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1. INTRODUCTION

In these lectures I want to explain a circle of ideas introduced about 15
years ago which led to the proof of Fermat’s Last Theorem at the hands of
Taylor and Wiles (see [49], [46]) and the subsequent refinement of these ideas
at the hands of Breuil, Conrad, Diamond and Taylor led to a proof of the
Shimura-Taniyama-Weil conjecture (see [3]). Needless to say that these two
results rest on the work of a number of other mathematicians as well: H. Hida,
B. Mazur, K. Ribet, F. Diamond, B. Edixhoven, P. Deligne, J.-P. Serre and
many others (see [4], [5], [7], [8], [11], [17], [14], [15], [19], [24], [32], [33], [34],
[37], [42], [46], [49], and references at the end of these articles)

The main conjecture which formed the backdrop of these developments is
a conjecture of Serre (see [41]). Despite the developments which have taken
place, this conjecture of Serre still remains intractable at the moment. In [41]
Serre showed that his conjecture together with the observation of G. Frey
(see [20], [21]) led to a proof of Fermat’s Last Theorem.

In these lectures I will essentially outline a proof of this assertion that
Serre’s conjecture implies Fermat’s last Theorem. This article, needless to
say, is completely based on Serre’s paper [41] and is meant to serve as an
introduction to the circle of ideas introduced in Serre’s paper and is, by
no means, a substitute for it. I have attempted to keep this article as self
contained as possible. However it is impossible to prove all the results or to
develop the theory of Galois representations in any reasonable depth or detail
in article of this length. A more comprehensive account of the subject can
be found in [9] or [16] and Serre’s book [38] is a classic introduction to the
subject of Galois representations.

2. SOME HISTORY

The term elliptic curves is of relatively recent vintage, but the fundamental
objects which lead to these curves have been around for a long time. Euler
and Legendre studied the following kind of complex integrals:

o d 0 dx
(21) /Z ((1 — x2)(1 - k2x2))1/2 and /Z (4.%'3 — Gox — 93)1/2

where k, g2, g3 are complex numbers. Integrals like these arise naturally while
calculating the length of the arc of an ellipse and hence these integrals were
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called elliptic integrals. Functions which arise in inverting these integrals
were called elliptic functions. These integrals naturally live on curves whose
equations look like

(2.2) v’ = f(z)

where f(z) is a polynomial in = of degree three or four with distinct roots
and complex coefficients. Such curves are called elliptic curves.

3. CuBic CURVES

Let K be a field. Consider curves defined by homogeneous polynomials of
the form

(3.1) Y2Z +an XY Z +a3YZ? = X3 + 0o X?Z + ay X 7% + a6 2>

where the coefficients a; € K. Observe that as the polynomial is homogeneous
if (o, Y0, 20) is a solution to (3.1) then so is (Azg, Ay, Azp) for any constant
A # 0. So we discard the trivial solution (0,0,0), and identify solutions which
are non-zero multiples of one another. In other words we will work with
homogeneous or projective coordinates X, Y, Z and hence forth identify the
solution (xg, Yo, 20) with (Azg, Ayo, Azo) for any A # 0.

Also note that (3.1) has another obvious solution O = (0,1,0) and it is
easy to check that this the only non-trivial solution with z = 0. We will call
O the point at infinity on the curve.

If (x0,y0,20) is a solution with zy # 0 then we can scale the solution by
1/zp to get another solution (xo/z0,%0/20,1). Thus we see that, except O,
any other solution of (3.1) can be taken to be of the form (z1,y;,1) for some
(z1,y1) and that such solutions are points on the dehomogenised form of the
equation

(3.2) v+ a1y + asy = 23 + apx® + aux + ag

where we have written y = Y/Z,x = X/Z. For simplicity we will always write
the equation (3.1) in its dehomogenous form (3.2) remembering the extra
point O. We define several important quantities associated to the curve:
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(3.3) by = a% + 4aq

(3.4) b4 = 2a4 “+ ajas

(3.5) be = a3+ 4ag

(3.6) bs = atag+ 4dazag — ajazay + agag — a3
(3.7) ey = b3 —24by

(3.8) ce = b3+ 36baby — 216bg

(3.9) A = —b3bg — 8b3 — 27b2 + 9bobybg
(3.10) i = /A

We call A the discriminant of the curve.
Definition 3.11. An elliptic curve E/K is a curve given by
(3.12) v+ arzy + asy = 23 + apx® + aux + ag
where a; € K and provided that the discriminant A = Ag # 0.

Definition 3.13. A solution (z¢, yo, 20) of (3.11) will be called a point on the
curve defined by the equation and if g, yo, z0 € K we will say that (xo, yo, 20)
is a K-rational point, or when there is no cause for confusion, simply a rational
point of E.

3

Example 3.14. For example y?> = 2> — z is an elliptic curve over any field

K in which Ap = —64 # 0.

Example 3.15. Let E be defined by y?> = 23 + z + t. Then we can easily
calculate the quantities defined above: by = 0, by = 2, bg = 4t, bg = —1,
cy = —48, cg = —864t, A = —432t2 — 64, j = —6192/(—27t> — 4). Hence this
equation defines an elliptic curve if and only if —432t? — 64 # 0.

So far we have not placed any restrictions over K, but under additional
assumptions on K we can simplify the equation of any elliptic curve consid-
erably. For instance if char(K) # 2 we can replace y by %(y —a1x — az) to
get

(3.16) y? = 423 4 box® 4 2byx + b
And if char(K) # 2,3 then we can replace (z,y) by (%, 575) to get
(3.17) y? = 23 — 27cqx — Hlcg

One gets the additional relations 4bg = babg — b3 and 1728A = ¢} — 3.
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Remark 3.18. The only transformations of (3.11) which preserve the form
of the equation are of the following kind:

(3.19) r = vl 4r

(3.20) y = udy +ulsx’ +t

with u,r,s,t € K and u # 0. I leave it to you to check that under these
substitutions the new value of the new discriminant is A’ = v~ '?A and j' = j.

Thus the function j of the coefficients a1, as, as, a4, ag is an invariant of the
curve and is called the j-invariant of the elliptic curve.

4. SINGULARITIES
Suppose E is given by
(4.1) Y2+ arxy + asy = 2° + agx® + asx + ag

but is not an elliptic curve, i.e., A = 0. In this situation we will say that
the curve is singular and we want to describe the geometric possibilities for
F in this situation. Let

(4.2) f(z,y) =y + a1zy + azy — (2 + a2x® + asx + ag)

Then it is not very difficult to show that Ag = 0 if and only of
0 0

4.3 - -2 0

has a simultaneous solution, say (xg, o). Then we can use Taylor series to
write f(z,y) as

(4.4) f(x,y)—f(z0,90) = [(y—yo) —alz—z0)][(y—yo) — Bz —x0)] — (z—x0)*
where, a, 3 € K, where K is an algebraic closure of K.
Remark 4.5. In general «, § may not be in K.

Definition 4.6. Let the notation be as above. If a # 3 we say that P =
(20, Yo) is a node and in this case the lines

(4.7) y—yo = a@— )

(4.8) y—yo = pB(x—x0)

are two tangents to the curve E at (xq,yo)-

If &« = 8 we say that E has a cusp at P = (¢, o) and the line y — yg =
a(z — xp) is a multiple tangent to E at P = (xo, yo)-

Example 4.9. The curve 32 = 23 + 22 is singular with a node at the point
(0,0,).

Example 4.10. The curve y? = 23 has a cusp at (0,0).
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5. GROUP LAw

Elliptic curves have many remarkable properties, and one of the important
properties is that the set of points on an elliptic curve forms a group. I will
briefly describe the group law. The group law is best described geometrically
but it also admits an algebraic description.

Suppose E/K is an elliptic curve. Let L/K be any field extension. We
will write E(L) for the set of L-rational points of E. Note that O € E(L)
for any L/K and so E(L) is a non-empty set. If P,Q € E(L) are two points
then the line joining P, Q) intersects the curve in a third point. A little bit
of algebra shows that this new point also has coordinates in L, i.e., it is also
an L-rational point. This basic geometric fact underlies the group law on the
elliptic curve. Let us denote this third point by R. Then we join O and R
by a line. This line also intersects the curve again in a point R' € E(L). We
declare that P+ Q = R'. If P = (Q we take the line to be the tangent line to
the curve at P. It is not hard to check that this makes the set E(L), for any
extension L/K, into an abelian group with O as its identity element.

We can also describe the group law algebraically and if you are not con-
vinced that the above geometric description gives a group law, then you can
carry out the tedious calculations required to verify that the algebraic for-
mulas given below define a group structure on E(L). Let P = (z1,y1), P2 =
(x2,y2) € E(L). Then we define —P; = (x1, —y1 —a1x1 —ag). If x1 = z9 and
Y1 + Y2 + a1xs + ag = 0 then P; + P» = O otherwise if x1 # 2 let

(5.1) P Y2 — U1
ro — I
(5 2) S Y1x2 — Y221
. 7@ T

If 1 = x5 then let

3:1:% + 2a221 4+ a4 — a1y1
2y1 + a171 +as

—.73:1S + aqx1 + 2&6 — a3yl
2y1 + a1ry + as

(5.3) A =

(5.4) v o=
Then the line y = Az + v is a line through P;, P> or is tangent to E at P if
Py = P,. Then we have the following formula for Ps = (z3,y3) = P, + P»
(5.5) 23 = N4 a)—ay—x1 — 19

(5.6) y3 = —(Ata)rz—v—a3

Example 5.7. Let K = Q, and let E/K be defined by

(5.8) y? =23 —62% + 11z + 3
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then Ap = —34928, jp = 6912/2183.

Further P = (1,3), P> = (2,3) are Q-rational points on E and P; +
P = (3,—3) and 2P, = P+ P = (17/4,—29/8), 3P = 2P+ P =
(633/169, 6046/2197) and 4P, = (17889/13456, —3262625/1560896) etc.

When L = C the structure of E(L) is completely understood using the
theory of elliptic functions. The following theorem is a key result in the
classical theory of elliptic functions.

Theorem 5.9. Let E/C be an elliptic curve. Then there exists a lattice
LcC (so LEZ®Z as abelian group) and a homomorphism of groups

(5.10) C/L = E(C)

which is given by 0 — O € E(C) and 0 # z — (pr(2),p7(2),1) where p;, and
p’. are the Weierstrass elliptic functions with period lattice L.

Remark 5.11. Thus the group law on E(L) gives us a way of generating
more solutions from the given ones.

Remark 5.12. Fermat’s method of infinite descent is also a variant of the
group law on a suitable elliptic curve over K = Q.

The following theorem due to Mordell, which was later generalized by
André Weil to higher dimensional analogues of elliptic curves (see [47]) gives
us a fundamental insight into the structure of the group E(K). For a proof
see [43]

Theorem 5.13 (Mordell-Weil). Let K be a number field and let L/K be a
finite extension. Then for any elliptic curve E /K, the group E(L) is a finitely
generated abelian group, i.e.,

(5.14) E(L) =2 Z" @ Finite group

Remark 5.15. The number of copies of Z which occur in the above descrip-
tion is called the rank of F(L). Birch and Swinnerton-Dyer have made a
fascinating conjecture about the rank of F(K) and the order of zero of a
complex analytic function associated to E (see [1], [2] and [43]).

6. ELLIPTIC CURVES OVER FINITE FIELDS

In our discussion so far we have not specified the field K except in the
examples. The formulae we have written down for the group law are valid
over any field K. In this section we will assume that K = F, a finite field
with ¢ elements and characteristic p > 0.

Suppose E/F, is an elliptic curve over F,. Then it is easy to see that
E(F,) is a finite set as there are only finite number of possible values for each
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coordinate of any Fg-rational point. Hasse (see [23]) proved the following
bound on the size of E(F,) in terms of ¢. This estimate was later generalized
by Weil in [48]. More precisely, Hasse proved the following:

Theorem 6.1 (Hasse-Weil Estimate). Let E/F, be an elliptic curve over a
finite field with q elements. Then we have

(6.2) #E(F,) —q—1] <2¢"
In other words if we write

(6.3) LEF,) =q+1-a,

then

(6.4) lag| < 2412

For a proof of the Hasse-Weil estimate, see [43].

This estimate was later generalized by Weil to arbitrary smooth projective
curves and to abelian varieties and higher dimensional varieties. Weil’s pa-
per [48] is an excellent and elementary introduction to the subject. A more
modern and elementary account can be found in [26].

Some of the Weil conjectures were proved by [18] and [31]. In 1974 Deligne
proved the Weil conjectures (see [12]). For a reader with some basic back-
ground in algebraic geometry we recommend Katz’s exposition of Deligne’s
proof (see [27]).

Remark 6.5. Elliptic curves over finite fields play an important role in pri-
mality testing and cryptography (see [28]).

7. MINIMAL EQUATIONS

Let E be an elliptic curve over Q. We will say that the equation defining
E is minimal at a prime p|Ag if the valuation v,(Afg) is least amongst all
possible choices of equations for E such that coefficients are p-adic integers.
By formulas (3.18), we see that we can change the equation of E' and we can
get A’ = w7 12A. Performing this change of coordinates as many times as
possible we arrive at A,(E) < 12 and such that all the coefficients are p-adic
integers. Thus we can conclude: if vy(a;) > 0 and v,(A) < 12 then this
equation of F is minimal.

We note that vp(a;) > 0 and v,(Ag) < 12 is a sufficient condition for
minimality of the equation.

Remark 7.1. Let E/K be an elliptic curve over a number field K and let
Ok be the ring of integers and p C O a prime ideal. We can also formulate
the notion of a minimal equation for F at p exactly as above.
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Example 7.2. Let y?> = 22 + 16, then this equation define an elliptic curve

over Q and Ap = —2'233. The equation is not minimal at p = 2 and the
transformation x = 42’ y = 8y +4 transforms the equation of E to (3/)%2+y =
(2')3. This equation has A = —27, and is minimal at 2 and in fact at all
primes.

It is not difficult to see using (3.18) that any equation E/K, where K/Q,
is a finite extension of Q,, has a minimal equation over K. The following
proposition is easy to prove using the transformations (3.18) and the fact
that every prime ideal in Z is principal.

Proposition 7.3. Let E/Q be an elliptic curve over Q. Then there exists an
equation with integer coefficients for E which is minimal at all primes.

From now on we will assume that all our elliptic curves are given by a
minimal equation.

8. REDUCING MODULO PRIMES

Let K be a number field, let Ok be the ring of integers of K and p be
a non-zero prime ideal in Og. Let E/K be an elliptic curve defined by an
equation which is a minimal equation at p.

(8.1) v+ arzy + a3 = 2 4 asx® + aux + ag

We will assume for simplicity that a; € Og. Then we can reduce the equation
defining £ modulo p and arrive a new equation which has coefficients in
k = Ok /p which is a finite field:

(8.2) v+ arzy + a3 = 2° + asx® + aux + ag

where @; = a; mod p.

Observe that (8.2) represents an elliptic curve over k = Ok /p if and only
if the discriminant A = A mod p is not zero, i.e., provided that A ¢ p or
equivalently p JA.

Thus this recipe of reducing the equation of an elliptic curve over a number
field produces an elliptic curve over the finite field Ok /p provided p JA. As
A is divisible by only a finite number of primes we see that for all but finite
number of primes in K we will get an elliptic curve over the corresponding

finite field.

Definition 8.3. In the notations of the above paragraphs, we will say that
p is a prime of good reduction if p JA.

Definition 8.4. If p|A then we will say that p is a prime of bad reduction for
E.
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If p is a prime of bad reduction then our recipe fails to produce an elliptic
curve but produces a singular curve instead. By using our discussion of
singular curves (see Section 4) we can further classify primes of bad reduction.
We know from Section 4 that the reduction of E has either a node or a cusp.

Definition 8.5. In the notations as above, We will say that E has semistable
or multiplicative reduction at p if p|A and the reduction of E modulo p has a
node. If the two tangents at the node are defined over O /p then we say that
E has split multiplicative reduction at p. If the two tangents at the node are
not defined over Ok then we say that E has non-split multiplicative reduction
at p. If the reduction of E at p is a cusp then we say that E has additive or
unstable reduction at p.

Proposition 8.6. Let E/K be an elliptic curve defined by a minimal equation
(8.7) v? + arzy + a3 = 2% + asx® + asx + ag

with a; € Ok . Let p be a prime in Ok.

(1) E has good reduction at p if and only if Ap 0 mod p,

(2) E has additive reduction modulo p if and only if Ap =c4 =0 mod p,

(3) E has semistable reduction modulo p if and only if Ap = 0 mod p
and ¢4 Z0 mod p.

Remark 8.8. Additive reduction is the worse kind of bad reduction while
semistable reduction is not too bad. The following may help illustrate the
subtle difference between these two types of bad reduction. Let E/K be an
elliptic curve and let p be a prime of bad reduction for E. Let K'/K be
a finite extension, p’ be any prime lying over p in K’. If E has semistable
reduction at p then, E thought of as an elliptic curve over K’, continues to
have semistable reduction at p’. However, if F has additive reduction at p,
then there exists a finite extension K’/K such that for any prime p’ lying over
p, F has good or semistable reduction at p’. In other words, additive reduction
may disappear or become semistable over a suitable finite extension, while
semistable reduction persists. The following examples illustrate this point
further.

Example 8.9. Let K = Q, let E be defined by y? = 2% + 22 + 17. Then F
has multiplicative reduction modulo 17.

Example 8.10. Let K = Q and let E be defined by y? = 22 + 17. Then F
has additive reduction modulo 17. Let K’ = Q(17'/), and then we can write
the equation of F over K’ as

(8.11) (y/(LT/0))? = (a/(1T0)?)° + 1
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Writing v/ = y/17%/2, 2" = /17" we get y'* = 2/° 4+ 1 and this new equation
has good reduction modulo the unique prime lying over 17 in Q(17/6).

9. THE CONDUCTOR OF AN ELLIPTIC CURVE

Let K be a number field. Let E/K be an elliptic curve. We can define
an ideal, Ng C O of the ring of integers of K called the conductor ideal or
more simply the conductor of E. This ideal is defined as

(9.1) Ng = prp(E/K)
plA

where the exponents f,(E/K) of p are defined as follows.

0 if £ has good reduction at p,
1 if E has semistable reduction at p,
(9.2)  fo(E/K)=<2 ifp f6 and E

has additive reduction at p,
2+ 6p(E/K) if pl6.

where the exact definition of §,(E/K) is irrelevant for our purposes. No exact
formulas are known for 6,(£/K), but Tate’s algorithm (see [45]) gives a way
of computing f, for all primes including those dividing 6. It is known, for
instance, that

(9.3) f2(E/Q)
(9.4) f3(E/Q)

Observe that the conductor ideal is divisible by only those primes which
divide Ag, and that it captures finer reduction information of F/K. The
conductor is one of the fundamental arithmetical invariants of an elliptic
curve.

8

<
< 5

Remark 9.5. Tate’s algorithm [45], and other algorithms like [30] have now
been implemented in many software packages (notably in the software pack-
age PARI-GP which is available on Internet; this package also contains an
extensive elliptic curve computation package which computes many numerical
invariants of elliptic curves).

Example 9.6. Let y> = 23 + 102 + 11. Then Ap = —2*.132 - 43 and
Ng =2*.13- 43 and the equation is minimal.
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10. ACTION OF THE (GALOIS GROUP

Let K be a number field or a finite extension of Q, or a finite field. Let K
be an algebraic closure of K. We write G ;¢ = Gal(K /K) for the Galois group
of K/K. Let E/K be an elliptic curve and suppose P = (g, y0) € E(K).
Thus P satisfies

(10.1) y(z) + a1xoyo + az = JJS + agxg + agxg + ag.
Suppose 0 € Gi. We apply o to the above equation and get
(10.2) O’(yo)2 + ala(xo)a(yo) + a3z = U(J}o)g + agd(xo)Q + a40(x0) + ag.-

where we have used the fact that o(a;) = a; for any a; € K. Thus we see

from the above equation that P° = (o(z0),0(y0)) € E(K) is also a point on
the elliptic curve. In other words, Gk operates on F(K).
We now study this action in some more detail. Let n > 2 be any integer

and let

(10.3) En] ={P c E(K)|nP =0}

Then it is easy to see that E[n] C E(K) is a subgroup. We call E[n] the
group of n-torsion points on the curve E or simply the group of points of
order dividing n.

The structure of E[n| as an abelian group is completely understood.

Theorem 10.4. Let K be a field and let E be an elliptic curve over K. If
the characteristic of K does not divide n then one has

(10.5) E[n| = Z/n& Z/n.

In particular for for a number field K, and when n = p a prime, we see
that E[p] is a two dimensional vector space over F),.

When the characteristic of K divides n the result is slightly different but
as we will not need it here we do not recall it and the reader is referred to
[43] for more details.

Moreover, if P € E[n] and 0 € G then

(10.6) o(nP)=no(P)=0
So that Gx acts on the Z/n-module E[n].

Example 10.7. Let K = Q and let E be defined by y> = 2% — 2. Then
E2] ={0,(0,0),(0,1),(0,—1)} and so Gg operates trivially on E[2]. For a
more interesting example see Remark 11.20.
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11. TATE ELLIPTIC CURVES

Let K = Q, be the field of p-adic numbers, where p is any prime, let | |,
denote the p-adic absolute value, and let v, : Q, — Z be the normalized
p-adic valuation, normalized so that v,(p) = 1. As Q C Q,, we can think of
any elliptic curve over Q as an elliptic curve over Q,.

Tate discovered elliptic curves over Q, with remarkable properties. These
curves are called Tate elliptic curves (see [44]). These curves are sort of “uni-
versal models” for elliptic curves over QQ, with split multiplicative reduction
modulo p. Tate curves are given by an explicit equation.

Fix ¢ € Q, such that |g|, < 1, so ¢ is a p-adic integer divisible by p. Let
E, be defined by

(11.1) y2+my:x3+a4(q)x+a6(q)
where
o0 3.n
n-q
(11.2) as(q) =5 T
n=1
and

(Tn® + 5n3)q"
« (1—4q")

is the famous Ramanujan function

(11.4) ﬁ -

and the j-invariant is

(11.3) ag(q) =

Mg

_ﬁ

n

Then the discriminant Ag, = A(q

|

1
(11.5) jlq) = 5+744—|—196884q+---
Remark 11.6. It is clear from the definition of discriminant A(q) that
(11.7) v(A(g) = »(9)
(11.8) (i(@) = —vp(a)

Further for |¢|, < 1, the series a4(q) and ag(q) converge and (11.1) has
points in Q,((u)) given by convergent power series in u

00
qnu nqn
(11.9) wlgu) = S —LY o
LU-g "Ri-g
2n,,2 oo n
qu ng
11.10 = —_—
e = Y
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Then for any |¢|, < 1 and u € @; these power series converge and their
values give a point (z,y) € E,(Q,). Moreover if we reduce the equation of
E, modulo p then we get

(11.11) v’ 4 zy = 23

and so one checks easily from this that F; has split multiplicative reduction
modulo p.
Observe that z(g,u) and y(gq,u) as a function of v has the property that

(11.12) z(q,u) = (g, qu)

(11.13) y(g.v) = y(g,qu).

Thus these functions are periodic with respect to the multiplicative group
(11.14) ¢ ={q"meZ}.

Tate further showed that if we fix ¢ with |g|, < 1 then the mapping
(11.15) @; - Eq(@p)

given by u — (z(q,u),y(q,u)) is a surjective homomorphism of groups with
kernel ¢Z and is compatible with the action of Galois group Gal(Q,/Q,) on
both the sides. Thus one gets

(11.16) Q;/QZ = Eq(@p)
The crucial property of Tate curves is described in the following theorem.

Theorem 11.17 (Tate uniformization). Let E/Q be an elliptic curve and
suppose that p|Ag. Assume that E has split multiplicative reduction at p.
Then there exists a g € Q, such that E = E; over Q).

Tate proved a result which is more general than the above statement. In
particular, Tate’s result is valid for curves over number fields and finite exten-
sions of Q, (see [43]). Moreover, one also get a similar assertion for non-split
multiplicative reduction. But we will not need the general assertion here and
we refer the reader to [43] for more details.

Example 11.18. Let K = Q, and let E,; be a Tate curve over K. We can
use Tate’s theorem to describe E[n] explicitly. The u € Q,, has the property
that

(11.19) nP = n(z(q,u),y(q,u)) = O

if and only if u” € ¢%, i.e., nP = O if and only if u” = ¢ for some m € Z and
so u = ¢¢"™/™ for some n' root of unity ¢. Thus we obtain an isomorphism

(11.20) Eln] = {gum/"\gn ~1,0<m< n} .
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12. SOME GALOIS THEORY

In this section we will recall a few facts about the structure of the Galois
Groups of number fields or local fields. For proofs or details see [40].

Fix prime p. We would like to recall a few facts about the structure of the
Galois group Gg = Gal(Q/Q). We will do this by studying the structure of
G, = Gal(Q,/Qp). Let p|p be any valuation lying over p in Q. The Galois
group G acts on the set of such p transitively. Fix one such valuation p|p.

Definition 12.1. The decomposition group D(p,p) C Gg at (p,p) is defined
to be the set of all o € Gg such that o(p) = p.

In other words, D(p,p) is the stabilizer of p. The decomposition group
depends on p and p. If we replace p by another p’|p then the decomposition
group D(p’,p) is a conjugate of D(p,p). Hence we will often suppress the
dependence of p and often call D(p, p) the decomposition group at p.

The decomposition group encodes a lot of information about p, it contains
interesting subgroups which encode information about the ramification of p in
any extension. The following result identifies the decomposition group little
more explicitly.

Proposition 12.2. For every prime p|p in Q, we have an isomorphism
(12.3) Gal(Qy/Qp) = D(p,p) — Gal(Q/Q).

So for every prime plp in Q we get an embedding of Gal(Q,/Q,) —

Gal(Q/Q). _
Thus we reduce to the of study the Galois group of Q,/Q,. From now on

we study these groups.
We have a natural surjection

(12.4) G, — Gal(F,/F,)
which is given by ¢ — ¢ mod p.

Definition 12.5. The kernel G, — Gal(F,/F,) of
(12.6) I,={c=1 modp}
is called the inertia subgroup at p.

Thus we have an isomorphism
(12.7) Gp/Ip = Gal(F,/Fy),
given by o — o mod p. B

The Gal(FF,/FF,) has natural element Frob, € Gal(F,/F) which is given by
raising to pth—powers:

(12.8) Frob,(z) = aP
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for all z € F,. We will call Frob,, the Frobenius (morphism) at p.
A proof of the following proposition can be found in [40].

Proposition 12.9. Let L/K be any Galois extension of number fields. Let
p'p be a prime of L lying over a prime p of K. Then L/K is unramified at p
if and only if the inertia subgroup Iy at p is trivial.

Definition 12.10. Let L/Q be an arbitrary Galois extension. Assume that
L/Q is unramified outside a finite set of primes. Let p be a prime at which
L is unramified. Let p be a prime lying over p in L. Then a Frobenius
element at p is a conjugacy class of any element o € Gal(L/Q) such that
o is in D(p,p) and its image in Gal(F,/F,) under the isomorphism (12.7) is
Frob, € Gal(F,/F,).

We will continue to use the notation Frob, to denote Frobenius element at
p, keep in mind that it is really a conjugacy class of elements which depends
only on p and not on the choice of a prime lying over p in L.

The following variant of the Chebotarev density theorem (see [6] or [38])
will be used without proof.

Theorem 12.11. Let L/Q be an arbitrary Galois extension which is unram-
ified outside a finite set of primes. Then the the set of Frobenius elements of
primes which are unramified in L/Q is dense in Gal(L/Q).

The inertia subgroup I, has finer structure as well. We can define a filtra-
tion

(12.12) Ii={olo=1 modp*'}
for all 4 > 0, with Ip = I,,. There is a natural surjection from
(12.13) I, —» T,

given by the action of the inertia group on the roots of unity in @p and it is
standard that

(12.14) I = ker(I, — IFy).
The quotient group
(12.15) Iy =1,/

is often called the tame quotient of I, and I is called the wild inertia sub-
group.
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13. GALOIS REPRESENTATIONS

Let E/K be an elliptic curve and assume that K is a field of characteristic
zero. Let n > 2 be an integer. Then as we have seen that Gx operates
on E[n| 2 Z/n x Z/n. This action is compatible with the group structure
and so for each o € G, the mapping P — o(P) is an automorphism of the
Z/n-module E[n]. Thus we get a homomorphism

(13.1) p: Gg — Aut(E[n]) = GLa2(Z/n)

where
(13.2)  GLy(Z/n) = { <CC‘ Z) la,b,e,d € Z/n and ad — be € (Z/n)*}

is the group of invertible matrices with coefficients in Z/n.

Elliptic curves are sources of such homomorphisms but there are other
sources of such homomorphisms and the confluence of two such sources is
essentially the content of Serre’s conjecture.

Definition 13.3. Let R be any ring, and let K be either a number field or
a finite extension of Q; for a prime . A Galois representation of Gk is a
continuous homomorphism

(13.4) p:Gg — GL,(R)

where GL,,(R) denotes the group of n x n invertible matrices with entries in
R. If R has a natural topology then we give GL,,(R) the topology induced
on it as an open subset of R™, and otherwise we give R the discrete topology.

Example 13.5. We will be interested in the situation when R is either the
field of p-adic numbers for some p or is Z/n for some integer n. In the first
case we give GL,(Qp) the topology induced from Q) and then continuity
condition is with respect to this topology.

Example 13.6. When R = Z/n, then GL,,(R) is a finite group and we give
it the discrete topology. Continuity of p then simply means that ker(p) is an
open subgroup of Gg.

Remark 13.7. It is often convenient to think of GL,,(R) as the group invert-
ible R-linear maps from an R-module V = R" to itself. Any representation
p: Gg — GL,(R) thus gives rise to an R-linear action of Gx on R", i.e.,
for each 0 € Gx we have an invertible R-linear mapping R"™ — R™ which
is continuous and which satisfies obvious conditions and conversely any such
action gives rise to a representation p.
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Example 13.8. Let u, = {z € K|z"= 1} be the group of n'* roots of unity
in K. Then Gk acts on it. We have an isomorphism of abelian groups
tn = Z/n. Thus this action gives rise to a homomorphism

(13.9) Gg — Aut(uy,) = GL1(Z/n) = (Z/n)*.

Example 13.10. We will need the following special case of the above exam-
ple. Suppose n = £ for a prime ¢ and

(13.11) xe : Gr — Aut(ue) = (Z/0)*.
This representation is called the cyclotomic character at £.

Example 13.12. Let ¢ be a prime and let K = Q. Let us examine xy :
Gg — (Z/0)* in a little more detail. Let ¢ be any ¢*"-root of unity; suppose
that ¢ is complex conjugation ¢ : Q — Q. Then we have x(c)(¢) = { = ¢!
and in particular, we see that x,(c) = —1 € (Z/{)*.

Definition 13.13. We say that a representation p : Gxg — GL,(R) is re-
ducible if there exists a proper R-submodule 0 # W C V = R such that the
action of p on V maps W into itself, i.e., for all 0 € Gk, we have o(W) C W.

Definition 13.14. If p : Gx — GL,(R) is not reducible, then we say that p
is an irreducible representation of G.

Example 13.15. Let E, be a Tate curve over Q,. We had observed in
Example 11.18 that E,[n] = {Cqm/”K” =1,0<m< n} We claim that
the representation of G, = Gal(Q,/Q,) is reducible. To see this we define
a surjective homomorphism E,[n] — Z/n which is given by (¢™" — m
mod n. This homomorphism is clearly surjective and if we give the trivial
action of G, on Z/n, then this homomorphism is also compatible with the
action of Gp,. Further we can also identify the kernel ker(E,[n] — Z/n) with
1n. Thus we have an exact sequence of abelian groups

13.16 0— pp — Egn]| = 2Z/n—0
q

and each map in the sequence is compatible with the action of G,. Thus the
representation of G, on Ey[n| is reducible as p, is a Gp-stable subspace of
Ey[n].

Example 13.17. Let E/K be an elliptic curve and let ¢ be a prime and m > 1
be any integer. Then we know that G'i operates on the group E[¢™] = Z /(™ @
Z/0™. Thus we get a homomorphism pym : Gg — Aut(E[™]) = GLo(Z/0™).

It is not difficult to see that the composite map Gxg — GLo(Z/0™) —
GL2(Z/f™~ 1Y is pypm-1. Thus we can put these representations together get a
homomorphism p : Gxg — GLa(Zy), and as GLa(Zy) — GL2(Qp) then further
composition gives a representation G — GL2(Qy).



SERRE’S CONJECTURE AND FLT 257

Proposition 13.18. Let R be a field of characteristic zero and let p1, p2 :
G — GLp(R) be two continuous, finite dimensional irreducible represen-
tations of a topological group G. Suppose that the traces Trace(pi(g)) =
Trace(p2(g)) for dense subset of g € G. Then p1 and ps are isomorphic
representations.

Proof. See [40] or [10]. O

14. FINE STRUCTURE OF GALOIS REPRESENTATIONS

We want to use the structure of the Galois group Gal(Q,/Q,) described in
Section 12 to probe the structure of Galois representations.

Definition 14.1. Let p : Gx — GL,(R) be a continuous representation. Let
p C Ok be a nonzero prime ideal in K. Then we say p is unramified at p if
the image, p(Ip), of the inertia subgroup, I, at p, under p is trivial.

Remark 14.2. The definition given above is independent of the choice of a
prime lying over p as the decomposition groups of all primes lying over p in
K are conjugate and so are the inertia subgroups.

Example 14.3. Let p : Gxk — GLy,(Z/m) be a continuous representation.
Let H = ker(p) be the kernel of p. Continuity of p shows that H is an open
subgroup. Further as GL,(Z/m) is a finite group, we see that the image of p
is a finite group as well. Let K, = K be the fixed field of H. Galois Theory
provides us an isomorphism:

(14.4) image(p) = Gal(K,/K)

Then p : Gk — GL;(Z/n) is unramified at p if and only if the extension
K,/K is unramified at p.

Remark 14.5. Let p: Gg — GL,(R) be any continuous Galois representa-
tion. Suppose p is unramified at p. Then p(Frob,), where frob, is a Frobenius
element at p, is conjugacy class of elements of GL,(R). The characteristic
polynomial det(1 — X p(Frob,)) is well defined as it depends only on the con-
jugacy class of p(Frob,). This characteristic polynomial plays a fundamental
role in studying a Galois representations.

Example 14.6. Let x¢ : Gg — (Z/£)* be the cyclotomic character. Then y,
is unramified at all primes p # £. We can calculate the Frobenius elements
explicitly in this case. For all p # ¢, x;(Frob,) = p mod ¢ and hence det(1 —
Xx(Frob,)) = (1 - pX).



258 JOSHI

15. MODULAR FORMS

Let

(15.1) $ ={z € C|Re(z) > 0}

be the upper half plane. Let

(15.2) GL;(R):{@ b> |a,b,¢,d € R, ad—bc>0}

We write

(15.3) GL$ (Q) = GLI (R) N GL2(Q)

We let GLj (R) act on the topological space § by the formula
az+b

15.4 =
( ) 9= cz+d

for any g € GLj (R) and any z € §.
In this and the subsequent sections we will be interested in subgroups of
finite index in SLy(Z). We fix a subgroup I' C SLg(Z) of finite index.

Definition 15.5. A modular form of weight k on I' is a holomorphic function
f 9 — C such that

(1) f(g2) = (cz +d)kf(2) for all g = <CCL Z) el
(2) for every g € GLJ(Q) the function det(g)*/?(cz + d)~* f(gz), where

g = (Z Z) has a Fourier expansion of the form
(156) det( ) (CZ + d kf gz Za e27rmz/N

for some integer N > 1.

Definition 15.7. We say that a modular form of weight &k on I" is a cusp
form if in addition to the above two conditions we have

(15.8) det(g)"(cz +d)~ Za e?mimz/N

It is easy to verify that a linear combination of modular forms on I" of weight
k is again a modular form on I" of weight k and product of two modular forms
of weights k£ and m is a modular form of weight k& +m on I'. Thus the set of
modular forms of fixed weight on I' form a complex vector space and the set
of all cusp forms is a subspace of the space modular forms.
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Example 15.9. Let £ > 2 be an even integer. For any z € $ consider the
series

1
15.1 = E I
(15.10) Gr () (mz +n)k
(m,n)#(0,0)

and the sum is over all integers (m,n) which are not simultaneously zero.
Then it is easy to see that the series is absolutely convergent for all values of
z € $ and one has Gy(gz) = (cz + d)*Gy(z) for all g € SLy(Z). Its Fourier
expansion is given by

(15.11) Gilz) = 20(k) (1 - Z’Z S ak_1<n>q”>
n=1

and where ¢ = ¢*™*. Thus Gy(z) is a modular form of weight k on SLa(Z).
But Gi(z) is not a cusp form.

Example 15.12. The Ramanujan A(q) function defined by

Ag) =q H(1 - q”)24 = Z = 1%7(n)q".

n

2miz

where ¢ = e*™* is a cusp form of weight 1 on SLa(Z).

Definition 15.13. Let I' be a subgroup of finite index in SLy(Z). Let k > 1
be an integer. Let My (T") (resp. Sk(I')) be the space of modular forms of
weight k (resp. cusp forms) on weight & on T.

Observe that Si(I') C M(T).
From now on we will be interested in the following kinds of subgroups of

SLa(Z).
Definition 15.14. Let N > 1 be any integer. Define I'; (V) as follows

(15.15) Ty (N) = {g _ <é T) mod N|g € SLQ(Z)}
and
(15.16) To(N) = {g = <’5 :) mod N|g € SLQ(Z)}

I leave it as an exercise to check that these two subgroups are of finite
index in SL2(Z). Moreover one has a homomorphism

(15.17) I'o(N) — (Z/N)*
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given by

(15.18) (Z Z) —d mod N.

This defines a surjective homomorphism of groups and the kernel of this ho-
momorphism is precisely the subgroup I'1 (V) and hence we see that 'y (N) C
I'p(NV) is a normal subgroup.

We will be interested in studying modular forms on these two groups. It
is standard (see [42]) that M (T'1(N)) and My(I'o(N)) are finite dimensional
C-vector spaces. In particular the spaces of cusp forms on these groups are
finite dimensional as well.

Definition 15.19. A modular form (resp. cusp form) of level N, weight k is
a form f € Mp(T'1(N)) (resp. f € Sp(T'1(N))).

Let x : (Z/N) — C* be any homomorphism (i.e., a Dirichlet character).
For d|N we set x(d) = 0 and extend this function to Z/N.

Definition 15.20. A modular form f € My (T'1(N)) is said to be a modular
form of level N, weight k and nebentype x if f satisfies the following:

(15.21) F(92) = x(d)(ez + d)* ()

and we write My(To(N),x) € My(T'1(N)) for the space of such forms on
I'1(N). We also define Si(I'o(N), x) in the obvious way.

One has the following decomposition of complex vector spaces

(15.22) M(T1(N)) = @y mod NMi(Lo(N), x),
and
(15.23) Sk(T1(N)) = Sy mod NSk(To(N),X)-

for space of cusp forms.

Definition 15.24. A modular form (resp. cusp form) of level N, weight k
and nebentype x is a form f € My(To(N),x) (resp. f € Sp(To(N), x))-

Example 15.25. Let N = 11. Then the function f(z) = (A(q)A(11¢)"/? =
qT1o%,((1—¢")(1 —¢"™)? is a cusp form of level 11, weight 2 and nebentype
=1

Remark 15.26. Let f(z) € My(I'1(N)) be a modular form of weight k& and
level N. Then as

(15.27) T— (é D €T1(N)
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we see that f(Tz) = f(z+1) = f(z) so f(z) is a complex holomorphic
function which is periodic with period 1 and so its Fourier expansion looks
like

(15.28) f(z) = i €2
n=1

Definition 15.29. We will call the coefficients a; the Fourier coefficients
of f and write Ky = Q(ag,a1,---) for the field generated by the Fourier
coefficients of f. In general K is not even an algebraic extension of Q. But
under interesting circumstances it is a finite extension of Q. In any case we
will refer to K as the field of Fourier coefficients of f.

16. HECKE OPERATORS

We will restrict attention to the two special subgroups introduced earlier.
For a general and comprehensive account of the theory see [42], [25], [29].
From now on we will concentrate on the space of cusp forms on I';(N) and
keep a track of the nebentype as we go along.

The spaces of modular forms on I'1 (N) come equipped with a commutative
family of operators, which were introduced by Hecke and are named after him.
We will not recall the definition of Hecke operators but only recall the effect
of Hecke operators on the Fourier coefficients of any modular form. For every
n > 1 we have a C-linear mapping

(16.1) T+ Mg(I'1(N)) — Mg(T'1(NV))

which takes the subspace of cusp forms to cusp forms and forms withe Neben-
type to forms with the same nebentype. We call T}, the n*" Hecke operators.
First property of these operators is

(16.2) Tom = TnTn, for (m,n) =1,

Thus it is sufficient to define these operators when n = ¢ for any prime £
and m > 1. So fix a prime ¢. Let f € Si(I'o(N), x) be a form level N, weight
k and nebentype Y.

(16.3) To(f) =Y amd" + x(OF Y ang™
n=1 n=1
recall that when ¢|N we have set x(¢) = 0.
We define Tym recursively using the above definition for m = 1.

Definition 16.4. A Hecke eigenform f € Si(T'g(N),x) is a common eigen
function of all the Hecke operators Ty, i.e., for all primes ¢ there exists a
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constant Ay such that
(16.5) To(f) = Aef
Then one gets relations
(16.6) agm — Nean + X (O a0 =0

for all n > 1, and where we have set a,,, = 0 if £ /n. This relation gives
ay = Mpap. Moreover if a; = 0 then one checks that f = 0. Thus we can
assume a is nonzero for any Hecke eigenform and we normalize any Hecke
eigenform by setting a; = 1.

From the above discussion it is evident the Fourier coefficients of normalized
Hecke eigenforms are the eigenvalues of the corresponding Hecke operators.
This gives recursion relations between Fourier coefficients.

(167) Apn = QpQp — X(E)Ekilan/e
and, in particular, if we take n = £ then we get
(16.8) agms1 = agagm — X0 a1

and a;p = aran,.

17. NEW FORMS

Let M|N and let d|(N/M) and assume d > 1 (so M divides N properly).
Let f € Sg(T'1(M)). Then the mapping Si(I'1(M)) — Sk(T'1(V)) defined by
f(2) — f(dz) is injective and this mapping takes forms with nebentype to
forms with the same nebentype and it takes eigen vectors of Hecke operators
T, for £ /N to eigenforms. We define Sj(T'1(N))°' to be space of all forms
which arise in this way from forms of lower level.

Definition 17.1. A form f € Si(T'1(N)) which is not in Sy (T'1(N))° is
called a newform. The set of new forms is a subspace Si(I'1(N)) and we
denote it by Si(I'1(N))™"V.

It is a basic fact in the theory of new forms that Si(I'1(IV))™®" has a basis
consisting of normalized new eigenforms. For a proof see [29].

Remark 17.2. Normalized Hecke newforms are uniquely identified by their
Fourier coefficients and the Fourier coefficients are all algebraic numbers and
that field Ky all the Fourier coefficients of a new eigen form f is a finite
extension of Q, i.e., Ky is a number field. For a proof see [42].
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18. GALOIS REPRESENTATIONS ASSOCIATED TO MODULAR FORMS

Deligne’s proof of the Ramanujan conjecture also produced the Galois rep-
resentation associated to normalized new cusp eigenform. This representation
was also constructed by Shimura for k = 2.

Theorem 18.1 (Deligne). Let f € Sp(To(IN), x) be a normalized new eigen-
form and let f =3 1" ang™ be its Fourier expansion. Let Ky = Q(ag, a1, -)
be the field of Fourier coefficients of f and let p be any prime lying over p in
Ky. Let Ky be the p-adic field associated to Ky at p. Then there exists a
two dimensional, irreducible representation,

(18.2) Pf,p . GQ — GLQ(Kf,p)

with the following properties:

(1) pyp is unramified outside pN,
(2) for all ¢ J(pN) the characteristic polynomial of p(Froby) is given by
the formula:

(18.3) det(1 — X p(Froby)) =1 — agX + £F 1x(0)X?

The following consequence of Theorem 12.11 and Proposition 13.18 shows
that the representation constructed in Theorem 18.1 is characterized, up to
isomorphism, by the properties listed in Theorem 18.1.

Proposition 18.4. Any continuous irreducible, finite dimensional represen-
tation of Gal(Q/Q) is determined, up to isomorphism, by the traces of Frobe-
nius elements at all the primes where the representation is unramified.

Remark 18.5. Such a representation p¢,, has the property that det(p(Froby))
—1

19. THE RAMANUJAN ESTIMATE

The following estimate for the size of the Fourier coefficients of normalized
Hecke eigen cusp forms of level IV, weight k£ and nebentype x was conjectured
by Ramanujan (see [35]) and Deligne (see [11]) showed that it is a consequence
of the Weil conjectures (see [12]).

The estimate is a generalization of the Hasse-Weil estimate for elliptic
curves (see Theorem 6.1).

Theorem 19.1 (Deligne; Ramanujan). Let f = > > anq™ be a normalized
Hecke eigen form in Sg(T'1(N))*V. Then for any prime ¢ we have

(19.2) lag| < 2077

For k =2, this estimate was also proved by Fichler and Shimura.
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20. REDUCING GALOIS REPRESENTATIONS MODULO p

From now on we will assume that we have a normalized new Hecke eigen
cusp form f such that Ky = Q.

Most of theory outlined in this section works with out assumption. But
we are restricting ourselves to this case as it keeps the notation fairly simple
and transparent.

Let p: Gg — GL,(Q)) be a continuous irreducible representation. As G
is a compact group, it is easy to see, using continuity of p, that the image of p is
contained in a compact subgroup of the target. One can explicitly see this by
observing that Gq stabilizes a lattice L = Z7 C Q. Using this lattice we see
that we p is the composite of Gg — GL(L) = GL,(Z,) — GL,(Q)). In other
words we can arrange things in such a way that p has p-adic integer matrix
entries. So we can then reduce these matrices modulo p. Thus we obtain, a
representation p : Gog — GLy(Zy,) — GL,(Z/p). Such a representation p is
not in general unique and its construction depends in a rather strong way on
the choice of the lattice which was used to carry out the reduction.

However, it is standard fact that such representation p is unique (up to
isomorphism) if it is irreducible and its formation is independent of the choice
of the lattice.

Example 20.1. Let A(g) = > 72, 7(n)¢™ be the Ramanujan modular form
of weight twelve and level 1. Take p = 691. Then Ramanujan observed
that 7(n) = o11(n) mod 691. This congruence implies that the mod 691
representation associated to A is reducible. For more on the connection
between congruences between Fourier coefficients of modular forms and Galois
representations see Serre’s Seminar Bourbaki talk on the work of Swinnerton-
Dyer [39].

21. GALOIS REPRESENTATIONS ARISING FROM ELLIPTIC CURVES

Let E/Q be an elliptic curve over Q. Fix a prime p. One has a family of
Galois representations associated to F,p, given by the action of the Galois
group Gg on the p"-torsion points E[p"], which are denoted

(21.1) pro : Gg — GLo(Z/p")
It is not very difficult to verify that the composite homomorphism
(21.2) pEpn : Gg — GLa(Z/p™) — GLo(Z/p" 1)

is pppn-1. Such a system of representations can be assembled to give a
continuous representation (note our abuse of notation)

(21.3) pE,p : Gg — GLa(Z,).
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Theorem 21.4. Let E/Q be an elliptic curve and let Ng be its conductor.
Then

(1) pE,p is unramified for primes not dividing pNg and
(2) let ¢ /pNEg be a prime. Then
(21.5) det(1 — Xpg p(Froby)) = 1 — a; X + £X>.
where ag = L+ 1 — #E(Fy).

Remark 21.6. It is clear from the above theorem and Deligne’s theorem 18.1
that the representation associated to an elliptic curves looks like the repre-
sentation associated to a modular form of level Ng, weight 2 and x = 1.

22. THE SHIMURA-TANIYAMA-WEIL CONJECTURE

There are many equivalent definition of modularity of an elliptic curve.
We will restrict our attention to the line of thought which emerged in the
discussion at the end of previous section.

Definition 22.1. Let E/Q be an elliptic curve. We will say that F is a
modular elliptic curve if the representation

(22.2) pEp : Go — GLa(Zp)
if there exists a normalized new cusp form f on I';(N) such that

(22.3) ag(f) = ag(E)

for all but finite number of primes (not dividing the level), and where a(f)
is the ¢** Fourier coefficient of f.

Remark 22.4. By Proposition 18.4, we observe that pg , is isomorphic to the
Galois representation of f at p. Thus to say that F is modular is equivalent
to saying that ay(E) = £ + 1 — #(E(Fy)) are the eigenvalues of the Hecke
operators on a normalized Hecke newform of some level, of weight two and

x = 1.

It is a standard fact that if pg, arises from a modular form f for one
prime p then it does so for all primes p. Thus in this sense the definition is
independent of the prime p.

Conjecture 22.5 (Shimura-Taniyama-Weil). Every elliptic curve E/Q is
modular.

This conjecture is now a theorem of Breuil, Conrad, Diamond and Taylor,
Wiles [3] and its proof uses methods of [49], [46].
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23. SERRE’S CONJECTURE

Serre in [41] formulated a mod p version of a similar conjecture. This
conjecture of Serre still remains intractable.

In this section we will consider representations p : Gg — GLa(F,). Assume
that p is irreducible and continuous. Observe that continuity of p implies that
the image is finite and hence is contained in GL2(F,) for some finite extension
F,/Fp.

Definition 23.1. Let p be as above. We will say p is odd if det(p(c)) = —1 €
F, where ¢: Q — Q is complex conjugation.

We remark that if p = 2 then —1 = 1 so there is no restriction at p = 2.

Definition 23.2. We will say that p : Gg — GL2(F,) is modular if there
exists a new eigen cusp form f on I';(N) for some N > 1 such that p :
Gg — GL2 (F;) can be obtained by reduction the representation py, : Gg —
GL2(Ky,,) modulo p for some prime p|p in K.

Conjecture 23.3 (Serre). Let p : Gg — GL2(F,) be any continuous, irre-
ducible, odd representation of Gg. Then p is modular.

Remark 23.4. The condition that p is odd is necessary by Remark 18.5.

Serre also gave a recipe for computing the level, N(p) and the weight k(p)
and the nebentype €, of such a form. As a consequence of [5], [13], [19], [32],
[37] that if p is modular of some level weight and nebentype, then it does
indeed arise from modular form of weight and level predicted by Serre.

Remark 23.5. For our purposes it is sufficient to know that for a represen-
tation p : Gg — GLa(FF,) the predicted level N(p) is coprime to p and is
divisible only by prime ¢ # p which for which p is ramified.

24. FrREY ELrLipTIiC CURVES

Let A, B, C be pair wise coprime integers such that A+ B 4+ C = 0. Then
we can associate an elliptic curve to such a triple of integers. Let

(24.1) Eapc:y*=z(x— A)(z+ B)

For this curve we have A = 16(ABC)?. And hence as one of A, B, C' is even
we have

Lemma 24.2. For elliptic curve E4 pc we have p|A < p|ABC.

We now study the bad reduction of E4 p ¢ using Proposition 8.4. We
observe that ¢y = 16(A4% + AB + B?)
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Lemma 24.3. Let E = E pc be an elliptic curve associated to a triple of
integers A, B,C as above. Then E4pc has good reduction outside primes
p not dividing ABC. For any p|ABC, the curve E has semistable reduction
modulo p.

Proof. It is not difficult to verify that this equation is in fact minimal for
all primes p # 2. The proof is easy for p # 2. for instance if p|A then the
reduction looks like y? = 22(z+ B) mod p. (Note that ¢4 0 mod p as any
p|Ag divides exactly one of A, B,C). For p = 2 we have to do a little more
work. One essentially reduces to the case when A = —1 mod 4 and B = 0
mod 32. Then we can substitute

(24.4) r = 4X
(24.5) y = 8Y +4X.
Then the equation of E reduces to
(24.6) Y24+ XY = X3 +eX?+dX
where
B-—1-A
24.7 = —
(24.7) c :
AB
24. d = =

and then the reduction of £ modulo 2 is given by

X3 if A= d
(24.9) Y24+ XY = , 7 mods,

X3+ X% if A=3 mod 8.
This curve has distinct tangents over Fy and hence the reduction of £ modulo
2 is semistable at 2. O

Thus we get
(24.10) Nge = ] »
p|ABC
. 28(C? - AB)?

(24.11) B = —EpicT
Proposition 24.12. For p > 5 the representation
(24.13) PEp : GQ - GLQ(FP)

is irreducible and is unramified for primes not dividing ABC.
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25. FREY CURVES ARISING FROM FLT

Fix a prime p > 5. Let a”? 4+ b +cP = 0 be a nontrivial solution to Fermat’s
last theorem. We will assume that a, b, ¢ are pairwise coprime and abc # 0.
We will assume, without loss of generality, that ¢ = —1 mod 4 and b = 0
mod 4. If we set A = aP, B = bP,C = P then we get elliptic curves which
were introduced and studied by G. Frey (see [20], [21], [22])

(25.1) y? = x(x — aP)(z + bF)
26. ANALYSIS OF RAMIFICATION

In this section we analyze the ramification properties of the representations
p obtained from the Frey elliptic curves & = E5 g ¢ for A+ B+ C = 0. Let
p = pep : Go — GLa(F,) be the two dimensional representation of Gg
corresponding to its action on E[p].

It suffices to concentrate on primes ¢|(ABC') as p is unramified at primes p
not dividing ABC'. Fix a prime ¢|ABC. Then we know that E has semistable
reduction at /.

We will use Tate elliptic curves (see Section 11) to analyze the ramification
at £. For £ = 2 we will need a refined version of Theorem 11.17 to take care of
the possibility that the reduction type at 2 may be non-split semistable. But
the difficulties are mostly technical and I will suppress this issue completely.
The diligent reader is referred to [43].

By Tate’s theorem, we can replace F£ by a Tate curve F;, over Q. Note
that ¢y depends on E. In Remark 11.20 we had described E,[p] explicitly:

(26.1) qu [p] at {Cq;”/p‘cp =1and m € Z/p}

We can read of the ramification properties of p at ¢ from this description.

Proposition 26.2. Let {|ABC. Then the extension corresponding to Eg,[p]

is given by Qu(¢, ql}/p). In particular this extension is unramified for £ # 2,p
if and only if ve(qr) =0 mod p.

Proof. If ¢ # 2,p and vy(q/) =0 mod p then ¢ = Pu where u is unit in Zj.
Thus the extension is given by Qy(C, ul/ P) where € is a p*-root of unity and
{ # p and wu is a unit in Zy. Thus this extension is unramified at £. Conversely,

if Qu(¢, ql}/p) is unramified at ¢ then we see that g, is a p*" power up to a unit
in Zy. ]

One can also carry out the analysis at £ = p however, the extension is
ramified at ¢ = p. But the ramification is fairly controlled (Serre calls this
case peu ramifie) if and only if v,(¢) = 0 mod p. So we will make the
following ad hoc definition.
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Definition 26.3. Let p : Gg — GL2(F,) be a representation. We will say
that p is peu ramifie at p if the extension at p is given by Q,((, u!/P) where
¢ is a p'-root of unity and u € Z, is a p-adic unit.

We now apply this analysis to the Frey curve and deduce:

Proposition 26.4. Let a? +bP+cP = 0 be a solution to Fermat’s last theorem
such that a, b, ¢ are pairwise coprime and abc # 0 and let E be the Frey elliptic
curve associated to it. Then the representation

(26.5) p: Gg — GLy(F,)

is unramified for all prime £ # 2,p and for £ = p the representation is peu
ramifie.

Proof. The is immediate from the fact that A = (abc)? up to a power of 2
and vy(q) = v(Ag) and hence the result. O

27. FERMAT’S LAST THEOREM
Theorem 27.1 (Serre). Serre’s conjecture implies Fermat’s Last Theorem.

Proof. Serre’s conjecture 23.3 implies that the representation p : Gg —
GLy(F,) associated to the corresponding Frey elliptic curve is modular of
some level N(p), weight k(p) and nebentype x. If we follow Serre’s recipe
(see Remark 23.5) for calculating these invariants we see that N(p) = 2 be-
cause N (p) is divisible by only those primes ¢ # p for which p is ramified.
Thus by Proposition 26.2 we see that N(p) = 2. The fact that p is peu ramifie
at p gives that k(p) = 2 and recipe for nebentype gives and y = 1.

Thus the representation associated to the Frey curve arises from a newform
of weight 2, level 2 and nebentype 1. But it is known (and fairly elementary
to prove) that there are no such forms (see for instance [36]). Thus we arrive
at contradiction. This proves the theorem. [l
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