕ Z/m1Z⊕ · · · ⊕ Z/mkZ, for some r, m1, . . . ,mk ∈ Z.

(Here r is called the rank of G, Zr is called the torsion-free part of G,
and ⊕Z/miZ is called the torsion part of M, also denoted by Tor(M).)

(Note that this decomposition is not in a unique manner, for e.g. Z/6Z '
(Z/2Z⊕ Z/3Z).)

(ii) G ' Zr ⊕ (⊕k
i=1 ⊕

ki
j=1 Z/p

nij

i )

(iii) (Invariant structure theorem)

G ' Zr ⊕ Z/q1Z ⊕ · · · ⊕ Z/qlZ, with qi|qi−1, for all i > 1, where l =
max{ki}.
(The numbers r, q1, . . . , ql are called the invariant factors of M .)

The invariant factors determine G uniquely upto isomorphism.
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Proof: (i) is clear from Theorem 3.2. We prove (ii): Let mi =
∏ki

j=1 p
nij

i , pi

distinct primes. Now use the Chinese Remainder Theorem.
To prove (iii): Organize the elementary divisors exponents as an array:

p1 : n11 ≥ · · · ≥ n1k1

p2 : n21 ≥ · · · ≥ n2k2

... : · · · ≥ · · · ≥ · · ·
pk : nk1 ≥ · · · ≥ nkk1

For each h = 1, . . . , l = max{k1, . . . , k1, . . . , km}, let qh = pn1h
1 . . . pnkh

k . Then
qh|qh−1. By Chinese Remainder Theorem, Z/(qh) ' ⊕k

i=1Z/pnih
i . Hence,

G ' Zr ⊕ (⊕Z/qhZ).

Uniqueness part: Suppose that G ' Zr ⊕Z/q1Z⊕ · · · ⊕Z/qlZ, with qi|qi−1,
for all i > 1, and also G ' Zs⊕Z/q′1Z⊕· · ·⊕Z/q′mZ, with q′i|q′i−1, for all i > 1.
We show that r = s, l = m, and that qiZ = q′iZ, for all i > 1.

G/Tor(G) ' Zr ' Zs. Tensoring with Q, or going mod a prime (p), gives
r = s.

For a prime p, let Sylp(G) = {g ∈ G| png = 0 for some n ≥ 0}. Note that,
if G1, G2 are groups then Sylp(G1 ⊕G2) =Sylp(G1)⊕Sylp(G2). Now

Sylp(G) = Sylp(Tor(G))
= Sylp(⊕iZ/qiZ) = ⊕iSylp(Z/qiZ)
= Sylp(⊕jZ/qjZ) = ⊕jSylp(Z/q′jZ)

Suppose that the first p-group is of type (pr1 , . . . , prs), and the second is of
type (pm1 , . . . , pmk), with r1 ≥ . . . ≥ rz ≥ 1, and m1 ≥ . . . ≥ ms ≥ 1.

Now pSylp(Tor(G)) is also a p-group, of order strictly less than the order of
Sylp(Tor(G)), and is of type

(pr1−1, . . . , prs−1)&(pm1−1, . . . , pmk−1),

it being understood that if some exponent ri or mj is equal to 1, then the factor
corresponding to pri−1 or pmj−1 is the trivial group.

By induction, we have ri−1 = mi−1 for all those integers i such that ri−1
or mi − 1 ≥ 1. Hence ri = mi for all these integers i, and the two series can
only differ in their last components which can be equal to p. These correspond
to factors of type (p, . . . , p) occuring say a times in the first sequence and say
b times in the second sequence. But comparing the orders on both sides, which
equal order of the group, one gets a = b. The uniqueness is thus established. �
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4 Structure of finitely generated modules over a P.I.D.

We begin with the Chinese Remainder Theorem over a commutative ring.

Definition 4.1 Two-sided ideals I, J of a ring A are called comaximal, if
I + J = A or equivalently if there are a ∈ I, b ∈ J with a + b = 1.

Lemma 4.2 (Chinese Remainder Theorem)

Let R be a ring, I1, . . . , In be two-sided ideals of R and η : R →
n∏

i=1

R/Ii

be the natural homomorphism defined by η(r) = (r + I1, . . . , r + In). Then η is
surjective if and only if the I1, . . . , In are mutually pairwise comaximal. In this
case we have

R/(I1 ∩ . . . ∩ In) ∼=
n∏

i=1

(R/Ii).

If the Ii pair-wise commute, especially if R is commutative, then we have further
that I1 · · · In = I1 ∩ · · · ∩ In in the above case.

Proof: Assume Ii + Ij = R for i 6= j. Let 1 = ui + vi, ui ∈ I1, vi ∈ Ii for

i 6= 1, and let r1 =
∏n

i=1 vi =
n∏

i=2

(1 − ui) = 1 + u for some u ∈ I1. Then

η(r1) = e1 := (1 + I1, 0 + I2, . . . , 0 + In). Analogously, ei ∈ Im(η) for all i, and
so η is onto.

Conversely, assume η is onto. If η(ai) = ei then 1 − ai ∈ Ii and ai ∈ Ij if
j 6= i. Therefore, 1 = (1− ai) + ai ∈ Ii + Ij .

Clearly ker(η) = I1 ∩ · · · ∩ In.
We prove the last assertion by induction on n, the case n = 1 being trivial.

If I + J = R we compute

I ∩ J = (I + J)(I ∩ J) = I(I ∩ J) + J(I ∩ J) ⊂ IJ,

whence I ∩ J = IJ . The induction step is

I1 ∩ · · · ∩ In = (I1 · · · In−1) ∩ In = (I1 · · · In−1) ∩ In = I1 · · · In.

�

We now prove the structure theorem (weak form) for finitely generated mod-
ules over a P.I.D. The proof is similar to that of Theorem 3.1, but the crucial
point is to have the right definition for the ‘order’ o(a) of an element a; and to
attach a ‘weight’ to a ∈ R. We first answer this:

In a P.I.D. the generators of an ideal is unique upto associates. If a ∈ R,
then the generator of ann(a) (= {r ∈ R| ra = 0}) is called the order of a,
denoted by o(a). This notation is consistent, upto sign, with the notion of order
of an element of a group.

We attach a weight P (a) to a ∈ R next. Since R is a U.F.D., we denote by
P (a) the number of prime factors (counting multiplicity) of a. By convention,
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P (0) = ∞. Thus, a|b in R implies that P (a) ≤ P (b), with equality if and only
if a, b are associates.

Lemma 4.3 Let M be a finitely generated module over a P.I.D. R, say M =
{m1, . . . ,mn}. Suppose that there is a relation a1m1 + . . . anmn = 0, where
not all the ai are zero. Then there are elements m′

1, . . . ,m
′
n ∈ M , such that

M = {m′
1, . . . ,m

′
n}, and the order of m′

1 divides every ai.

Proof: If one of the ai is a unit then this is easy: Say a1 is a unit, then m1 is a
linear combination of the other mi. So take m′

1 = 0, m′
i = mi, i > 1.

Let s =
∑

P (ai), where ai 6= 0. We induct on s. If s = 0, every ai is zero or
a unit, and atleast one ai is a unit. So done.

If only one ai is nonzero, the result is easy to establish, so let us assume
a1, a2 are nonzero, non-unit. Let b = g.c.d.(a1, a2), a1 = bc1, a2 = bc2, and
b1c1 + b2c2 = 1. Now

M = {m1,m2, . . . ,mn}

= {(m1,m2)
(

c2 b1

−c1 b2

)
,m3, . . . ,mn}

0 = b(b1m1 + b2m2) + a3m3 + . . . + anmn

Now P (b) ≤ P (a1 < P (a1) + P (a2). By induction, M = {m′
1, . . . ,m

′
n}, with

o(m′
1)|b, and o(m′

1)|ai, for i ≥ 3. But b|a1, b|a2, hence o(m′
1)|ai, for all i. �

Theorem 4.4 (Structure theorem for finitely generated modules over a P.I.D.)
Every n-generated module M over a P.I.D. R is a direct sum of n cyclic

modules M ' ⊕n
i=1Rmi. Equivalently, M = {m1, . . . ,mn}, and

∑
aimi = 0

implies aimi = 0, for all i.
(We say that the set {m1, . . . ,mn} is a basis of M .)

Proof: If n = 1, this is easy, as R is a P.I.D.; so let n > 1. We induct on n.
Amongst all possible set of generators of M having n elements choose one

which has an element m with least P (m). Let M = {m = m1,m
′
2, . . . ,m

′
n}.

If M = Rm ⊕
∑

i≥2 Rm′
i, then by induction the submodule

∑
i≥2 Rm′

i has
a basis {m2, . . . ,mn}. But then {m1, . . . ,mn} is a basis of M .

We show that Rm is indeed a direct summand of M : If not, one has a
relation a1m1 + . . . + anmn = 0, with a1m1 6= 0. Let b =g.c.d.(a1, o(m1)) =
c1a1 + c2o(m1). Since a1m1 6= 0, a1 and o(m1) are not associates. Hence,
P (b) < P (o(m1)).

Note that bm1+c1a2m2+. . .+c1anmn = 0. By Lemma 4.3 M = {m′
1, . . . ,m

′
n},

with o(m′
1)|b, o(m′

1)|c1ai, for i ≥ 2. Since P (o(m′
1)) ≤ P (b) < P (o(m1)), this

contradicts the minimality of {m1, . . . ,mn}. Thus, Rm is a summand of M .
and the result follows. �

Corollary 4.5 Let M be a finitely generated module over a P.I.D. R. Then
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(i) M ' Rr ⊕R/a1R⊕ · · · ⊕R/anR, for some r, ai ∈ R.

(r =rank(M), Rr is the torsion-free part of M , Tor(M) = ⊕R/aiR is
the torsion part of M)

(ii) M ' Rr ⊕ (⊕k
i=1 ⊕

ki
j=1 R/p

nij

i R, where ai =
∏ki

j=1 p
nij

i , pi are distinct
primes.

(The rank r, and p
nij

i are called the elementary divisors of M)

(iii) M ' Rr ⊕ R/a1R ⊕ · · · ⊕ R/alR, where (a1) ⊂ (a2) ⊂ · · · ⊂ (al), l =
max{ki}.
(The rank r, and the ideals (ai) are called the invariant factors of M .)

The invariant factors determine M upto isomorphism.

Proof: Clear from Theorem 4.4, and uniqueness argument in Corollary 3.5.
(An intrinsic characterisation of the ideals (ai), which shows that they are

uniquely determined, is given in the Exercise 32.) �

5 Elementary divisors, Structure theorem revisited

In this section we prove the Elementary divisors theorem for finitely generated
modules over a P.I.D., and use it to give an alternative proof of the Structure
theorem.

Proposition 5.1 Let Rn be a free module of rank n over a P.I.D. R and M ⊂
Rn be a submodule. Then M is a free module of rank ≤ n.

Proof: We show this by induction on n, the statement being true for n ≤ 1. Let
prn be the projection onto the last factor and denote its kernel by Rn−1. Then
we get an exact sequence

0 −→ M ∩Rn−1 −→ M −→ prn(M) −→ 0.

Since In := prn(M) ⊂ R is an ideal, hence it is either (0) or principal aR ' R,
the sequence splits. So M ' (M ∩Rn−1)⊕ In. By the induction hypothesis we
are done. �

Corollary 5.2 Let M be a n-generated module over a P.I.D. R. If N is a
submodule of M then N can be generated by m ≤ n elements.

Proof: One has a commutative diagram

F1 = ϕ−1N

ϕ

��

i // F

ϕ

��
N

i // M

By Proposition 5.1 ϕ−1N = F1 is a free module of rank m ≤ n. �
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Definition 5.3 A R-module is torsion free in case for every m ∈ M and
r ∈ R if rm = 0, then r = 0 or m = 0.

Any free module over an integral domain is torsion free. The converse is only
partially true.

The following is clear from the structure theorem. We prove it independently.

Corollary 5.4 A torsion free finitely generated module M over a P.I.D. R is
free.

Proof: Let S = R \ {0}, and K = S−1R be the quotient field of R. Since M is
torsion free, the natural map M → S−1M is injective; so we can regard M as a
R-submodule of S−1M . The latter is a finitely generated vector space over K.
We can choose a basis m1, . . . ,mn of S−1M over K with each mi ∈ M . Then
F =

∑
Rmi is a free R-module.

Since M is finitely generated, there is a b ∈ S, with bM ⊂ F : if n1, . . . , nk

generate M , and nj =
∑n

i=1(aij/sij)mi, take b =
∏

i,j sij . Since b 6= 0, and M
is torsion free. The map hb : m → bm is injective R-module map from M ↪→ F .
By Proposition 5.1, M is free. �

Definition 5.5 An element m ∈ M is said to be a torsion element if ann(m) 6=
0. The set of torsion elements of a R-module M is a submodule denoted by
Tor(M), and called the torsion submodule of M .

Lemma 5.6 For every module M , Tor(M) is a torsion submodule and
M/Tor(M) is torsion free.

Proof: Easy exercise. 2

Corollary 5.7 If M is a finitely generated module over a P.I.D. R, then there
is a free module F of rank r such that M ' F⊕ Tor(M).

Proof: One has an exact sequence of R-modules:

0 −→ Tor(M) −→ M −→ M/Tor(M) −→ 0.

Since M/Tor(M) is torsion free, it is free by Corollary 5.4. But then the above
sequence splits, and M ' M/Tor(M)⊕ Tor(M). �

Corollary 5.8 Every finitely generated group abelian group is the direct sum of
a finite group and a free abelian group.

Theorem 5.9 (Elementary divisors theorem)
Let R be a P.I.D. and let M be a nonzero finitely generated submodule of

Rn. Then there is a basis f1, . . . , fn of Rn and non-zero elements d1, . . . , dm,
m ≤ n, such that

(1) {d1f1, . . . , dmfm} form a basis of M .
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(2) di|di+1 for i = 1, . . . ,m− 1.

The sequence of ideals (dm) ⊂ · · · ⊂ (d1) is uniquely determined by (1), (2).
Moreover, (dm) =ann(M).

Proof: For f ∈ (Rn)∗ (the dual space of linear functionals on Rn), we attach the
ideal O(f) = f(Rn). Select f1 such that f1(M) is maximal in the set {O(f)},
where f varies over all the linear functionals on Rn.

Now f1(M) = (d1) ( R. Let f1(m1) = d1. If g ∈ (Rn)∗, then g(m1) ∈ (d1),
as (d1) is maximal. (Justify this step!)

Therefore, if m1 =
∑

bifi, then d1|bi for all i. Hence m1 = d1e1 for some
e1 ∈ Rn. Moreover, f1(e1) = 1.

This allows us to conclude that Rn = Re1⊕ ker(f1): Clearly, Re1∩ker(f1) =
0. Moreover, if m ∈ Rn, then m− f1(m)e1 ∈ker(f1).

By Proposition 5.1, ker(f1) ' Rk, for some k. Let M1 = M∩ker(f1). Then
M = Rm1 ⊕M1.

From the maximal condition on f1(M) it follows that for any g : Rn −→ R,
g(M) ⊂ f1(M) (otherwise a suitable linear combination will give a bigger ideal
as image of a functional). Now use induction. �

Theorem 5.10 (Structure theorem over P.I.D.)
Let R be a P.I.D. Every finitely generated R-module M is of the form

M ' R/Rd1 ⊕R/Rd2 ⊕ · · · ⊕R/Rdr,

for some di ∈ R. (di = 0 is not excluded.) Moreover, di|di+1, for 1 ≤ i ≤ r− 1.

Proof: We may assume that M is not free. Then M ' F/G, where F is a free
module of finite rank, and G is a nonzero submodule of F . By the Elementary
divisors theorem, choose f1, . . . , fn of F , and g1 = d1f1, . . . , gk = dkfk of G, for
some di ∈ R, satisfying the divisibility condition. Hence,

M ' F/G ' ⊕n
i=1Rfi/⊕k

j=1 Rdjfj ' (⊕k
j=1Rfj/djRfj)⊕Rn−k.

For 1 ≤ j ≤ k, Rfj/djRfj) ' R/Rdj is cyclic. Discarding those dj (in the
beginning) which are units, and renaming the remaining as d1, . . . , dr. we get
the required decomposition. �

We next prove another important decomposition theorem for finitely gener-
ated modules over a P.I.D. - the Primary decomposition theorem. We end the
section with an application, where we calculate the structure of the multiplica-
tive group of units of the integers modulo an integer a.

We have seen that the torsion submodule Tor(M) is a direct summand of M ,
when M is a finitely generated R-module, with R a P.I.D. Hence, the complete
analysis of finitely generated modules over a P.I.D. depends on a description of
the torsion ones. We first decompose these into their “p-primary-components”:

10



Definition 5.11 Let M be a R-module. For each prime p ∈ R. let

M(p) = {m ∈ M | pnm = 0 forsome n ≥ 0}
= {m ∈ M | o(m) = (pn) forsome n ≥ 0}

Each M(p) is a submodule of M .
Our next decomposition theorem holds for arbitrary torsion modules, not

just finitely generated ones.

Theorem 5.12 (The Primary decomposition theorem)
Let M be a torsion module over a P.I.D. R. Then M = ⊕M(p), where p

runs over the primes of R. (If M is finitely generated then M(p) = 0, for all
but finitely many primes p ∈ R).

Proof: Let 0 6= m ∈ M . Since R is a P.I.D., o(m) = (a), with a = pr1
1 . . . prn

n ,
for distinct primes p1, . . . , pn ∈ R. For each i let qip

ri
i = a. Then qim ∈ M(pi).

Since g.c.d.(q1, . . . , qn) = 1, we have r1q1 + . . . + rnqn = 1, for some ri ∈ R.
Consequently m =

∑
i riqim ∈

∑
i M(pi). Thus the submodules M(pi) generate

M .
We show that the M(p) are linearly independent. Let p1, . . . , pn, q be distinct

primes and let

m ∈ (M(p1) + · · ·+ M(pn)) ∩M(q).

Then o(m) = (qm) = (pr1
1 . . . prn

n ), for some m, r1, . . . , rn ≥ 0. This forces
m = r1 = . . . = rn = 0, and so o(m) = R; whence m = 0. �

Corollary 5.13 Let M be a finitely generated torsion module over a P.I.D. R.
Every submodule N of M is the direct sum of the submodules N ∩M(p), where
p is an irreducible element of R.

Proof: This follows from the fact that N ∩M(p) is N(p). �

Corollary 5.14 The submodule N of the torsion R-module M over a P.I.D.
R, is a direct factor if and only if N(p) is a direct factor of M(p) for every
irreducible element p of R.

Proof: Clear from Corollary 5.12. �

Corollary 5.15 Let N be a submodule of a torsion module M over a P.I.D. R.
If, for every irreducible element π, either N(p) = 0, or (M/N)(p) = 0, then N
is a direct factor of M .

Proof: If (M/N)(p) = 0, then N(p) = M(p). Now apply Corollary 5.13. �
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The multiplicative group of units of the integers modulo a

Let a be a integer > 1, and let (Z/aZ)∗ be the multiplicative group of
invertible elements of the ring Z/aZ. If a =

∏
i p

n(i)
i is the decomposition of

a into prime factors, then by the Chinese Remainder theorem, the ring Z/aZ
is isomorphic to the product of the rings Z/p

n(i)
i Z and the group (Z/aZ)∗ is

isomorphic to the product of of the groups (Z/p
n(i)
i Z)∗. We are thus reduced to

the study of the groups (Z/pnZ)∗, where p is a prime number. Recall that the
order ϕ(pn) of (Z/pnZ)∗ is pn− pn−1 = pn−1(p− 1). (Here ϕ denotes the Euler
totient function.)

Suppose first of all that p > 2; the natural homomorphism Z/pnZ → Z/pZ
restricts to a homomorphism of groups from (Z/pnZ)∗ onto (Z/pZ)∗, whose
kernel we denote U(pn). The residue class mod pn of an integer m is invertible
if and only if m is coprime to p, that is if and only if the residue class of m mod
p is invertible. It follows that U(pn) consists of all the residue classes mod pn of
integers congruent to 1 mod p, so has pn−1 elements, and that there is an exact
sequence

{1} → U(pn) → (Z/pnZ)∗ → (Z/pZ)∗ → {1}. (1)

Similarly, for n ≥ 2 let U(2n) denote the kernel of the natural homomorphism
from (Z/2nZ)∗ to (Z/4Z)∗; this is a group of order 2n−2, consisting of all the
residue classes mod 2n of integers congruent to 1 mod 4, and there is an exact
sequence

{1} → U(2n) → (Z/2nZ)∗ → (Z/4Z)∗ → {1}. (2)

Lemma 5.16 Let x, y, k be integers with k ≥ 0 and let p > 2 be a prime number.
If x ≡ 1 + py mod p2, then xpk ≡ 1 + pk+1y mod pk+2. If x ≡ 1 + 4y mod 8
then x2k ≡ 1 + wk+2y mod 2k+3.

Proof: To prove the first assertion, it is enough to show that, if k ≥ 1 and
x ≡ 1 + pky mod pk+1, then xp ≡ 1 + pk+1y mod pk+2, and then to argue by
induction on the integer k. For all a ∈ Z and k ≥ 1, it is immediate that

(1 + pka)p ≡ 1 + pk+1a mod pk+2,

hence

(1 + pky + pk+1z)p = (1 + pk(y + pz))p

≡ 1 + pk+1(y + pz) ≡ 1 + pk+1y mod pk+2.

Similarly, for k ≥ 1 we have (1+2k+1a)2 ≡ 1+2k+2a mod 2k+3, so (1+2k+1y+
2k+2z)2 ≡ 1 + 2k+2y mod 2k+3, whence the second assertion by induction on k.
�

Proposition 5.17 Let p > 2 be a prime number and let n > 0 be an integer;
then the group U(pn) is cyclic of order pn−1; if n ≥ 2 then the residue class

12



mod pn of an integer x congruent to 1 mod p is a generator of U(pn) if and
only if x is not congruent to 1 mod p2. Let m > 1 be an integer; then the group
U(2m) is cyclic of order 2m−2; if m ≥ 3 then the residue class mod 2m of an
integer x congruent to 1 mod 4 is a generator of U(2m) if and only if x is not
congruent to 1 mod 8.

Proof: Since U(pn) has order pn−1, the order of every element u of U(pn) is a
power of p, and u is a generator of U(pn) if and only if upn−2 6= 1. Now if u is
the class of x = 1 + py, then upn−2

is the class of 1 + pn−1y, by Lemma 5.16,
whence u generates U(pn) if and only if y 6≡ 0 mod p, in other words x 6≡ 1
mod p2. For example, the class 1 + p generates U(pn). Similarly, the class u of
x mod 2n generates U(2n) if and only if u2n−3 6= 1, which means that x is not
congruent to 1 mod 8, by Lemma 5.16; this is satisfied by x = 5. �

Lemma 5.18 Let A be a principal ideal domain and let 0 → N → M → P → 0
be an exact sequence of A-modules. Suppose that there exist coprime element
a, b ∈ A such that aN = 0 and bP = 0. Then the exact sequence splits. If in
addition N and P are both cyclic, then M is cyclic.

Proof: The module M is torsion, since abM = 0. The first assertion follows
from Corollary 5.14. If N and P are cyclic, then they are finitely generated,
and hence so is M; since each p-primary component of M is isomorphic to a
p-primary component either of N or of P , it follows that M is cyclic. 2

Theorem 5.19 If a =
∏

i p
n(i)
i is the prime decomposition of the integer a > 1,

then the group (Z/aZ)∗ of invertible elements of the ring Z/aZ is isomorphic
to the product of the groups (Z/p

n(i)
i Z)∗. If p > 2 is a prime number and n ≥ 1

an integer, then the group (Z/pnZ)∗ is cyclic of order pn−1(p − 1). The group
(Z/2Z)∗ is trivial; for n ≥ 2 the group (Z/2nZ)∗ is the direct product of the
cyclic group of order 2n−2 generated by the residue class of 5 mod 2n and the
cyclic group of order 2 consisting of the residue class of 1 and −1 mod 2n.

Proof: The orders pn−1 of U(pn) and p− 1 of (Z/pZ)∗ are coprime; since U(pn)
and (Z/pZ)∗ are cyclic, the group (Z/pnZ)∗ is cyclic (apply Lemma 5.18 to the
exact sequence (1)). If n ≥ 2 then the restriction of the homomorphism v :
(Z/2nZ)∗ → (Z/4Z)∗ to the subgroup {1,−1} is bijective; the group (Z/2nZ)∗

is thus the direct product of this subgroup and the kernel U(2n) of v; the result
follows from Proposition 5.17. 2
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6 Finiteness of Class Number

Definition 6.1 Ideals I, J of a domain A are said to be isomorphic, if and only
if there is an x ∈ Q(A)× with xI = J . (Here Q(A) denotes the quotient field of
A.)

We will be interested in domains A which are finitely generated as a module
over Z. For example one knows that the set of integral elements in a finite field
extension of Q is a finitely generated module over Z.

Our goal is to prove the following important classical result, via the Structure
theorem for finitely generated modules over a P.I.D.

Theorem 6.2 Let A be a domain of characteristic zero, which is a finitely
generated module over Z. Then there are only finitely many isomorphism classes
of ideals of A.

(This number is called the class number of A.)

As a Z-module the ring A is torsion-free and finitely generated, hence free.
Since K = Q(A) = {a/s | a ∈ A, s ∈ R \ (0)}, clearly A is of rank n := [Q(A) :
Q(R)]. Fix an Z-basis a1, . . . , an of A. This is also a basis of Q(A) as a vector
space over Q.

Now let I 6= (0) be an ideal of A. It is also a finitely generated torsion-free
Z-module, hence free. Let a ∈ I \ (0). Then the Q-linear map ‘multiplication by
a’ ma on the Q-vector-space Q(A) is an automorphism. Therefore aa1, . . . , aan

are linearly independent over Q, hence over Z. It follows that I, contained in
A and containing aa1, . . . , aan, is a free Z-module of rank n and that A/I is a
finite ring. We write ‖I‖ := #(A/I).

Lemma 6.3 Let a ∈ A and mα denote ‘multiplication by a’ on A, regarded as
a free Z-module. Then:

a) det(ma) ∈ Aa,
b) ‖Aa‖ = |det(ma)|.

Proof: The case a = 0 being clear, assume a 6= 0. By the Elementary Divisor
Theorem there is a Z-basis a′1, . . . , a

′
n of A and d1, . . . , dn ∈ Z with aa′i = dia

′
i.

So det(ma) = d := d1 · · · dn ∈ Aa. (By a Nakayama type argument.)
Further both sides of b) are equal to |d|. �
As a consequence of a) we see that I ∩ Z 6= (0) for every non-zero ideal I of

A, in other words, that A/I is a torsion module over Z.

Lemma 6.4 There is an integer C > 0 such that in every non-zero ideal I of
A there is a γ 6= 0 with ‖Aγ‖ ≤ C‖I‖, i.e. #(I/Aγ) ≤ C.

Proof: Let m > 0 be such that mn ≤ ‖I‖ < (m + 1)n. At least two of
the following (m + 1)n elements

∑n
j=1 bjaj , bj ∈ Z, 0 ≤ bj ≤ m must be

congruent modulo I, since #(A/I) < (m + 1)n. Their difference will be our
coice of C. C has the properties:

(i) C ∈ I \ (0),
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(ii) C =
∑n

j=1 mjaj , mj ∈ Z, |mj |n ≤ ‖I‖,

The latter means |mj | ≤ r, where we set r := n
√
‖I‖.

Let as above a1, . . . , an be a basis of A over Z. Then one can write aiaj =∑
i,j,k aijkak with aijk ∈ Z. For γ =

∑
j mjaj (with mj ∈ Z) we have γai =∑

j,k mjaijkak. So det(hγ) is a homogeneous polynomial of degree n in the mj

over Z. Therefore there is a C > 0 such that |mj | ≤ r implies |det(hγ)| ≤
Crn = C‖I‖. �

Proof of Theorem 6.2: Let c ∈ Z be the product of all a ∈ Z \ (0) with
|a| ≤ C. (There are only finitely many of them.) We will show that every ideal
I 6= (0) of A is isomorphic to one between A and Ac. Since A/Ac is a finite ring
there are only finitely many of the latter.

Choose γ as in Lemma 6.4. Then Iγ−1/A ∼= I/Aγ is of order ≤ C. By
the Structure theorem, There is a Z-module isomorphism Iγ−1/A ∼= R/(d1) ⊕
· · · ⊕ R/(dm) with suitable di ∈ Z \ (0). Then |di| ≤ C, whence di|c. So
c(Iγ−1/A) = 0, i.e. cγ−1I ⊂ A. On the other hand cA ⊂ cγ−1I, and we are
done. �

7 Equivalent class of matrices over a P.I.D.

In this section we study the class of (two-sided) equivalent matrices over a
P.I.D. Here the canonical forms are called Smith normal form. (In the one-
sided equivalent situation, they are called Hermite normal form; which have
their own interesting features.)

We restrict to the two-sided equivalent situation as it enables us to reprove
the Structure theorem for finitely generated modules over a P.I.D. (Equivalently,
the Structure theorem can also be used to prove the matrix theorem.)

Definition 7.1 Let R be a commutative ring with 1. Two matrices α, β
∈Mr,s(R) are said to be equivalent if there are invertible matrices γ, δ, of
appropriate sizes, such that α = γβδ. If δ = γ−1, we say that α and β are
similar.

Equivalence, and similarity define an equivalence relation on Mr,s. The similar-
ity class will be studied in the next section.

For example, two matrices over a field K are equivalent if and only if they
have the same rank. But over a commutative ring, one does not have such a
simple criterion.

Definition 7.2 Let α be a nonzero m × n matrix of rank r over a unique
factorisation domain R. For 1 ≤ t ≤ r, the t-rowed minors of α are not all zero;
call their g.c.d. ∆t. The r-elements ∆1, . . . ,∆t are defined upto unit factors,
and are called the determinantal divisors of α.

For i < r, every minor of order i + 1, is a linear combination of certain minors
of order i, and so is divisible by ∆i; hence, ∆i|∆i+1, for 1 ≤ i ≤ r.
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Definition 7.3 The elements d1 = ∆1, d2 = ∆2/∆1, . . . , dr = ∆r/∆r−1, which
are defined upto unit factors, are called the invariant factors of α.

Note one can recover the determinantal factors if one knows the invariant factors,
and vice versa.
Example: Let D =diag(d1, d2, . . . , dr), with di|di+1, for 1 ≤ i ≤ r − 1. Then
the determinantal divisors of D are d1, d1d2, . . . , d1d2 . . . dr; and the invariant
factors are di.

We shall use the following notation below: For t-tuples i = (i1, . . . , it),
j = (j1, . . . , jt) of natural numbers i1 < . . . < it ≤ m and ji < . . . < jt ≤ n, call
mi,j the t-rowed minor of α ∈Mm,n(R) with row indices i1, . . . , it and column
indices j1, . . . , jt.

Lemma 7.4 Let α = (αij), β = (βjk), be m × n and n × p matrices over a
commutative ring R, and let γ = αβ. Then γi,k =

∑
j αi,jβj,k, where j runs

over all t-couples of numbers satisfying 1 ≤ j1 < . . . < jt ≤ n.

Proof: Left to the reader. �

Proposition 7.5 Equivalent nonzero matrices α, β, over a unique factorization
domain R have the same determinantal factors.

Proof: Let β = γαδ, for suitable invertible matrices γ, δ. Let r be the common
rank of α, β. By Lemma 7.4, for t ≤ r, the t-rowed minors of β = γ(αδ) is a
R-linear combination of the t-rowed minors of αδ and hence also of the t-rowed
minors of α. Therefore they are all divisible by ∆t(α), and hence their g.c.d.
∆t(β) is divisible by ∆t(α). Similarly, ∆t(α) is divisible by ∆t(β). �

The converse of above proposition is false: The matrices(
X − 1 −1

0 X − 1

)
,

(
X − 1 −2

0 X − 1

)
,

over Z[X] have the same determinantal divisors 1 and (X − 1)2 but they are
not equivalent over Z[X]. (Why?)

However, over P.I.D.’s the converse is true; this follows from

Theorem 7.6 (Smith Normal Form) Let A be a P.I.D. and α ∈Mr×s(A). Then
there are ε ∈ Slr(A), ε′ ∈Sls(A) ) such that εαε′ = diag(d1, . . . , dt) with di|di+1,
for 1 ≤ i ≤ t− 1, where t :=Min{r, s}.

(We do not exclude the case that there is a j ≥ 1 with dj = dj+1 = · · · =
dt = 0. It should be clear what we mean by diag(d1, . . . , dt) also if r 6= s. It’s
not the geometric diagonal.)

(The elements di are called the invariant factors of α. The set of prime
powers of which occur as divisors of some invariant factor, including repetitions,
is called the set of elementary divisors of α).
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Proof: Consider the set S := {σατ | σ ∈ Slr(A), τ ∈ Sls(A)}. In S choose a
matrix α′ = (a′ij) such that Aa′11 is maximal among all ideals Aa′′11 for α′′ =
(a′′ij) ∈ S.

We claim that a′11 divides all entries in the first row and first column of α′.
Assume e.g., it does not divide a′12, so that Ad ) Aa′11, if d is a g.c.d. of a′11
and a′12. Let d = b1a

′
11 + b2a

′
12. Then for

τ :=

b2 − a′11/d 0
b1 a′12/d 0
0 0 Is−2

 ∈ Sls(A) we get α′τ =
(

d ∗
∗ ∗

)
.

This contradicts the maximality condition on Aa′11.
Then we proceed in the obvious way. �

Corollary 7.7 Two nonzero m×n matrices α, β over a P.I.D. R are equivalent
if and only if they have the same invariant factors, or equivalently, the same
determinantal divisors.

Proof: If they are equivalent, they have the same determinantal factors, and so
the same invariant factors. Conversely, they are both equivalent to the same
diagonal matrix diag{d1, . . . , dr, 0, . . . , 0}. �

Example.
Companion matrix of a monic polynomial f . Let f(X) = Xn +a1X

n−1 +
. . .+an be any monic polynomial over a commutative ring R. The matrix C(f)
given by

C(f) =


0 1 0 · · · 0
0 0 1 · · · 0
· · · ·
· · · ·

−an −an−1 −an−1 · · · −a1


is known as the companion matrix of f . This is the matrix of the linear
transformation mX of the vector space K[X]/(f(X)) with respect to the basis
{1, X, . . . ,X

n−1}

Lemma 7.8 The characteristic polynomial of C(f) is det(XI − C(f)) which
equals f , and its invariant factors di is 1 for i < n.

Proof: The first assertion is shown by induction on n = deg(f). It is easy to
check for n = 2. Let C(f)n−1 be the submatrix of C(f) consisting of the last
n− 1 rows and columns. By expanding along the first column

det(XI − C(f)) = Xdet(XI − C(f)n−1) + an.

Now use induction hypothesis to calculate det(XI − C(f)n−1), and resolve.
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For each k, 1 ≤ k ≤ n − 1, consider the k × k submatrix of (XI − C(f))
obtained by choosing rows 1, 2, . . . , k, and columns 2, 3, . . . , k + 1. Its diagonal
elements are all −1, the elements on the subdiagonal are all X, and the re-
maining elements are zero. The determinant of this matrix is therefore (−1)k.
Therefore, ∆k(XI − C(f)) = 1, for 1 ≤ k ≤ n− 1, and so the invariant factors
coincide with it. �

Some applications of the Smith normal form

1. Let R be a P.I.D. and let a ∈ R. Let α ∈Mn(R) such that det(α) = 1 mod
(a). Then there is a matrix β ∈ Mn(R) such that β ≡ α mod (m), and with
det(β) = 1.
Proof: Let α = γDδ, with det(γ) = 1 = det (δ), and with D a diagonal matrix.
It suffices to show that there is a θ ∈ Mn(R) such that θ ≡ D mod (a) and
det(θ) = 1: for then take β = γθδ ≡ γDδ ≡ α mod (m), and det(β) = 1.

Let D = diag{d1, . . . , dn}. Then d1d2 . . . dn = 1 + ad, say. Consider

θ =


d1 + aX a

d1 a
· · ·

aY dn


Then θ ≡ D mod (a), and

det(θ) = (d1 + aX)d2 . . . dn + anY

= 1 + a(d + d2 + . . . dnX + an−1Y )

Since g.c.d.(d2, . . . , dn, a) = 1, one can solve the equation (d1 + aX)d2 . . . dn +
anY ) = 0. For this choice of X, Y , det(θ) = 1.
2. An interesting application to diophantine analysis. Let α ∈ Mr,n(Z), r ≤ n.
Assume that rank(α) = r. Let v an r × 1 vector over Z. Consider the problem
of finding all n× 1 vectors x over Z which satisfy αx = v.

One can find γ, δ of determinant one such that γαδ = (D 0) in Smith normal
form, where D =diag(s1, s2, . . . , sr), si|si+1, 1 ≤ i ≤ r − 1. Set δ−1x = y, γv =
w. Then αx = v implies (D 0)y = w. If y = (y1, . . . , yn)t, w = (d1, . . . , dr)t,
then the variables yr+1, . . . , yn may be chosen in arbitrary fashion, but the
variables y1, . . . , yr must satisfy siyi = di, for 1 ≤ i ≤ r. So all the solutions
can be found in terms of the n− r parameters yr+1, . . . , yn, if there is a solution
of the auxiliary equations siyi = di, for 1 ≤ i ≤ r.
3. Given objects O1, O2, . . . , Op and sets S1, S2, . . . , Sq containing these objects,
put aij = 1 if Oi belongs to Sj , and 0 otherwise. The p × q matrix α = (aij)
so obtained is known as an incidence matrix. A fundamental combinatorial
problem is to determine whether a given incidence matrix can be obtained from
another by permuting rows and columns. This problem is clearly a finite one,
since it is only necessary to form all p!q! products and check to see if the matrix
is in the equivalence class. However this procedure is not feasible, in general,
because of the size of p!q!. A useful negative criterion is that if the two matrices
are not equivalent then they certainly cannot be ‘permutation equivalent’.
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4. We now derive the Elementary divisors theorem from the Smith Normal
Form (also called Elementary Divisors Theorem for matrices over a P.I.D.). As
before, the Structure theorem will then follow.

Corollary 7.9 (Structure theorem over a P.I.D.)
Let R be a P.I.D.

a) Every submodule M of Rr is free of some rank m ≤ r, and there are basis
f1, . . . , fr of Rr and m1, . . . ,mk of M , such that mi = difi for suitable
di ∈ R, i ≤ k, satisfying di|di+1, for 1 ≤ i ≤ r − 1.

b) Every finitely generated R-module M is of the form

R/Rd1 ⊕R/Rd2 ⊕ · · · ⊕R/Rdr

for some di ∈ R. (di = 0 is not excluded.) Moreover, di|di+1, for 1 ≤ i ≤
r − 1. Moreover, (dk) =ann(M). For 1 ≤ j ≤ k, d1 . . . dj = g.c.d. of the
j-th order minors of the matrix whose columns are the coordinate vectors
of the mi with respect to any basis of Rr.

Proof: a) Choosing a finite generating system of M one gets a linear map

As → Ar given by a matrix α.

Changing bases means multiplying α on both sides by invertible matrices. One
can therefore assume that α is a diagonal matrix diag{d1, . . . , dk, 0, . . . , 0}. The
rest is clear.

b) We have already seen how the Structure theorem follows from the Ele-
mentary divisor theorem in Theorem 5.9. The assertions about the di: In view
of Proposition 7.5, we need to only check it for the Smith normal form; where
it is easily established, due to the divisibility conditions on the di. �

Corollary 7.10 Let M ' F/G be a finitely generated module over the P.I.D.
R, with F ' Rn, and G ' Rr. Let f = (f1, . . . , fn), g = (g1, . . . , gr) be basis of
F , G respectively, and write g = fα, for some α ∈Mn,r(R). Then rank(α) = r,
rank(M) = n − r, the invariants of M are the non-units among the invariants
factors of α, and the elementary divisors of M are the elementary divisors of
α.

Proof: Suppose that rank(α) = s and invariant factors of α are d1, . . . , ds. Then
there are invertible matrices γ, δ such that γαδ = β ⊥ {0}, with β = diag
(d1, . . . , ds). Set f ′ = fγ−1, g′ = gδ; these are basis of F . G, respectively, and
we have g′ = gδ = fαδ = f ′γαδ = f ′(β ⊥ {0}.

If s < r, then g′s+1, . . . ,g
′
r are all zero; this being impossible, s = r and

g′1 = d1f ′1, . . . ,g′r = d1f ′r.
If dk, . . . , dr are the non-units among d1, . . . , dr, then M is the direct sum

of a free R-module of rank n − r and cyclic R-modules having order ideals
dkR, . . . , drR. Therefore M has rank n − r and invariant factors dk, . . . , dr.

19



Finally, the elementary divisors of M , being the prime powers occuring in
dk, . . . , dr, are the prime powers 6= 1 occuring in d1, . . . , dr, and are therefore
the elementary divisors of α. �

5. We now apply the above theory to a linear operator T on a vector space V
over a field F ; equivalently, as we shall see below, to modules over the Euclidean
domain F [X]. Before we do that, we recall the well-known

Theorem 7.11 (Cayley-Hamilton)
Let R be a commutative ring with 1. Let α ∈ Mn(R). Let

χα(X) = det(XIn − α) = a0 + a1X + · · ·+ an−1X
n−1 + Xn

be the characteristic polynomial of α. Then α satisfies its characteristic polyno-
mial, i.e.

a0 + a1α + · · ·+ an−1α
n−1 + αn = 0.

Proof: One has a division algorithm over Mn(R[X]), with unique quotient and
remainder, if one wishes to divide by a monic polynomial in Mn(R[X]).

Let us use this to divide the element χα(X)In = a0In + a1XIn + · · · +
an−1X

n−1In + XnIn by the linear polynomial XIn − α: we find that there are
unique elements q(X) ∈Mn(R[X]), r ∈Mn(R), such that

a0In + a1XIn + · · ·+ an−1X
n−1In + XnIn = q(X)(XIn − α) + r.

But adj(XIn − α)(XIn − α) =det(XIn − α)In. Hence, the uniqueness gives
r = 0. Now substitute X = α! �

Definition 7.12 The monic polynomial of minimal degree satisfied by α is
called its minimal polynomial mα(X).

If K is a field, the minimal polynomial mα(X) is the monic generator of the
ideal {f(X) ∈ K[X]|f(α) = 0}. By Cayley-Hamilton theorem, mα(X)|χα(X).

Remark. In the theory of canonical forms for linear transformation, the char-
acteristic polynomial plays the role of the order of a finite abelian group and
the minimal polynomial plays the role of the exponent.

The K[X]-module structure on V

Let V be a vector space over a field K. Regard the field K as a subfield of
the ring EndK(V ) by identifying the elements a of K with the elements aV of
EndK(V ). Since the element α of EndK(V ) commutes with the elements of the
subfield K of EndK(V ), therefore there is a (unique) K-homomorphism from
the polynomial ring K[X] into the ring EndK(V ) which maps X to α, and hence
maps f(X) ∈ K[X] to f(α) ∈ EndK(V ). (Note that this homomorphism is not
injective, because the powers of X are linearly independent over K, whereas the
powers of α are linearly dependent, by Cayley-Hamilton theorem.)
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As V has the structure of a module over EndK(V ), therefore, by restriction
of scalars, V has the structure of a module over K[X] in which

f(X)v = (f(α))(v) = c0v + c1α(v) + c2α
2(v) + · · ·+ crα

r(v),

for every polynomial f(X) = c0 + c1X + · · ·+ crX
r in K[X] and every v ∈ V .

This K[X]-module will be denoted by Vα.
Conversely, if M is a module over K[X], and mX denotes the K[X]- module

map ‘multiplication by X’, then one has M ' MmX
. Thus, the theory of linear

operators on a vector space over K, and K[X]-modules are interchangeable
concepts.

Now suppose that V is a finite dimension vector space, and let v1, . . . , vn

generate V over K. Therefore they generate V over K[X]; in particular, the
K[X]-module Vα is finitely generated. Moreover, the following holds:

Lemma 7.13 The K[X]-module Vα is a torsion module having order ideal the
ideal of K[X] generated by the minimal polynomial m(X) of α.

Proof: Indeed, f(X)Vα = 0 if and only if f(α)(Vα) = 0, i.e. if and only if
f(α) = 0; hence f(X) is divisible by m(X). Thus (0 : Vα) = (m(X)). �

The following theorem describes the structure of the K[X]-module Vα.

Theorem 7.14 The invariant factors of the K[X]-module Vα are the non-units
dk(X), . . . , dn(X) among the invariant factors d1(X), . . . , dn(X) of the matrix
XIn − α over the Euclidean domain K[X]; hence the K[X]-module Vα (being
a torsion module) is the direct sum of cyclic submodules having order ideals
(dk(X)), . . . , (dn(X)).

Proof: Let F be a free K[X]-module having a basis of n elements u1, . . . , un,
and let ϕ : F → Vα be the K[X]-linear map which maps ui to vi (1 ≤ i ≤ n).
Since v1, . . . , vn generate V , therefore ϕ is surjective, and hence Vα ' F/G
with G = ker(ϕ). Let t = (t1, . . . , tn) be the n-tuple of elements of F given by
t = u(XIn − α), or equivalently, by tj = Xuj −

∑n
i=1 aijui. Since

ϕ(tj) = Xvj −
n∑

i=1

aijvi = α(vj)−
n∑

i=1

aijvi = 0,

therefore, t1, . . . , tn belong to G. We claim that t = u(XIn − α) is a basis of
G; then apply Corollary 7.10. The K[X]-independence of t1, . . . , tn is obvious
since det(XIn−A) 6= 0. Let now G′ = K[X]t1 + · · ·+K[X]tn be the submodule
of F generated by t1, . . . , tn. Since ti ∈ G (1 ≤ i ≤ n), therefore G′ ⊂ G. Let
U = Ku1 + · · ·+Kun. By above equation, Xuj ∈ G′+U , hence XU ⊂ G′+U ,
and it follows that G′ + U is a submodule of the K[X]-module F . Since G′ + U
contains the K[X]-basis u1, . . . , un of F , therefore G′ + U = F . Let x ∈ G,
and write x = t′ +

∑
i ciui with t′ ∈ G′ and ci ∈ K (1 ≤ i ≤ n). Apply ϕ and

noticing that ϕ(x) = 0, ϕ(t′) = 0, we obtain
∑

i vivi = 0. Hence each ci is zero,
and therefore x = t′ ∈ G′. Thus G = G′ = K[X]t1 + · · · + K[X]tn, and the
proof is complete. �
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Theorem 7.15 The elementary divisors of the K[X]-module Vα are the ele-
mentary divisors of the matrix XIn−α; if these are p(X)a, q(X)b, . . ., then Vα

is a direct sum of cyclic submodules having order ideals (p(X)a), (q(X)b), . . ..

Proof: This is obvious from Theorem 7.14. �
In order to avoid unnecessary constants, we shall take the minimal polyno-

mial m(X) of α, and the invariant factors, the determinantal divisors and the
elementary divisors of the matrix XIn − α to be all monic.

The conclusion below is a composite of results due to Hamilton, Cayley, and
Frobenius.

Corollary 7.16 Let K be a field, and α ∈Mn(K). The minimal polynomial
mα(X) of α is the nth invariant factor dn(X) of the characteristic matrix XIn−
α:

m(X) = dn(X) = ∆(X)/∆n−1(X) (3)

where ∆(X) = det(XIn − α) = χα(X) is the characteristic polynomial of α (or
of A), and ∆n−1(X) the (monic) g.c.d. of the minors of order n − 1 of the
matrix XIn − α. Moreover, χα(X) and mα(X) have the same prime factors in
K[X]. All the invariant factors divide m(X).

Proof: By Lemma 7.11, the K[X]-module Vα has order ideal (dn(X)); but
as noted earlier, this order ideal is (m(X)). Therefore, m(X) = dn(X) =
∆(X)/∆n−1(X). One has χα(X) = d1(X) . . . dn(X). Since each di(X) divides
mα(X), the last assertion follows. �

Corollary 7.17 The K[X]-module Vα is cyclic if and only if m(X) = ∆(X).

Proof: The K[X]-module V is cyclic if and only if it has only one invari-
ant factor, i.e. if and only if d1(X), . . . , dn−1(X) are all 1. This means that
∆n−1(X) = 1 or that m(X) = ∆(X). �

Companion matrices and the rational canonical forms.

Let W = K[X]w be a non-zero cyclic submodule of the K[X]-module Vα, and
suppose that the order ideal of W is generated by the (non-constant) polynomial

f(X) = Xm + a1X
m−1 + · · ·+ am, i.e. W ' K[X]/(f(X)).

Thus the subspace W of the vector space V over K is stable under α, and by
Corollary 7.15 the characteristic and the minimal polynomials of the restriction
β = α|W of α to W are equal. Since the minimal polynomial of β is clearly f(X)
(because g(β) = 0 means that g(X) annihilates W and hence is a multiple of
f(X)), therefore f(X) is also the characteristic polynomial of β. In particular,
dimK(W ) = m. Since the m elements

(X) = w, β(w), . . . , βm−1(w) = (X
m−1

) (4)
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of W are K-independent, they constitute a K-basis of W . With respect to this
basis, β has matrix C(f(X)), the companion matrix of f(X). The characteristic
and minimal polynomials of C(f(X)), being the characteristic and minimal
polynomials of β = α|W , are both equal to f(X).

If we decompose the K[X]-module V into cyclic summands W1,W2, . . ., hav-
ing order ideals (f1(X)), (f2(X)), . . ., and choose in each summand a basis as
explained above, then, putting these bases together, we obtain a basis of V
with respect to which α has matrix C(f1(X)) ⊥ C(f2(X)) ⊥ . . .. In particu-
lar, decomposing the K[X]-module Vα according to Theorem 7.14 (respectively
Theorem 7.15), we obtain:

Proposition 7.18 If C(f1(X)), C(f2(X)), . . . , C(fk(X)) are the companion ma-
trices of the invariant factors 6= 1 (resp: elementary divisors) of the matrix
XIn − α, then α is similar to the matrix {C(f1(X)) ⊥ C(f2(X)) ⊥ . . . ⊥
C(fk(X))}. �

8 Similarity class of matrices over a P.I.D.

The similarity classes of the square matrices Mn(R) can be reduced to a study
of equivalent classes over Mn(R[X]) in view of the following

Lemma 8.1 Let α, β be n × n matrices over a commutative ring R. Then
XIn−α and XIn−β are equivalent over R[X] if and only if they are equivalent
over R.

Proof: Let XIn−β = Q(X)(XIn−α)P (X), for some invertible matrices P (X),
Q(X). Let

P (X) = P1(X)(XIn − β) + P0,

Q(X) = (XIn − β)Q1(X) + Q0.

(Note that we have reversed the order in the second division). With a little
jugglery (Do it!), one shows that

(XIn − β)−Q0(XIn − α)P0 = (XIn − β)S(XIn − β)

with S = Q1Q
−1 + P−1P1 −Q1(XIn − α)P1.

Since the right hand side has degree atmost one, S = 0. �

Corollary 8.2 (The fundamental theorem on similarity)
Two n× n matrices α, β over a commutative ring R are similar if and only

if their characteristic polynomials XIn − α, XIn − β are equivalent over R[X].

Proof: If α, β are similar then so are XIn−α, and XIn−β. If XIn−β, XIn−α
are equivalent over R[X], then they are equivalent over R by Lemma 8.1. Let
(XIn − β) = γ(XIn − α)δ. Hence, on comparing coefficients, one has γδ = In,
and γαδ = β = γαγ−1. �
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Corollary 8.3 Two square matrices of order n over a field K are similar if
and only if their characteristic matrices have the same invariant factors, or
equivalently, the same determinantal divisors.

Proof: Clear from Corollary 8.2. �

Corollary 8.4 Let f ∈ K[X] be a monic polynomial of degree n, where K is a
field. Then the characteristic matrix XIn−C(f) of the companion matrix C(f)
of f is similar to In−1 ⊥ {f}.

Proof: We have computed the invariant factors of C(f) earlier, which are pre-
cisely di = 1, 1 ≤ i ≤ n− 1, and dn = f . Now apply Corollary 8.3. �

Corollary 8.5 Let α ∈Mn(K), where K is a field. Suppose that minimal poly-
nomial and characteristic polynomial of α coincide. Then the characteristic
matrix XIn−α is equivalent to In−1 ⊥ {f}, where f is the minimal polynomial
of α.

Proof: By Corollary 7.7, Corollary 7.9 the n-th invariant factor dn(XIn − α)
is the minimal polynomial m(X) of α, that is the monic polynomial of least
degree which annhilates α. Moreover, since similar matrices have the same
characteristic polynomial, the characteristic polynomial d(X) =det(XIn−α) =∏n

k=1 dk(XIn − α).
Therefore, m(X) = d(X), if and only if dk(XIn − α) = 1, for i < n, and

dn(XIn−α) = m(X). By Corollary 8.4 this is if and only if XIn−α is equivalent
to In−1 ⊥ {f}, �

Corollary 8.6 Let α ∈Mn(K), where K is a field. Suppose that minimal poly-
nomial and characteristic polynomial of α coincide. Then α is similar to the
companion matrix of its minimum polynomial.

Proof: Let f be the minimum polynomial of α. Since it coincides with the char-
acteristic polynomial it has degree n. By Corollary 7.14, or otherwise, the char-
acteristic and minimal polynomial of C(f) coincide. Hence, by Corollary 8.5,
XIn − C(f) is equivalent to In−1 ⊥ {f}, which is equivalent to XIn − α. Now
apply Corollary 8.2. �

The next theorem is one of the classical results on canonical forms for simi-
larity over a field.

Theorem 8.7 (Frobenius normal form)
Let α ∈Mn(K), where K is a field. Let d1, . . . , dk be the invariant factors of

XIn − α. Then α is similar to C(d1) ⊥ · · · ⊥ C(dk).

Proof: We have XI − C(di) equivalent to diag(1, . . . , 1, di), for 1 ≤ i ≤ k.
Hence XI−α, and XI−{C(d1) ⊥ · · · ⊥ C(dk)} both have invariant factors

d1, . . . , dk; and so by Corollary 7.7 are equivalent. By the fundamental theorem
of similarity, α and {C(d1) ⊥ · · · ⊥ C(dk)} are similar. �
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This normal form is also referred to as the rational normal form. The
rational canonical form of α is unique (via Corollary 8.3). (In particular, the
rational canonical form over an extension field L is the same as that over K.)

An immediate consequence of the existence of the rational normal form is
the Cayley-Hamilton theorem.

Remark. The rational canonical form is analogous to decomposing a finite
abelian group as a direct product of cyclic groups.

The Jordan canonical form. This form is only available when α ∈Mn(K)
has all its eigenvalues in the field K. We shall assume this in the sequel. (Or
just assume that we are working over the field C of complex numbers).

Jordan matrix Jn(a) of a ∈ R. The n× n matrix

Jn(a) =



a 1 0 · · · · · · 0
0 a 1 · · · · · · 0
· · a 1 · · · · · 0
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · a 1 0
· · · · · · · · a 1
0 0 0 · · · · · 0 a


is known as n-Jordan matrix of a ∈ R. This is the matrix of the linear trans-
formation mX of the vector space K[X]/(X − λ)n with respect to the basis
{(X − λ)n−1, (X − λ)n−2, . . . , (X − λ), 1}.

The characteristic polynomial of Jn(a) is (X − a)n. Therefore its minimal
polynomial must be of the form (X−a)k, for some k, such that 1 ≤ k ≤ n. But
the least positive integer k such that (Jn(a) − aIn)k = 0 is n, Hence, k = n,
and the minimal and characteristic polynomial of Jn(a) coincide. Hence, by
Corollary 8.5, XIn − Jn(a) is equivalent to In−1 ⊥ {(X − a)n}.

Theorem 8.8 (Jordan normal form)
Let α ∈Mn(K) have all its eigenvalues in the field K. Let pi(X) = (X−di)ei ,

1 ≤ i ≤ k, denote the elementary divisors of XIn − α, where the elements
a1, a2, . . . , ak belong to K, but are not necessarily distinct. Then α is similar
to β = Je1(p1(X)) ⊥ · · ·Jek

(pk(X)), with k =dim ker(XI − α). The Jordan
canonical form is unique up to a permutation of the Jordan blocks along the
diagonal.

Proof: The characteristic matrix of a Jordan matrix is also a Jordan ma-
trix. Hence its minimal and characteristic polynomial coincide. Hence, XI −
Jei

(pi(X)) has pi(X) as its only elementary divisor, for 1 ≤ i ≤ k. Thus XIn−α
and XIn − β have the same elementary divisors, and so are equivalent. Bu the
fundamental theorem of similarity, α and β are similar.

The last (but one) assertion is clear as each Jordan block contributes 1 to
the dimension of ker(XI − α). (Exercise 54(a)).

Uniqueness: Apply Corollary 8.3. �
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Corollary 8.9 (Jordan decomposition)
Let K be a field. Let α ∈Mn(K). If the characteristic polynomial of α splits

into linear factors, then α = D + N , where DN = ND, and N is nilpotent,
while D is a diagonalizable matrix.

Proof: Let β = γαγ−1 be in Jordan normal form. If we can prove the theorem
for β, then it will follow for α. But it is clear that every Jordan matrix has this
type of decomposition; whence so will β have it. �

Corollary 8.10 A matrix α ∈Mn(K), which has all its eigenvalues in K, is
diagonalizable if and only if each elementary divisor is linear.

Proof: α is similar to Je1(p1(X)) ⊥ · · ·Jek
(pk(X)). If α is diagonalizable, then

by uniqueness, each Jei
(pi(X)) must be of size 1. �

We reprove Corollary 7.7.

Corollary 8.11 Two matrices α and β over a field K are similar if and only
if they have the same invariant factors or, equivalently, the same elementary
divisors.

Proof: The Jordan normal form is entirely determined by the invariant factors
and these are similarity invariants. So the result holds when K is algebraically
closed. For the general case, go to the algebraic closure K of K. �

For the convenience of the reader we list (without proof):

The structure of a Jordan matrix.

The Jordan matrix Jn1(λ1) ⊥ · · · ⊥ Jnk
(λ1), n = n1 + . . . nk, has a definite

structure:

1. The number k of Jordan blocks (counting multiple occurences of the same
block) is the number of linearly independent eigenvectors of J .

2. The matrix J is diagonalizable if and only if k = n.

3. The number of Jordan blocks corresponding to a given eigenvalue is the
geometric multiplicity of the eigenvalue, which is the dimension of
the associated eigenspace E(λ). The sum of the orders of all the Jordan
blocks corresponding to a given eigenvalue is the algebraic multiplicity
of the eigenvalue, which is the number of times it occurs as a root of the
characteristic polynomial χα(X).

4. A Jordan matrix is not completely determined in general by a knowledge
of the eigenvalues and their algebraic and geometric multiplicity. One must
also know the sizes of the Jordan blocks corresponding to each eigenvalue.
The size of the largest Jordan block corresponding to an eigenvalue λ is
the multiplicity of λ as a root of the minimal polynomial mα(X).
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5. The sizes of the Jordan blocks corresponding to a given eigenvalue are
determined by a knowledge of the ranks of certain powers.

Let Jλ is the direct sum of Jordan blocks of any size all the blocks corre-
sponding to the same eigenvalue λ. Then the smallest integer k1 such that
(Jλ−λI)k1 = 0 is the size of the largest block. The rank of (Jλ−λI)k1−1

is the number of blocks of order k1, the rank of (Jλ−λI)k1−2 is twice the
number of blocks of order k1 plus the number of blocks of size K1 − 1,
and so forth. The sequence of ranks of (Jλ − λI)k1−i, i = 0, 1, . . . , k1 − 1,
recursively determines the orders of all the blocks in Jλ.

6. The sizes of all the Jordan blocks in a general Jordan matrix are deter-
mined by a knowledge of the ranks of certain powers. If λ is an eigenvalue
of a Jordan matrix J ∈ Mn(R), then only the Jordan blocks corresponding
to λ will be annhilated when one forms (J−λI), (J−λI)2, . . . because the
other blocks in (J −λI) all have nonzero diagonal entries. Eventually, the
rank of (J − λI)k will stop decreasing (one need not consider any k > n);
the smallest value of k for which the rank of (J−λI)k attains its minimum
value is called the index of the eigenvalue λ. An analysis of the ranks
of the sequence of powers of (J − λI) is sufficient to determine the sizes
and number of Jordan blocks corresponding to λ. By doing this procedure
successively for each eigenvalue λ of J , one determines the entire Jordan
structure of J .

All the above observations also apply to any matrix that is similar to J .

An application to solving linear Differential equations

This is a very quick sketch, and the reader will have to work out details,
or refer to standard texts to actually solve the equations. We have also not
introduced the exponential of a matrix, which can be defined via the Jordan
canonical form. (Please refer to M. Artin’s Algebra for more details.)

Consider the linear differential equation with constant coefficients which
involves a derivative higher than the first; for example

s′′ + as′ + bs = 0 (5)

By introducing new varibles we are able to reduce (5) to a first order system of
two equations. Let x1 = s and x2 = x′1 = s′. Then (5) becomes equivalent to
the system:

x′1 = x2,

x′2 = −bx1 − ax2.
(6)

Thus if x(t) = (x1(t), x2(t)) is a solution of (6), then s(t) = x1(t) is a solution
of (5); if s(t) is a solution of (5), then x(t) = (s(t), s′(t)) is a solution of (6).

This procedure of introducing new variables works very generally to reduce
higher order equations to first order ones. Thus consider

s(n) + a1s
(n−1) + · · ·+ an−1s

′ + ans = 0 (7)
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Here s is a real function of t and s(n) is the nth derivative of s, while a1, . . . , an

are constants.
In this case the new variables are x1 = s, x2 = x′1, . . . , xn = x′n−1 and the

equation (7) is equivalent to the system

x′1 = x2,

x′2 = x3,

...
x′n = −anx1 − an−1x2 − · · · − a1xn.

(8)

In vector notation (8) has the form x′ = C(f)x, where C(f) is the companion
matrix of f = Xn + a1X

n−1 + . . . + an−1X + an.
Let us now return to our first equation s′′ + as′ + bs = 0. Denote the

roots of the polynomial equation λ2 + aλ + b = 0 by λ1, λ2. Suppose at first
that these roots are real and distinct. Then (5) reduces to the eqution of first
order (6); one can find a diagonalizing system of coordinates (y1, y2). Every
solution of (6) for these corordinates is then y1(t) = K1e

λ1t, y2(t) = K2e
λ2t, with

arbitrary constants K1,K2. Thus x1(t) or s(t) is a certain linear combination
s(t) = p11K1e

λ1t + p12K2e
λ2t. We conclude that if λ1, λ2 are real and distinct

then every solution of (5) is of the form s(t) = C1e
λ1t + C2e

λ2t for some (real)
constants C1, C2. These constants can be found if initial values s(t0), s′(t0) are
given.

Next, suppose that λ1 = λ2 = λ and that these eigenvalues are real. In this
case the 2× 2 matrix in (6) is similar to a matrix of the Jordan form(

λ 0
β λ

)
, β 6= 0.

In the new cordinates the equivalent first-order system is

y′1 = λy1

y′2 = βy1 + λy2.

It can be shown that the general solution to such a system is

y1(t) = K1e
λt,

y2(t) = K1βteλt + K2e
λt,

K1 and K2 being arbitrary constants. In the original coordinates the solutions
to the equivalent first order system are linear combinations of these. Thus we
conclude that if the characteristic polynomial of (5) has only one root λ ∈ R,
the solution have the form

s(t) = C1e
λt + C2te

λt.

The values of C1 and C2 can be determined from initial conditions.
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Example. Solve the initial-value problem

s′′ + 2s′ + s = 0, s(0) = 1, s′(0) = 2. (9)

The characteristic polynomial is λ2 + 2λ + 1; the only root is λ = −1.
Therefore the general solution is

s(t) = C1e
−t + C2te

−t.

We find that
s′(t) = (−C1 + C2)e−t − C2te

−t.

From the initial conditions in (9) we get, setting t = 0 in the last two formulas

C1 = 1,

−C1 + C2 = 2.

Hence C2 = 3 and the solution to (9) is

s(t) = e−t + 3te−t.

The reader may verify that this actually is a solution to (9)!
The final case to consider is that when λ1, λ2 are non-real complex conjugate

numbers. Suppose λ1 = u + iv, λ2 = u− iv. Then we get a solution

y1(t) = eut(K1 cos vt−K2 sin vt),
y2(t) = eut(K1 sin vt + K2 cos vt).

Thus we obtain s(t) as a linear combination of y1(t) and y2(t), so that finally,

s(t) = eut(C1 cos vt + C2 sin vt)

for some constants C1, C2.
A special case of the last equation is the “harmonic oscillator”: s′′+b2s = 0;

the eigenvalues are ±ib, and the general solution is C1 cos bt + C2 sin bt. We
summarize what we have found.

Theorem 8.12 Let λ1, λ2 be the roots of the polynomial λ2 + aλ + b. Then
every solution of the differential equation

s′′ + as′ + bs = 0

is of the following type:
Case (a). λ1, λ2 are real distinct: s(t) = C1e

λ1t + C2e
λ2t;

Case (b). λ1 = λ2 = λ is real: s(t) = C1e
λt + C2te

λt;
Case (c). λ1 = λ2 = u + iv, v 6= 0: s(t) = eut(C1 cos vt + C2 sin vt).

In each case C1, C2 are (real) constants determined by initial conditions of the
form s(t0) = α, s′(t0) = β.
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Epilogue.

The three canonical forms - Smith, rational normal, Jordan - may be re-
garded as a complete answer to the question of similarity over a field. The
general problem is still unsolved over a P.I.D. In the case of Z, the problem
has been reduced to the determination of the ideal classes in certain rings of
algebraic integers. Thus, one can now say that there are only finitely many
similarity classes of matrices α of Mn(Z), such that f(α) = 0, where f(X) is
a monic polynomial of degree n with integral coefficients which is irreducible
over Q. The number of similarity classes is equal to the class number of the
ring Z[θ], where θ is any root of f(X). A good exposition can be found in Olga
Taussky’s paper, On a theorem of Latimer and MacDuffee, Canadian J. Math.
1, 300-302 (1949).

Exercises

1. List the six distinct isomorphism classes of abelian groups of order 1176.
2. If G is an abelian group of order n, and m|n, then show that G has a

subgroup H of order m.
3. Let G be an abelian group of order pkm, where p - m. Show that G ∼=

H ⊕K, where H, K are subgroups of G and |H| = pk.
4. We say G is of type (1, 2, 4, 27, 27, 25) if

G ∼= Z/2Z⊕ Z/2Z⊕ Z/4Z⊕ Z/27Z⊕ Z/27Z⊕ Z/25Z.

Find the type of (Z/464600Z)∗. (Ans: (2, 2, 2, 22, 22, 5, 52, 11)).
5. Let G be a finite abelian group and let a be an element of maximal order.

Show that for any element b in G, o(b)|o(a).
6. Prove that an abelian group of order 2n, n ≥ 1, has an odd number of

elements of order 2.
7. Suppose that G is an abelian group of order 120 which has exactly 3

elements of order 2. Determine G.
8. Let G be a finite non-cyclic abelian group. Show that Aut(G) is non

abelian.
9. Characterize those integers n for which

(a) the only abelian groups of order n are cyclic.
(b) there are precisely 4 non-isomorphic abelian groups of order n.

10. Let G be an abelian group of order pm. Let a be an element of maximal
order in G. Show that G ∼= (a)⊕K, for some subgroup K of G.

11. Let H be a subgroup of a finite abelian group G. Show that G has a
subgroup that is isomorphic to G/H.

12. If the elementary divisors of a finite abelian group is known then calculate
the invariant factors of the group. Show that if the cyclic decomposition
of a finite abelian group G is known, then its elementary divisors and their
multiplicity can be determined.
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13. Let the abelian group G be the direct sum of n infinite cyclic subgroups.
If y1, . . . , yn are a set of generators of G, then show that G ∼= ⊕n

i=1(yi).
14. Let G = Zp2 ⊕Zp. Let H be the subgroup of G generated by p + 1. Show

that there is no basis {x1, x2} of G such that m1x1 = p + 1, m2x2 = 0.
15. Dirichlet’s theorem says that, for every pair of relatively prime integers a

and b, there are infinitely many primes of the form at + b. Use Dirich-
let’s theorem to prove that every finite abelian group is isomorphic to a
subgroup of U(n) = units of Z∗n, for some n.

16. Prove that a non-zero row of n elements of a principal ideal domain R
having g.c.d 1 is the first row of some matrix in Gln(R). Deduce Lemma
3.1.

17. If the submodules Ni, i ∈ I, of the R-module M have pairwise relatively
prime order ideals pi, i ∈ I, show that the sum

∑
i Ni is direct.

18. If the R-module M is the sum of the cyclic submodules N1, . . . , Nr having
pairwise relatively prime order ideals I1, . . . , Ir, show that M is cyclic and
has order ideal I = I1 . . . Ir.

19. If the finitely generated module M over the principal ideal domain R has
invariant factors d1, . . . , dr, show that the invariant factors of every non-
zero submodule of M are certain divisors d′t, . . . , d

′
r of dt, . . . , dr for some

t ≤ r. Prove a similar result for non-zero quotient modules of M assuming
in addition that M is a torsion module.

20. Let M = N ⊕ P be a finitely generated module over the principal ideal
domain R. If N , P have elementary divisors p2, p3 and p3, p4, q5, q6

respectively, determine the invariant factors of M .
21. Let K = Z/11Z, R = K[X], and M the direct sum of cyclic R-modules

whose order ideals are generated respectively by (X +1)2(X2 +2)3, (X3−
2X)2, (X3 + X)2(X2 + 2)2 and (X2 + 1)2(X2 − 1)3. Determine the ele-
mentary divisors and invariant factors of M .

22. Let α, β ∈Mn(R), where R is a P.I.D. Suppose that αβ = µIn, for some
µ ∈ R. Show that the invariant factors of α and β are divisors of µ.

23. Give an example of

(i) a torsion module having order ideal zero;
(ii) a free module which is not torsion free;
(iii) a torsion-free module over a P.I.D which is not free;
(iv) a free module which has a non-free submodule.

24. If J ⊂ I are proper ideals of the commutative ring R, show that the
R-module R/I ⊕R/J is not cyclic.

25. If M , N , P are finitely generated modules over the principal ideal domain
R such that M ⊕N ' M ⊕ P , show that N ' P .

26. Let M be a torsion module of exponent pr, for some prime element p, i.e.
prM = 0, but pr−1M 6= 0. Let m ∈ M be an element of order pr. Let
M = M/Rm. Let m1, . . . ,mn be independent elements of M . Then for
each i there exists a representation mi of mi, such that the order of mi

is precisely the order of mi. In this case, the elements m,m1, . . . ,mn are
independent, i.e. am +

∑
i aimi = 0 implies each aimi = 0 = am.
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Definition 8.13 Let M be a finitely generated module with pnM = 0, for
some prime p ∈ R. The socle of M is

Soc(M) = {m ∈ M | pm = 0}.

27. Show that Soc(M) is a finitely generated submodule of M , which is a
finite dimensional vector space over R/(p). If M = M1 ⊕M2, then show
that Soc(M) ' Soc(M1)⊕ Soc(M2).

28. Let M be of exponent pk, and m ∈ M be of order pk. Then dim
Soc(M/Rm) <dim Soc(M). Deduce, by induction on dim Soc(M), the
Structure theorem for finitely generated pn-torsion modules M over a
P.I.D.

29. Let K be a field, R = K[X], and F a free R-module with basis ui, 1 ≤
i ≤ 4; let G be the submodule of F generated by

v1 = u1,

v2 = Xu1 + (X2 + X)u2 + (X2 + 2X)u3

v3 = (X2 + X)u1 + (X2 + 2X)u2 + (X2 + 3X)u3

Determine the rank and the invariant factors of F/G.
30. Let M be a finitely generated torsion module over a P.I.D. R. Let k be

the exponent of M . Show that M has an element m of order k. Further
show that Rm is a direct summand of M .

31. Let M be a module over a commutative ring R with 1. Suppose that M
is a direct sum of n cyclic modules R/Ii (1 ≤ i ≤ n), where the Ii are
ideals of R. Then for each integer p > 0, the R-module ∧pM is isomorphic
to the direct sum of the modules R/IK , where for each p-element subset
K = {k1, . . . , kp} of [1, n], the ideal IK is

∑p
j=1 Ikj ,

32. (Characterization of the invariant factors)
Let M be a module over a commutative ring R with 1. Suppose that M
is a direct sum of n cyclic modules R/Ii (1 ≤ i ≤ n), where the Ii are
ideals of R. Assume further that I1 ⊂ I2 ⊂ · · · In. Then, for 1 ≤ p ≤ n,
the ideal Ip =ann(∧pM). If In 6= R then ∧pM 6= 0 for 1 ≤ p ≤ n and
∧kM = (0 : Rm) for k > n,

33. Let A be an m× n matrix of rank m over a principal ideal domain R. If
m < n, show that A can be completed to an n× n matrix over R having
determinant 4m(A).

34. If A is an m × n matrix over the principal ideal domain R, m ≥ n, show

that there exists Q ∈ Glm(R) such that QA has the form
(
4
0

)
with 4

an n× n lower triangular matrix.
35. Let R be a principal ideal domain. Prove that every left ideal Λ in

the ring Mn(R) is principal. (Hint: Λ is generated by A1, . . . , Ar and
Q

(
At

1 · · · At
r

)t =
(
Ht 0t

)t
, then Λ = Mn(R)H.)
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36. Find the minimal polynomials and the three canonical forms over C of the
matrices(

0 1
1 0

)
,

(
0 0
1 0

)
,

(
0 1
1 1

)
,

(
cos θ sin θ
− sin θ cos θ

)
,

3 1 −1
0 2 0
1 1 1

 ,

0 0 2
1 0 1
0 1 1

 .

37. An endomorphism ϕ of a vector space V of dimension n is nilpotent if and
only if its characteristic polynomial is Xn.

38. If ϕ is a diagonalizable endomorphism of a finite dimensional vector space
V , then show that its eigen spaces are the primary component of Vϕ.

39. Let V be a vector space of dimension n over a field K. Let ϕ be an endo-

morphism of V . Let its characteristic polynomial be C(ϕ) =
n∏

i=1

(X − ai),

with ai ∈ K. Let p(X) ∈ K[X]. Show that the characteristic polynomial

of p(ϕ) =
n∏

i=1

(X − p(ai)). Deduce that

(i) p(ϕ) is invertible if and only if g.c.d(p(ϕ), C(ϕ)) = 1 if and only if
g.c.d(p(ϕ),m(ϕ)) = 1, where m(ϕ) is the minimal polynomial of ϕ.

(ii) Let characteristic K = 0. Show that ϕ is nilpotent if and only if
Tr(ϕs) = 0 for 1 ≤ s ≤ n. (Use Newton’s identities.)

40. Let V be a vector space of dimension n over a field K. Let ϕ be an
endomorphism of V . Show that the following statements are equivalent.

(i) ϕ is diagonalizable.
(ii) V is a direct sum of eigenspaces of ϕ.
(iii) All the roots of the minimal polynomial of ϕ are in K, and these

roots are all simple.

Moreover. prove that if these conditions are satisfied then every sub-
space of V closed under ϕ is the direct sum of its intersection with the
eigenspaces of ϕ.

41. Show that the sum and composite of two commuting diagonalizable endo-
morphism of a finite dimensional vector space V , are diagonalizable.

42. An endomorphism ϕ of a finite dimensional vector space V over a field
K is said to be semi-simple if every subspace W of V which is closed
under ϕ has a complement W ′ (i.e. V = W ⊕W ′) which is closed under
ϕ. (Equivalently, Vϕ is a semi-simple K[X]-module.)

Show that ϕ is semi-simple if and only if the minimal polynomial of ϕ has
no multiple factors. Deduce

(1) If L is an extension of K, ϕ⊗KL is semi-simple, then ϕ is semi-simple.
(2) If L is separable over K, and ϕ is semi-simple, then ϕ⊗K L is semi-

simple.
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43. Let V be a finite dimensional vector space over a field K, and ϕ be an
endomorphism of V . Let m(X) be its minimal polynomial. Then the
following are equivalent:

(i) For every extension L of K, ϕ⊗K L is semi-simple.
(ii) There exists an extension L of K such that ϕ⊗K L is diagonalizable.
(iii) The polynomial m(X) is separable over K.

(An endomorphism ϕ satisfying (i) - (iii) is said to be absolutely semi-
simple.)

Deduce that a necessary and sufficient condition for ϕ to be absolutely
semi-simple is that there exists an extension L of K such that L is perfect
and ϕ⊗K L is semi-simple.

44. Let V be an F [X]-module, and let B = (v1, . . . , vn) be a basis of V , as
F -vector space. Let B be the matrix of T with respect to this basis. Prove
that A = XI −B is a presentation matrix for the module.

45. If 2a 6= 0, prove that the Jordan form of the square of the Jordan matrix
Je(a) is the Jordan matrix Je(a2).

46. Prove that the following conditions on α are equivalent:

(a) the R-module V is cyclic;
(b) m(X) = 4(X);
(c) all invariant factors of XIn − α, except the last, are 1;
(d) α is similar to the companion matrix of some monic polynomial of

degree n;
(e) every endomorphism of the vector space E which commutes with α

is a polynomial in α with coefficients from K.

47. Suppose that the characteristic matrix of α over the field K has two in-
variant factors 6= 1, viz. (X − 3)(X2 + 1), (X − 3)(X2 + 1)2. Find the
rational form and Jordan canonical form of α.

48. Find the Jordan normal form and the matrix of transformation, for each
of the following:

(
−2 0
−14 5

)
,

(
12 −7
14 −9

)
,

4 2 −4
2 3 −3
3 2 −3

 ,

1 1 0
0 1 0
0 1 1

 ,

 1 1 1
−1 −1 −1
1 1 1


49. Find all possible Jordan forms for 8×8 matrices whose minimal polynomial

is x2(x− 1)3.
50. Prove that the ranks of (A−αI)k distinguish all Jordan forms, and hence

that the Jordan form depends only on the operator and not on the basis.
51. Let V be a complex vector space of dimension 5, and let T be a linear

operator on V which has characteristic polynomial (X − α)5. Suppose
that the rank of the operator T − αI is 2. What are the possible Jordan
forms for T?

52. Find all possible Jordan forms for a matrix whose characteristic polyno-
mial is (X + 2)2(X − 5)3.
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53. What is the Jordan form of a matrix whose characteristic polynomial is
(X − 2)2(X − 5)3 and such that the space of eigenvectors with eigenvalue
2 is one-dimensional, while the space of eigenvectors with eigenvalue 5 is
two-dimensional?

54. (a) Prove that a Jordan block has a one-dimensional space of eigenvec-
tors.

(b) Prove that, conversly, if the eigenvectors of a complex matrix A are
multiples of a single vector, then the Jordan form for A consists of
one block.

55. Determine all invariant subspaces of a linear operator whose Jordan form
consists of one block.

56. Solve the differential equation dX/dt = AX, when A is1 0 0
1 1 0
0 0 2

 ,

0 −1 0
1 2 0
0 0 2

 ,

1 1 0
0 1 0
0 1 1

 ,

 1 1 1
−1 −1 −1
1 1 1


57. Let α be a n× n matrix having n distinct eigenvalues λ1, . . . , λn. Explic-

itly construct an invertible matrix β such that βαβ−1 =diag{λ1, . . . , λn}.
(Hint: Take β = (f1, . . . , fn), where fj is a basis of eigenvectors of α.)

58. Let α ∈Mn(R) have n distinct, real eigenvalues. Then for all x0 ∈ Rn,
the linear differential equation x′ = αx; x(0) = x0, has a unique solution.
(Hint: Use the Smith normal form, and consider the case when α is a
diagonal matrix.)

59. Find the general solution to the equations x′1 = x1, x′2 = x1 + 2x2, x′3 =
x1 − x3.

60. In each case, solve the differential equation dX/dt = AX when A is the
Jordan block given.

(a)
(

2 0
1 2

)
(b)

(
0 0
1 0

)
(c)

1 0 0
1 1 0
0 1 1


61. Under what conditions on the constants a, b is there a non-trivial solution

to s′′ + as + b = 0 such that the equation s(t) = 0 has

(a) no solution;
(b) a positive finite number of solution;
(c) infinitely many solutions?

62. Find all solutions to s′′′ − s′′ + 4s′ − 4s = 0.
63. Let q(t) be a polynomial of degree m. Show that any equation s(n) +

a1s
(n−1) + . . . + ans = q(t) has a solution which is a polynomial of degree

≤ m.
64. Prove that two 3× 3 matrices over K are similar if and only if they have

the same minimal and the same characteristic polynomial. Show that such
an assertion is false for 4× 4 matrices over K.

65. Let T be a linear operator whose matrix is
(

2 1
0 1

)
. Is the corresponding

C[X]-module cyclic?
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66. Let R = F [X] be the polynomial ring in one variable over a field F , and let
V be the R-module generated by an element v which satisfies the relation
(X3 +3X +2)v = 0. Choose a basis for V as F -vector space, and find the
matrix of the operator multiplication by t with respect to this basis.

67. Distribute into similarity classes the following 3× 3 matrices over Q:1 2 1
3 1 1
4 3 0

 ,

1 3 4
2 1 3
1 1 0

 ,

 −8 2 1
−13 3 2
−55 17 7

 ,

0 0 2
1 0 −5
0 1 4

 ,

1 0 0
0 1 0
0 0 2

 .

68. If the matrices A,B in Mn(K) are similar in Mn(L), where L is an overfield
of K, show that they are already similar in Mn(K).

69. Prove that every matrix in Mn(K) is similar to its transpose, where K is
a field.

70. Prove that the matrices I2 ⊥ T , T ⊥ T , where T =
(

1 1
0 1

)
, of M4(K)

have the same characteristic and the same minimal polynomial without
being similar.

71. Prove or disprove: A complex matrix α such that α2 = α is diagonalizable.
72. A complex n × n matrix α such that αk = In for some k has diagonal

Jordan form.
73. Show that the following concepts are equivalent:

(i) R-module, where R = Z[i];
(ii) abelian group V , together with a homomorphism ϕ : V → V such

that ϕ ◦ ϕ = − identity.

74. (Real Jordan form of α ∈ Mn(R)) Let α ∈ Mn(R). Show that there is
a basis of Rn corresponds to α has a diagonal blocks of the form Je1(λ),

λ ∈ R, e1 > 0; D =
(

a −b
b a

)
, a, b ∈ R or a block matrix with blocks of

D type on the diagonal, and blocks I2 on the lower diagonal.
75. Find the real canonical form of α ∈Mr(R), where e1α =

(
0 0 0 −8

)
,

e2α =
(
1 0 0 16

)
, e3α =

(
0 1 0 −14

)
, e4α =

(
0 0 1 6

)
.

76. Let T be a linear operator whose matrix is
(

2 1
0 1

)
. Is the corresponding

C[X]-module cyclic?
77. Let α be a square matrix of order n over a field K, with minimal polyno-

mial m, and characteristic polynomial c. Show that m|c|mh|mn, where h
is the number of invariant factors of XIn − α.

Moreover, show that m = c/∆n−1, where ∆n−1 is the H.C.F. of all the
(n− 1)-th order minors of xI − α.

78. Do the Jordan forms Jn(0) have a square root?
79. If α is an invertible complex matrix, then show that α has a square root.
80. Let f(X) =

∏r
i=1 pi(X)ni , where ni ≥ 1 and pi(X) are distinct primes

in k[X], k a field, and with r ≥ 1. Let P (m) denote the number of
partitions of m ∈ N. Prove that the number of matrices upto similarity,
with characteristic polynomial f(X), is equal to

∏r
i=1 P (ni).
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81. Let A be a ring (possibly non-commutative). Given a, b ∈ A there is a
unit u in A such that ua = bu if and only if there are units f, g in A[X]
such that f(X − a) = (X − b)g. (Hint: Subtract X − b)h(X − a) from
both sides where h is chosen so that f − (X − b)h has degree zero.

37


