Abelian Kummer Theory

M. J. NARLIKAR

In this article, we study abelian extensions of exponent m when the
underlying field k£ has characteristic coprime to m and it contains all the
m-th roots of unity. When the field k& has characteristic p > 0, we shall also
discuss the abelian extensions of k of exponent p.

81. Independence of Group Characters

Let G be a group. A character ¥ of GG in a field K is a homomorphism
¥ : G — K*, where K* is the set of all nonzero elements of the field K. Let
m be the group of m** roots of unity in K.

Examples (1) f : R/Z — C* given by f(z) = >™™ for some fixed integer
m where R (resp. C) is the field of real (resp. complex) numbers and Z is
the ring of rational integers.

(2) For a cyclic group G =<a > of order n, the character f : G — p, given
by f(a) = a, for some « in p,.

Theorem 1.1 (Artin) Let 11,2, -+, 1, be distinct group characters of G
in K. Then they are linearly independent over K.

Proof : Suppose ¥1,12,- -+, 1, are linearly dependent over K. Then there
areas,---,an in K, not all 0, such that a1 +ag¥p2+- - -+anh, = 0. Without
loss of generality, assume that n is the smallest natural number with all a;’s
NoN-Zero.

Since 11,19 are distinct characters, there is a z in G such that 11 (z) #
o(z). Also, a1 (zx) + aghe(zz) + - - - + apthn(zx) = 0, for all x € G. Hence,
a1 (z) + agwi—gj;wg(aﬁ) +- anw"(z)wn(:c) =0, for any z in G.

1(2)
Thus, together with a1t (x) —1—1221/12(:17) + -+ apthp(x) = 0, we arrive at
lag — asz(Z)]wz(x) + [az — a3¢3(2)]¢3(x) + e fan — anwn(Z)]wn(x) =0,

1(2) Y1(2)

for any z in G, which contradicts the minimality of n.

P1(2)

Theorem 1.2 (Hilbert’s theorem 90) : If K/k is a cyclic extension of degree
n with its Galois group G =<o >, then for 5 € K, N(f) =1 Jain K
such that § = a/oa. In other words, the kernel of the norm map from K*
to K* consists of elements of the form a/oca,a € K.
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Proof : The implication (<) is obvious.

We shall prove the other implication. Let N () = 1, for § € K. Consider
the homomorphisms o,02,---,0™ = id of K* into itself and apply the
theorem of independence of characters (Theorem 1.1) to deduce that

id + 80+ 3%+ + ﬁ1+0+-~~+a"*20n—1

is not identically zero. Here 37 = 0(5),5"2 = 02(f3), etc.. Hence, there is
in K such that

a=1~0 + Beo’ + /61+0902 + -+ /81+U+"'Un_260”_1 ?é 0.

Therefore, fa® = a, and hence, f = ——.

o(a)
Theorem 1.3 (Hilbert’s theorem 90 in additive form). If K/k is a cyclic
extension of degree n with its Galois group G = < o >, then for 8 € K,
Tr(8) =0 < 3 a in K such that § = o — oca. In other words, the kernel of
the trace map from K to K consists of elements of the form a —oa, a € K.

Proof : The implication (<) is obvious.

For the other implication, we take § € K with Tr(3) = 0. By applying the
theorem of independence of characters, we have 6 in K such that Tr(#) # 0.
Let

= T:@{ﬂ"”(ﬂw")@“ o (BT 5 e

Then 0 = a — oa.
§2. Cyclic Extensions

Theorem 2.1 Let k be a field and n an integer > 0, prime to the charac-
teristic of k and assume that the n'* roots of unity are in k.

(i) Let K/k be a cyclic extension of degree n. Then there is « in K such
that K = k(«) and « is a root of X™ —a = 0, for some a in k.

(ii) Conversely if a € k and « is a root of X" — a, then k(«a) is a cyclic
extension of k of degree d where d | n and o is in k.

Proof : (i) Let ¢ be a primitive n'" root of unity in ¥ and K/k be cyclic
of order n. We know that N(¢~!) = (~™ = 1. Hence by Hilbert’s theorem

90, there is a in K such that ca = Ca. Then o?a = (2a and so on. Also

a,oq,---,0" Lo are all distinct. Hence, [k(a) : k] > n. Since a € K, we get

k(a) = K. Also, o(a™) = ("a™ = o™. Thus, " € k and we take a = a".
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(ii) If a € k and « is a root of X™ — a, then a(’ is a root for each j and all
the roots of X™ — a are in k(«). Hence, k(a) = K is a cyclic extension of
degree d which divides n.

If o is an automorphism of K, then oo = w,a, where w, is an n'"* root of
unity. If wgy is not a primitive nt* root of unity, then w : G — pu,, is injective,
not surjective and G is isomorphic to a subgroup (cyclic) of py,.

Theorem 2.2 Let k£ be a field of characteristic p.

(i) Let K/k be a cyclic extension of degree p. Then there is a in K such that
K = k(a) and « is a root of X — X —a = 0, for some a in k.

(ii) Conversely, for a € k, if the polynomial f(X) = X? — X — a has a root
in k£ then all the roots are in k; or else it is irreducible. In the latter case,
k(«) is cyclic of degree p over k.

Proof : (i) Let K/k be cyclic of degree p. We know that Tri(—1) = 0.
Hence, by Hilbert’s theorem 90, there is « in K such that —1 = a— o, that
is, ca = a + 1. Hence, 0/a = o + j and all oo, 0%a, - - -, 0"« are distinct.
Thus K = k(a). Now, o(a? —a) = (ca)P —(ca) = (a+1)P—(a+1) = aP —«
Hence, o — a € k.

th

(ii) If a is a root of f, then a+ 7 is a root for 1 < j < p. Hence, the first part

of (ii). Assume that there is no root in k. Then f is irreducible. Otherwise,

f(X) = g(X)h(X) where g and h have degrees strictly less than p. Since
P

f(X) = H(X—a—j) for any root «, g(X) is a product of some (X —a—j).
j=1
Let d = degg. The coefficient of X9~ is the sum of terms —(a 4 5) over d
of the integers. Hence it is —da + m for some integer m. Hence da € k, and
as d # 0, € k. Contradiction.
Since f(X) has no multiple roots, k(«) is Galois and moreover cyclic
with 0 : @« — o+ 1 as a generator of the Galois group.

§3. The Duality Theorem

Let A be an abelian group of exponent m (i.e. ™ =1 for any a € A).
For the cyclic group Z,, of order m, let A = Hom(A, Z,,). Then A is called
the dual of A. If f : A — B is a homomorphism between two groups of
exponent m, then we have a natural homomorphism f B — A such that

(fog)=4qo .

Theorem 3.1 If 4 is a finite abelian group and it is a direct product A =
B x C, then A = B x C. Any finite abelian group is isomorphic to its own
dual.
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Proof : We have
sl pxc Y c

where f (leftarrow) and g (rightarrow) are the projections onto the first and
the second components. Then ¥; € B and 1y € C generate (¢1,132) in
(B x C) by

(1, 2)(x, y) = t1(x) + Ya(y).

Thus - R X -
(F.9): BxC— (BxC)

is a map which has inverse ¢ — (¢1, ¢2) as

Qb(xvy) = (;51(:U, 6) + ¢2(67y)7

where e is the identity element.
We know that any finite abelian group is a direct product of cyclic groups.
Hence it is enough to show that a cyclic group is isomorphic to its own dual.
Let A= <a> beoforder n. Then any f € A is determined by f(a)
and f(a) can take precisely n different values. Let ¢t € Z, be a primitive
element in Z,,. Then ¢ defined by ¢ (a) =t is seen to generate A=< >.
Thus, the result follows.

If C,A and A’ are abelian groups, then a map F : A x A’ — C is
called bilinear if F(a,a’) is linear in each component, i.e., F(ajag,a’) =
F(a1,d’) + F(ag,d’) (the group operation on C' is written additively ) and
F(a,aady) = F(a,a}) + F(a,ab). The kernel of F on the right is {z’ € A’ |
F(a,2’) =0V a € A} and the kernel of F on the left is {x € A | F(z,d') =
0, Va e A}

There are natural injections

0— A'/B'"— Hom(A/B,C) --- I
and
0— A/B— Hom(A'/B',C) --- II,
where B’ is the kernel on the right and B is the kernel on the left. If C' is
cyclic of order m, then A’/B’ and A/B have exponent m.

Theorem 3.2 Let F': A x A — C, be a bilinear map of two abelian groups
A and A’ into a cyclic group C. With the same notation as above, A’/B’ is
finite if and only if A/B is finite and in that case, A’/ B’ = (A//\B)

Proof : The sequences I and II give the result immediately. We have to note
that A/B is finite implies that Hom (A/B,C) and hence A’/B’ are finite.
The last part follows from the Theorem 3.1 above.
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84. Abelian Extensions

Theorem 4.1 Let k be a field and m > 0 an integer coprime to the char-
acteristic of k and assume that all the m** roots of unity are in k. Let B be
a subgroup of k* such that k*™ C B and let Kp = k(B'™). Then Kp is
Galois and abelian of exponent m. Let G = Gal(Kp/k).

Then we have a bilinear map < , >: G x B — p,, as described below:
c€G, a€e Band a™ =a= <o0,a> =oa/a. The kernel on the left is
1 and the kernel on the right is £*"™.

The extension Kp/k is finite if and only if [B : k*™] is finite. In that
case,

B/k*™ =2 G = Hom(G, fim).

In particular, [Kp : k] = [B : k*™].
Proof : We have Kp Galois as X" — a splits completely in Kp for each
a € B. It can be checked that < 0,a >= oa/« is independent of the m-th
root « of a, and the properties mentioned above are easily verified. Now, in
the case of the kernel on the right, if < 0,a > =1 for all ¢ in G, consider
the field k(a'/™). If a'/™ is not in k, then there is an automorphism 7 of
k(a'/™) over k which is not identity and it has an extension to Kp. Call the
extension 7. Check that < 7,a ># 1.

In the duality theorem, let A = G, A’ = B. Then we get, the injections

0 — G — Hom(B/k*", i) and 0 — B/E*™ — Hom(G, ).
Thus the result follows.

Theorem 4.2 In the notation of Theorem 4.1, the map B — Kp gives a
bijection of the subgroups of k* containing £*" and the abelian extensions
of k of exponent m.

Proof : Let Bj, By be subgroups of k* as above and By C Bs. Then

B%/m C B;/m so that Kp, C Kp,. Conversely, if Kp, C Kp,, then let

b € By, we shall prove that b € By. Since k(b!/™) C k(B%/m) and b'/™ is in
some finitely generated subextension of Kp,, we may assume that By/k*™
is finitely generated. Let B3 = < Bg,b > . Then k(B%/m) = k(Bé/m) and
from Theorem 4.1 above, [Kp, : k| = [By : k™| = [Kp, : k] = [B3 : k*™].
Hence, Bg = B3.

Now, if K is an abelian extension of k of exponent m, we have o™ = 1 for
any o in G. Any finite subextenstion is a compositum of cyclic extensions. By
Theorem 2.1, each cyclic extension of exponent m is obtained by adjoining
an m-th root. Hence, K is obtained by adjoining a family of m** roots of
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{bj}jcs,bj € k*. If B is the subgroup of k* generated by {b;} and £*™, then
k(BY/™) = Kp = K. If ¥/ = ba™, for a,b € k, then k(b'Y/™) = k(b'/™).

If k has characteristic p and the operator P on k is defined as P(x) =
aP —x, then P is an additive homomorphism of & into itself. P(k) now plays
the role of k*™ in the last theorem. A root of the polynomial 2P — z — a
for a € k will be denoted by P~!(a). If B is an additive subgroup of k
which contains P(k), let K = k(P~!(B)) be the field obtained by adjoining
P~Y(a) to k for all @ in B.

Theorem 4.3 Let k be a field of characteristic p. The map B — k(P~1(B))
is a bijection between subgroups of k containing P(k) and abelian extensions
of k of exponent p. Let K = Kp = k(P~!(B)) and G be its Galois group.
Foro € Gand b € B, let <o,a > = oa— «a with P(a) = a. Then, there is
a bilinear map C' x B — Z/pZ given by < 0,a > = oa — «, and its kernel
on the left is 1 and the kernel on the right is P(k). The extension Kp/k is
finite if and only if [B : P(k)] is finite and in that case [Kp : k] = [B : P(k)].
Proof : Very similar to that of Theorem 4.2 above. We need to use Theorem
2.2 above and note < g,a > is a rational integer. Also, ca — a = 0, for all
a with a? — a = a, implies a € k and a € P(k).
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