Notes on Ribet’s Converse to Herbrand

CHANDRASHEKHAR KHARE

1. Statement of the theorem

Let p be an odd prime. It is called irregular if and only if p divides the
class number of Q(sup). By Kummer’s criterion this happens if and only
if p divides the numerator of the kth Bernoulli number Bj for an even k
between 2 and p — 3 (note that the denominator is prime to p because of
the von-Staudt-Clausen theorem). Recall that the Bernoulli numbers B,, are
defined by:

t t B,,
— —1=Y,50—1t".
et —1 + 2 n220 t
The first few Bernoulli numbers are
-1 1 -1 5 —691
1T 3000 T 4 TR T 300 0 T 667 T2 T 9730

Let A be the ideal class group of Q(u,) and let C' be the Fp-vector
space A/AP. This has an action of the Galois group A := Gal(Q(x,)/Q) =
(Z/pZ)*. We define the mod p cyclotomic character x : A — (Z/pZ)*
by ¢.C = (X9, Note that y generates the character group of A with the
characters taking values in F;.

As A has order prime to p we have a canonical decomposition of C' as

C = (mod p—l)C(Xi)

where C(x?) is the x’-isotypical component of C' as a A-module. Note that
C(x") = e,iC where
1 i
eyi = EEQEAX “(9)g.
The main theorem proven by Ribet in [R] is:

Theorem 1 Let k be an even integer, 2 < k < p — 3. Then p divides the
numerator of By, if and only if C(x'=*) # 0.

It was known classically by Herbrand, refining Stickelberger’s theorem,
that if C'(x!=%) # 0, then p divides (numerator of) By, (Section 3 of Chapter
1 of [L]). The converse was also well-known assuming Vandiver’s conjecture
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that Q(up)* has class number prime to p. The theorem is also a conse-
quence of the Main Conjecture of Iwasawa theory which was proved for
abelian number fields by Mazur-Wiles ([MW]). The proof of Ribet, and its
reinterpretation and extension in [W], was a significant clue for the work of
Mazur-Wiles. Now its possible to give technically simpler proofs of this re-
sult using the important technique of Euler systems developed by Kolyvagin
(see Rubin’s appendix in [L]). But the proof of Ribet is still valuable as it
explicitly constructs abelian, unramified extensions of exponent p of Q(x,)
with controlled behaviour.

Note that by class field theory we have an isomorphism via the Artin
symbol, that we denote by Art, of C with the maximal unramified abelian
p-extension E of Q(u,) (note that the p-torsion of A can be identified with
C as a A-module). The abelian Galois group H := Gal(E/Q(pp)) has an
action of the group A by conjugation, that also acts on C' as seen above.
The Artin reciprocity map is equivariant for the action of A. Namely we
have

Art: gce C — gArt(c)g ' € H.

Thus under the hypothesis that p divides By (2 < k < p—3) to construct
a non-trivial element in C(x'~*) it is enough to construct an unramified
abelian p-extension E/Q(pp) (so Gal(E/Q(up)) is a Z/pZ vector space)
such that A acts on it via x'7*.

We easily see that then Gal(E/Q) is the semi-direct product of (Z/pZ)"
(for some positive integer ) by Z/pZ*, with the action given by g.a =
Xl_k(g)av g€ Aaa S Gal(E/Q(,up))

We claim that Theorem 1 follows from:

Theorem 2 Suppose p|By. Then there is a representation
p: GQ — GLQ(F),

where F is a finite extension of F,, with the properties:
(i) p is unramified at all primes different from p.
(ii) p is a reducible non-semisimple representation of the form

1 *
0 Xk:—l

with the x non-trivial: another way to say this is the order of the image of
p 1s divisible by p.

(iii) Let D be a decomposition group of p in Gal(Q/Q). Then the order
of p(D) is prime to p: namely the representation p when restricted to D is
semisimple.
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We justify the claim:
If we define E’ to be the fixed field of the kernel of p, then the fixed field
Q(up)®(k_1) of the subgroup consisting of matrices of the form

(01)

is a subfield of Q(up) (of order %), and Gal(Q(u,)®* 1 /Q), which is
the quotient through which x'~* factors, acts on H' := Gal(E/Q(u,)2* 1)
by x'7*. Because of (i), H' is a group of (p,---,p) type. The exten-
sion E/Q(up)?*~Y is unramified as (i) implies that it is unramified out-
side p, while (iii) implies that the primes above p split in the extension
E/Q(up)@)(k_l) as this is an extension of (p,---,p) type. Now if we define E
to be the compositum of E’ and Q(g,), then as Q(up) and E’ are linearly
disjoint extensions of Q(u,)®*~1), the extension E/Q(s,) has the desired
properties.

2. Strategy of proof

It remains only to prove Theorem 2! The existence of the representation
p is subtle as one wants a two dimensional mod p representation of the Galois
group of Q that is not semisimple while its restriction to D is semisimple.

Ribet uses the 2 dimensional mod p representations that arise from the
reduction mod p of the p-adic representation attached to cusp forms f that
are eigenvectors for Hecke operators. These generally tend to be irreducible
unless f is congruent to an Eisenstein series mod p.

In particular, consider the Eisenstein series

Ey = —By/2k + X,05-1(n)q",

where ¢ = e?™?. As p|By, E) mod p “looks like” a cusp form, as mod p it

vanishes at infinity. In fact there is a cuspidal eigenform f € S(SLy(Z))
that is “congruent” to Ej; mod p. Using the form f, Ribet constructs the
representation p. The properties (i) and (ii) are not hard to prove, but (iii)
requires very delicate results from algebraic geometry ([Ra]).

In fact when Ribet worked out his results enough was not known about
mod p representations coming from cuspforms of weight bigger than 2, and
he was forced to work at weight 2 using (by now) well-known principles that
“mod p everything is weight 2”. But now because of recent results proven by
Faltings, Jordan ([FJ]), and the theory of Fontaine-Laffaille ([FL]) it seems
possible to work directly in higher weights & (K < p — 3). We will give
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indications of how (i) and (ii) are proved below, and hand wave our way
through (iii)!

3. The proof

3.1 Galois representations attached to cuspforms

Let N > 1, k > 2 be integers, € : (Z/NZ)* — C* a character. Then we
consider the space of Si(I'g(N),€) C Sk(I'1(N)) of cuspforms of weight & for
the congruence subgroup

To(N) = < “ ! ) € SLo(Z) | c=0 (N),

with character €. These are holomorphic functions f on the upper half-plane
H = {z € C|im(z) > 0} such that

az+b
cz+d

(‘c‘ g)erow),

with the condition that f vanishes at all cusps. This latter condition simply
means that f (‘C‘Z—‘Fb) tends to 0 whenever im(z) — oo for any matrix

z+d
a b
( ¢ d > S SLQ(Z).

There is another useful algebraic way of looking at cuspforms f of weight
2. Consider the open Riemann surface H/T'1(N). This can be viewed as an
affine curve and one can compactify it to get a projective curve X;(N). We
can view this sitting in P"” for some n, and it is a theorem that the equations
which define this curve can be chosen to be stable under the action of the
Galois group of Q. A remark for the experts: we will implicitly work with
Shimura’s canonical model for these modular curves (and denote them by
X1(N)) over Q. As a Riemann surface we have the uniformisation

I ) = e(d)(cz +d)" f(2)

for

m: HUPHQ) — X{(N).

If we consider a holomorphic differential w on the curve X;(N) its pull-back
7*(w) can be written as f(z)dz (on the curve X;(N), w looks like that only
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locally), and as a*(dz) = d(a(z)) = (cz + d)~2dz with o = < CCL Z ) €
SLy(Z), we see that f has the “right symmetries”. As dz“ = "dq/q we

see that as w is a homolomorphic differential on X;(N), f is forced to be
a cuspform. Thus we have an interpretation of the space of cuspforms of
weight 2 as the space of holomorphic differentials etc, an interpretation that
will be useful later. For higher weights there is also a similar interpretation
except that we have to use differentials with values in non-trivial coefficient

systems.
As the element
11
( 01 ) € I'o(N)
we can develop f in a Fourier series
f=%nan(f)q"

We have an action of Hecke operators T}, on the space Si(I'o(N), €): explicitly
for most primes r the action of T;. is given by

fITr = Span (£)g" + e(r)r* ' Span(f)g".

The Hecke operators generate a commutative algebra that we shall denote by
hi(N). Inside the space of cusp forms we also have the lattice of cusp forms
with Fourier coefficients in Z[e]: these are preserved by the Hecke operators,
and the Hecke algebra acting on them is a free Z-module of finite rank.

Consider f € Si(T'o(N),e) which is an eigenform for almost all T,’s
where r is a prime. One can then show that the Fourier expansion of f
has coefficients which lie in a number field. Further for any automorphism
o€ Gq, f7 = Xpan(f)?¢" is in Si(I'o(NV),€”). This is not evident, but
follows from a cohomological interpretation of cusp forms. Be that as it
may, the big result here is that associated to f, and any prime £ there is a
representation

pr:Gq = GL2(E),

where F is a finite extension of Qg, that is characterised upto semisimplifi-
cation by:

1. py is unramified at almost all primes r

2. For almost all primes r the characteristic polynomial of py(F'rob,) is
2 — ar(f)x + e(r)rk_l
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Note that amongst the excluded primes in the phrase “for almost all
primes” is the prime ¢. This result is due to Eichler, Shimura and Deligne.

It is not clear if the representation py is semisimple. But in fact we have:
Theorem 3 The representation py is absolutely irreducible.

Proof. We will prove this only for even weights k, though it is true even for
odd weights. This follows from the Ramanujan bounds, proven by Deligne,
that for an eigencuspform

jar(f)] < 20D/,

for almost all primes r. Now if the representation were reducible we would
have that the semisimplification would be the sum of two ¢-adic characters
X"€e1 and x®ep for integers r,s (by results about Hecke characters in [S]),
with x the f-adic cyclotomic character of Gq giving the action on roots
of unity whose order is some power of ¢, and ¢; finite order characters of
Gq. The cyclotomic character x has the property that for all primes ¢ # ¢,
X(Frob;) = t. Comparing determinant characters for p; we deduce that
r+s =k —1 and r and s are unequal as k is even: this contradicts the
Ramanujan bounds.

The representation p; is continuous with respect to the profinite topology
on Gq (the open subgroups are the subgroups of finite index: the group is
totally disconnected and compact), and the ¢-adic topology on GLo(FE). As
the group GL2(Ofg), with Of the ring of integers of FE, is open, the inverse
image of it under py is a subgroup H of finite index of Gq: thus H stabilises a
lattice L' in E? under the action of p ¢. If we let L be the sum of the translates
of L’ under the coset representaives of H in Gq, we see that Gq stabilises
L. With respect to a basis of L = Oge; + Oges, the representation takes
values in GL2(OFg). We can reduce this integral model of the representation
modulo the maximal ideal of O, to get a representation p; : Gq — GLa(F),
where F is a finite field of characteristic /.

Note that there are many choices of lattices L which Gq stabilises, and
thus p; depends on the choice of L. But we have the theorem of Brauer-
Nesbitt:

Theorem 4 The semisimplification py° of the reduction mod 1 of py is well-
defined, i.e., does not depend on the choice of lattice.
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Now choose £ to be the prime p that we are interested in. Assume now
that py is such that its reduction w.r.t. some lattice L is reducible. Then
Theorem 4 implies that its reduction w.r.t. any lattice is reducible. The
following proposition is crucial to Ribet’s work:

Proposition 1 Assume p; is such that its reduction with respect to some
lattice L C E? (and hence all lattices) stabilised by Gq is reducible with
semisimplification isomorphic to ¢1 ® ¢2, for ¢; characters of Gq — Fi;;.
Then there is a lattice L' such that the reduction of py with respect to L is

o ), for a specific choice of ¢1 and

not semisimple and of the form
0 o2

P2

Proof. For the proof of this the crucial ingredient is Theorem 3: py is
irreducible.
Let 7 be a uniformiser of Op. Note the conjugation formula

a 7b 1 [ a b
P( c d ) P= ( mc d ) ’
) . Because of this we may assume that the reduction

10

where P := ( 0 x

*

of a chosen integral model of the representation is of the form S
We first claim that we can choose a pf(Gq)-lattice L so that the mod

0 o2 0 ¢

follows from the conjugation formula

a b 1 d —c/7*
Qk(c d)Qk’l_<—7rkb a >’

0 1
—7F 0
divides all the lower left-corner entries of ps(g) for all g € Gq in its matricial
representation with respect to some lattice. As p; is irreducible k is a non-
negative integer, and because of the above assumption, k is positive. From
this the claim follows. Now we fiz a lattice L so that the reduction of py

p representation is of the form ( o1 ) , rather than ( P2 ¥ ) . This

where @ = . Choose k to be the lowest power of m which

with respect to it is of the form o .
0 ¢
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For the sake of contradiction let us assume that the reduction of p; with
* 0

0 /)’
where the * are 1-dimensional characters. Choosing the integral model of ps
given by L, if we conjugate ps(Gq) C GL2(OF) by a matrix M such that
Mps(Gq)M ™' C GLy(OF) then its mod p reduction is again reducible and
semisimple.

To get a contradiction we inductively define a converging sequence of
1
0 1
ments of GLo(Og) whose lower left entries are divisible by m and upper
1t
0 1
(with lim;t; = t) conjugates ps(Gq) into the lower triangular subgroup of
GLy(E).

The inductive hypothesis may be rephrased as: PiMipf(GQ)MZ-_lP_i
consists of integral matrices whose lower left corner is divisible by 7**!. The
reduction of this mod 7 is upper-triangular. As all reductions are assumed to
be semisimple, and they can always be assumed to be upper triangular, there

respect to all Gq-stable lattices is semisimple, i.e., is of the form

matrices M; = , such that that M;pr(Gq)M; ' consists of ele-

right entries are divisible by 7%. Then the limit M = of the M;’s

1 u
0 1
7 of P'M;p;(GQ)M; *P~". Thus UP'M;p;(Gq)M; 'P~'U~" consists of
matrices whose upper right corner is divisible by 7 while its lower left corner
is still divisible by 7**1. Thus (P~*UP'M;)ps(Gq)(P~'UP'M;)~! consists
of integral matrices whose lower left corner is divisible by 7 and upper right

is a unipotent matrix U = ) that diagonalises the reduction mod

corner entries are divisible by 7'*1. We can continue the induction by setting
. . 1 ¢ %
]\47:+1 — P—ZUPZMi — ( 0 7 +17T u > :

and we are done after observing that conjugating by M; does not change the
order with which the characters ¢; appear on the diagonal.

3.2 Congruences between cuspforms and Eisenstein series

Consider the Eisenstein series
Ek = —Bk/Qk + Enak,l(n)q".

This is a modular form for the group SLa(Z). We would like to prove that
there is a cuspform f € S;(SL2(Z)) such that the Fourier expansion of f
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has algebraic integers as coefficients and if we fix a place @ above p we have
the congruence

ar(f) = op—1(r)(p)

for almost all primes r. We may try to do this by trying to find a modular
form E of weight k for SLy(Z) with integral Fourier coefficients such that
its constant term is a unit at p, and then by considering Ey — uBy/2kE,
for a p-unit u, we can get a cuspform f, as H/SL2(Z) has only one cusp.
This is the procedure Ribet follows. But as Kirti Joshi has observed there
is a simpler argument (a similar argument occurs in Section 2.2 of [S1]) as
follows:
We consider a polynomial f = X% ,¢;A? for some n in the A function

A = qlI(1 — qn)24 = Y,>17(n)¢",

with no constant term, with coefficients ¢; = a; E}’ Egi, with a; € Z and ¢;, d;
non-negative integers, and such that Fx — f = 0 mod(gp). Observe that the
semigroup generated by 4c; + 6d;, with ¢;, d; non-negative integers consists
of all even integers greater than 4. We can find such a polynomial as the
constant terms —By/8 and —Bg/6 of E4 and Fg are rational numbers with
numerator 1, and the fact that, if a modular form of weight k¥ on SL2(Z)
has a sufficient number (roughly k/12) of its terms in its Fourier expansion
divisible by p, then all its terms are divisible by p. This kind of argument
also proves the Ramanujan congruence 7(n) = o11(n) (mod 691) (see also
S1).

It is also possible, as is mentioned in passing in [R], to give a more pure-
thought proof of this result along the following lines. Consider the reduction
mod g of E. Now we can consider this as a differential form on the curve
X (that is the projective line, and the compactification of H/SLs(Z) by a
point at infinity as a Riemann surface) but now with mod p coefficients.

Further the “differential form” Ej(dq/ q)®§ has no poles and thus gives a
holomorphic k/2-form on X with mod p coefficients. By general results of
Mazur (the g-expansion principle) it follows that Ej can be regarded as a
global section of Q%k/ 2 \where Q /¥ 1s the canonical sheaf with F coefficients.

Now consider the map

k/2 k/2
HO(X, Q587) — HO(X, Q5.

It is then well-known (Section 2.1.2 of [C]), that this map is surjective,
assuming that p > 5.
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Theorem 5 If p|By, (for 2 < k < p — 3), then there is a cuspform f €
Sk(SLa(Z)) whose Fourier coefficients are algebraic and f = E (mod ).

But this is not good enough for us as Galois representations are attached
to eigencuspforms rather than just cuspforms. Thus we have to prove:

Corollary 1 If p|By (for 2 < k < p — 3), then there is an eigencuspform
f € Sk(SL2(Z)) whose Fourier coefficients are algebraic and such that f = E},
(mod p).

Proof. This is a lemma due to Deligne-Serre. We consider the space
Sk(SLa(Z),0p) = Sp(SLa(Z),Z) ® O and its mod p reduction that we
denote by Sk(SL2(Z),F). We consider the Of algebra h generated by the
Hecke operators T, for r prime to p: this is commutative and has no nilpotent
elements. We have to show that any mod p eigenform of the Hecke algebra
in the latter space lifts to an eigenform of the characteristic 0 (for E suffi-
ciently large). A mod p eigenform gives a homomorphism A — F and that
corresponds to a maximal ideal m. Consider the set of minimal prime ideals
contained in m: at least one of them does not contain p, as h is reduced, and
this provides the characteristic 0 lift that we are after. Alternatively as h is
reduced we can apply the going-up theorem to conclude.

Corollary 2 Ifp|By (for2 < k < p—3), then there is an eigencuspform f €
Sk(SL2(Z)) whose Fourier coefficients are algebraic and such that a,(f) =
ok—1(r)mod(p) for almost all primes r.

3.3 The representation p

After the work of the previous section a representation p with the proper-
ties (i) and (ii) of Theorem 2 follow easily. Namely consider an eigencuspform
f as of the previous corollary. Then the semisimplification of the reduction of
the mod p reduction of p; and the semisimple representation 7 := 1@k of
Gq have the same characteristic polynomials for the Frobenius elements at
almost all primes r. This together with the Cebotarev density theorem and
a theorem of Brauer-Nesbitt, Theorem 4, implies that the semisimplification
of the reduction of py and 7 are isomorphic. This together with Theorems
1 and 3 implies that there exists a p with the property (ii) of Theorem 2.
The property (i) follows by a general fact as f is a cuspform of level 1 and
the curve X has good reduction everywhere. But the property (iii) is tricky.
As noted above we have to exclude information at p when we consider the
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p-adic representation attached to f. But it is exactly information at p that
one needs!

Ribet does this by reducing to weight 2 and uses results of Raynaud ([Ra])
on finite flat group schemes over finite extensions of Z, with ramification less
than p — 1, to conclude that p restricted to D leaves stable 2 distinct lines,
and hence is semisimple.

Working in higher weights results of the type proven by Faltings-Jordan
([FJ]), together with results of Fontaine-Laffaille ([FL]), will allow one to
deduce property (iii) in a similar manner. The crucial point is that we have
the trivial Galois module as a submodule of p while [FL] and [FJ] imply that
the trivial module is a quotient.

This completes the brief sketch of Ribet’s converse to Herbrand.
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