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In the present article, we give the proof of the Stickelberger’s Theorem
in the spirit of Kummer (rediscovered by Thaine) given by Washington [4].

Theorem. Let G = Gal(Q((n)/Q) and for (a,m) = 1,04 : G — (% Let

If 6 € Z|G] is such that 58 € Z|G] then B0 annihilates the ideal class group

Proof: The proof is by looking at the factorisation of certain Gauss sums.
Let C be an ideal class in Q((;,). There exist infinitely many unramified
primes of degree 1 in C (follows from Dirichlet’s theorem on primes in arith-
metic progression and Chebotarev density theorem). Let A be such an ideal
which is above the rational prime [; since [ splits completely in Q((,,) we
have that [ = 1 (mod m). Fix a primitive root s modulo | and define a
Dirichlet character mod I, x : (Z/IZ)* — C* by x(s) = (. Consider the
Gauss sum

-1
g(x) == x(0)¢.
b=1

It is easy to see which are the primes dividing g(x) in Q({m, (). First
of all, since g(x)g(x) = [, only primes above [ occur in the factorisation
of g(x). Since [ splits completely in Q((y), the Galois conjugates of A,
o, (\), 1 < a < m,(a,m) = 1, are all the factors of [; if £ is the prime

above A in Q((m, 1), (remember Q((m, (;)/Q((n) is fully ramified above [)
the prime factorisation of the principal ideal (g(x)) would look like

(90)) = I oa'co)e

a=1
(a,m)=1

where 0 < r, <1 —1 (0, being extended to Q({m, ().
As g(x)" 1 is in Q((n) and £ = X\ we have the following factorisation
in Q(Gm):

m

(900 = g (A

=1
(a,m)=1
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In other words, > r,o, ' annihilates the class C in the ideal class group of

Q(Cm)-

We now use the Galois action on ¢(x) to determine the integers r,.
Consider

TE Gal(Q(Cmy Cl)/Q(Cm))? T(Cl) = Cls
We have g(x)” = x(s)'g(x) and

G-D/(G-1)=1+G+-+§ =5 (mod o, (L))

As Q(Cm, 1)/ Q(¢m) is totally ramified above o, 1()), 1 < a < m, (a,m) =1,

the inertia group of o, !(£) coincides with the full Galois group and hence

7 acts trivially mod o, 1(£). Therefore we have
9(x) 9(x)” 9(x)  x(s)” 1

= = mod o, (£)).

G107 " G-D G-ty s 0t ()

Since o, }(£) occurs to first power in ((;—1) we have g(x)/({; — 1)™ relatively
prime to o, !(£) and hence we get

Cm=x(s)=s" (mod 0;1(2)).

Since (€ Q(Gn) this congruence holds modulo o, '\ and applying o, we
obtain
oo=s " (mod \).

m

Now, since the mth roots of unity are distinct mod A, the order of (,,, mod
A is exactly m and so,

Cm = s~ D™ (mod )

where c is an integer prime to m.
Therefore 11
— Dac
razu (mod [ — 1)
m
which implies that [ — 1 does not divide r, as a and c¢ are prime to m.

Furthermore, we have 0 <7, <! —1 and so

ro=(1-1{%}

m

where {-} denotes the fractional part. We have

S -1 {%}a; = (I —1)odb.

(a,m)=1
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Thus we get that the ideal A((=17¢? ig a principal ideal generated by g(x) L.

Let 8 € Z[G] be such that 30 € Z[G] and v = g(x)° 2. Then 41 €
Q(Gn) and AU=1) = (44=1) which implies that (y'~1) is the (I — 1)st power
of an ideal in Q((,). Hence the extension Q((pm,v)/Q((n) can be ramified
only at the primes dividing [ — 1. But since Q((n) € Q(¢m,Y) € Q(¢m, () it
follows that Q((m, )/ Q((n) is totally ramified at primes above [. Therefore
Q(Gm,y) = Q(Grn) which implies that v € Q((y). We can therefore take
(I — 1)st root and obtain the following equality of ideals in Q((,)

A = (7).
This completes the proof of the theorem. O

Actually, as we have seen in Katre’s article [1], the Stickelberger’s theo-
rem holds for subfields of Q((,,) as well. (It would be interesting to see if
the above methods can be used to give a proof of this general case.)

Thaine’s Theorem
We shall state a simpler case of Thaine’s theorem and give an outline
of the proof to illustrate the main ideas. This account is based on Thaine’s
paper [3] and Washington’s book [4], Chapter 15, §2.

Theorem. Let ' = Q({,)" and A = Gal(F/Q). Let E be the group of
units of F', C = Cp, the group of cyclotomic units, A, the class group of F';
put B=E/C. If 0 € Z|G| annihilates the p-part of B then 0 annihilates the
p-part of A.

An outline of the proof: Choose n large enough such that p” > |A]
and p™ > |B|. Then the p-Sylow subgroups of A and B are, respectively,
isomorphic to A/AP" and E/EP"C. Let ¢ =1 (mod p") be a prime; note
that ¢ splits completely in Q((,). Suppose 6 = Hb(Cg — 1) is a cyclotomic
unit in Q(¢p). Let @ denote a prime above ¢ in Q((,) and Q the unique prime
in Q((pq) above Q. Put n = Hb(Cng — 1)%. It turns out that n is a unit in
Q((pq) with some special properties: (i)  has norm 1 to Q((p) (since ¢ =1
(mod p)) and (ii) n = § mod primes above ¢q. Property (1) in conjunction
with Hilbert’s Theorem 90 implies the existence of an o € Q((pq) such that
n = a" /a where 7 is a generator of Gal(Q((pq)/Q((p)). Since 7 is a unit the
principal ideal («) satisfies: ()™ = («) which implies (since 7 is a generator
of the Galois group) that («) is the product of an ideal I from Q((,) and
ramified primes:

(@)=1-[[o@)~



154 C. S. YOGANANDA

where the product is over o € Gal(Q((,)/Q). Taking norm to F' we get

(Norm a) = (11" - [ o(QQ)™ = (I~ - (QQ)™""".

Thus we have that ) or, annihilates the idealclass above ¢ in the quotient
A/AP" . If 5 is a primitive root mod ¢ working exactly as in section 2 we get
that s> = e =9 (mod 0'_1@). Since s and ¢ are in F' this congruence
gives us: s’ = 0(6) (mod QQ) which determines r, modulo ¢ — 1 and
hence modulo p”. A careful choice of the unit we start with, §, gives us the
necessary information on r, to conclude.

This is the essential idea behind Thaine’s proof.

Generalisation to imaginary quadratic fields: There had been gener-
alisations of Stickelberger’s theorem to the case of totally real fields (see the
notes at the end of the Chapter 6 in [4] ) and the Thaine’s theorem can also
be deduced from the results of Mazur-Wiles. But the point about Thaine’s
work was its simplicity and adaptability to other situations. Most famously,
Rubin [2] was able to obtain a generalisation to the case of abelian exten-
sions of imaginary quadratic fields which he later used to obtain, for the first
time, examples of finite Shafarevich-Tate groups of elliptic curves.
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