Gauss-Jacobi Sums and Stickelberger’s Theorem

S. A. KATRE

In this article we shall prove Stickelberger’s theorem using factorisation
of Gauss sums. This theorem tells us about certain elements of the integral
group ring of the Galois group of an abelian number field which annihilate the
ideal class group of the number field. We shall then apply Stickelberger’s
theorem to prove Herbrand’s theorem. Herbrand’s theorem is a stronger
version of Kummer’s theorem : “p | h(Q((p)) = p | some Bernoulli number”.
Our main reference is [8].

§ 1. Gauss and Jacobi Sums

Let p be an odd prime and ¢ be a power of p. Let F, be the finite field
of g elements. Let (, be a fixed primitive p root of 1. The Galois group
Gal(FF,/IF,) is cyclic generated by the Frobenius automorphism oy, of F, given
by x — zP.

For ¢ = p/, let Tr : F, — F,, be the trace map, Tr(a) = a+aP+- - taP’
Then for g(z) =z 4+ 2P + -+ 2P ' € F,x],

For every a € Fy, a? —a = 0, so for every i € F),, g(x) — i has pf =1 zeros
in F,. This shows that Tr is onto. Hence ¢ : F, — C*,¢(x) = C;,rr(w) is
a well-defined nontrivial additive character of F,. Let x : F — C* be a
multiplicative character of F;. Extend x to all of Fy by setting x(0) =0
(even if x is the trivial character'1). As x9~! =1, the order of y is coprime
to p.

Definition 1 Let x, x1,x2 be multiplicative characters on F,. The Gauss
sum corresponding to x is defined as

9() ==Y x(a)i(a).

aclFy

!This convention is different from the one in the article of S. D. Adhikari [1] in these
proceedings, where 1(0)=1. Also the definition of Gauss and Jacobi sums in [1] differs
from ours in sign.
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The Jacobi sum corresponding to x1 and x2 is defined as

J(x1, x2) ZXI a)xz2(1 — a).
aclF,

Proposition 1 (a) ¢(1) =1,J(1,1) =2 —q.

(b) If x, x1, X2 have orders diwviding m then g(x) € Q((np) and
J(x1,x2) € Q(¢m)- 9(x) and J(x1,x2) are algebraic integers.

(c) J(1,x) =J(x, 1) =1 if x #L.
(d) g(x) = x(-1)g(x).-
(e) J(x,x) = x(=1) if x #1.

g % = J(x1x2) if xix2 #1.

9(x)9(xX) = x(—1)q if x #1.

Thus if x1, x2 are characters of order dividing m, then
9(x1)9(x2)/9(x1x2) is an algebraic integer in Q((pm)-

(g) If x #1,9(x)9(x) = ¢-
If x1, X2, x1x2 #1, J (x1, x2)J (X1, X2) = ¢-

(h) If x™ is trivial and (b ,m) =1,

b
9P = % € QGn)

where oy, € Gal(Q(Cm, (p))/Q is defined by ¢ — Cp and G — ¢,
In particular taking b=1+m, g(x)™ € Q({n)-

1) 9(x?) = g9()-
Proof.
(© For x A1, J(0T) = = X0l - ) == Ex (757 ) = x(-)
c#1

) gx)glx2) = ZXl(a)X2(b)¢(a+b)
a,b
= S wl@)elb— a)b(b)
a,b
= Z x1(a)x2(b—a)yp +ZX1

a,b
b0

= 5]+ 59 say.
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If X1X2 7&1, SQ =0. If X1X2 :]_7 SQ = Xl(—l)(q — 1)
In S1, put @ = be. Then

Si=Y xidxe®)xa(@)xa(l =)o (b) = glxix2)J (x1, x2)-
b, c
b#£0

If x1x2 = 1, S1 = g(1)J(x1,X1) = x1(—1) and so g(x)g(x) = x(—1)q.

() First, g()% = g(x")- Also, if for (¢,p) = 1,7 € Gal(@(Gm, ()/Q) is
defined by (m = Gn, §p = (5, then g(x)™ = x(c)~tg(x) and similarly for

b*O’b

g(x?). Hence 7, fixes g(x)
i) 906" == ¥ @™ = => " x (@)™ = g(x). O

§ 2. Stickelberger’s Theorem.

Let ¢, denote a primitive m'™" root of unity. Let M/Q be a finite abelian
extension, so by Kronecker-Weber theorem, M C Q((,;,) for some m. Assume
m minimal. G = Gal(M/Q) may be regarded as a quotient of (Z/mZ)* =
Gal(Q((n) /D).

For (a,m) = 1,0, denotes the element (,, — (% of Gal(Q(()/Q) as
well as its restriction to M. For € R, let {z} = the fractional part of z,
sox —{x} € Z and 0 < {z} < 1. Define the Stickelberger element ¢ in the

group-ring Q[G] by

0=0(M)= Z {%}051: Z %051.

a (mod m) 1<a<m
(a,m) =1 (a,m) =1
Let I(M) = Z|G] N 6Z]G| consist of Z][G]-multiples of 6 which have integer

coefficients. Then I(M) is an ideal of the group-ring Z[G] and is called the
Stickelberger ideal. Clearly, mf € I(M).

Lemma 1 Let I' be the ideal of Z|G] generated by all the elements of the
form ¢ — o, with (¢,m) = 1. Equivalently I' is (finitely) generated by m and
¢ —oc with (¢;m) =1, 1 < e <m. Let p € Z|G). If B € I' then 0 € Z|G),
so that I'0 C I. If, moreover, M = Q((p,), then I =1'6.

Proof. We have

o= 5 ({2} (2] o

a
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This is in Z[G], as c{g}—{%} = .2 & (mod 1)
m m m m
= 0 (mod1).

Hence ' C 1.

Note also that m = (1 4+ m) — o144 € I’, so that I’ is generated by m
and ¢ — o, with (¢,m) =1, 1 <c<m.

Next consider the case M = Q((,,). Suppose

)" w4040 € Z[G),

C

where z, € Z. The coefficient of identity in ( Zmaaa) (Z {—} acl> is
a C

m

Zxa{g} and this € Z. Hencera-gisinZ, i.e. m|2xa-a, SO
m m

a

that Zxa-ael’. HenceZxaaa:Zxa(aa—a)—i—ZwaaeI'.

Thus I C I'6. O

Example. The above result I = I'f is not necessarily true for a proper
subfield of Q((n). Let M = Q(v/3) = Q(¢;5+C¢1a) (the maximal real subfield)
C Q(¢y3)- Then on M, 01 = 011 = 1 and 05 = o7 = o0, say. Then
O(M) =1+ o itself is in Z[G], i.e. 1-6 € Z|G], so 6 € I. But I’ is generated
by 5—0, 7T— o0 and 11 — 1 i.e. by 2 and 1 + o, hence I'0 is generated by
20 and 6% =2+ 20 =260 1ie. by20. Hence 0 =140 ¢ I'0, ie. I'0 G I.

This example also tells us that although 0 corresponding to a cyclotomic
field does not belong to the corresponding Stickelberger ideal, 6 correspond-
ing to a proper subfield M of Q((,,) may belong to I(M).

Action of Z[G] on ideals and ideal classes : If x = Y w,0 € Z[G], then x
acts on ideals of M by

AT = TI(A%)"

This also gives rise to an action on ideal classes.

Stickelberger’s Theorem. The Stickelberger ideal of an abelian number
field M annihilates the ideal class group of M. In other words, if A is an
ideal of M and x € I(M), the Stickelberger ideal of M, then A* is a principal
ideal of M.
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§ 3. Prime Factorisation of Gauss Sums.

Let p be an odd prime and let ¢ = pf be a power of p. Thus p/ = 1
(mod ¢ — 1) with f least. Let P be one of the ¢(¢ — 1)/ f prime ideals of
Q(¢;-1) lying above p. Now Z[(,—1] (mod P) is a finite field of p/ elements.
Also the (¢ — 1) roots of unity are distinct (mod P). There is a group
isomorphism

w=wp:Ff —(q— 1)** roots of 1

satisfying for a € X, F, = Z[(,1]/P,
w(a) (mod P) = a.

i.e. w(a) is that (¢ — 1)** root of unity which lies in the coset (mod P)
corresponding to a. Then w is a character on Fy called the Teichmiiller
character (corresponding to P) and it depends upon the model of I, given by
Z[C4—1]/P- The character w : (Z[¢;—1]/P)* — Q((;—1) can thus be described
by saying that for 8 € Z[(;—1],w(B+ P) is that unique root of unity Cg_l for
which ¢¥ ;| =3 (mod P).

As F is cyclic, the characters on IF¢ form a cyclic group. Now, w(Cg—1+
P) = (4—1, so w has order ¢ — 1, i.e. w generates the character group on Fy.
Any character on F; may be written as w™® for an integer « (mod ¢ — 1).
We now obtain a factorisation of the Gauss sum g(w™*) in Q((4—1,(p)-

Since g(x)g(X) = ¢ for any character x #1 on FJ, any prime divi-
sor of g(w™®) for &« # 0 (mod ¢ — 1) comes from a prime divisor of p in
Q(Cg—1,Cp). p has ¢(¢g — 1)/ f distinct prime divisors in Q((y—1) (¢(.) being
the Euler ¢ function) and p totally ramifies in Q((p), (p) = (1 —¢(p)P~1. As
(p,q — 1) = 1, the cyclotomic fields Q(¢,—1) and Q((,) are linearly disjoint,
and so a prime of Q((,—1) lying above p totally ramifies in Q((4—1,(p)-

Let P be the (unique) prime of Q((4—1,¢p) lying above P. For a € Z,
we want to know the exponent, say s(«), of the power of this prime ideal P
occurring in g(w™%). We have that

s(a) = vp(g(w™)) depends only on o (mod g — 1).

We shall show that s(a) = the sum of the digits of @ when « is expressed
in base p. In terms of the function s we can also obtain the exponents cor-
responding to other prime ideals in Q({;—1,(p) occurring in g(w™®) and this
will give us the prime ideal decomposition of g(w™) in Q(¢4—1,(p)-

Lemma 2 Let o, ( € Z.
(a) s(0) =0.
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Proof. (a) : g(w™ ) =g(1) =1.
(b) and (c) : By Prop. 1(f) g(w™ ) g(w™?)/g(w™*P) is an algebraic integer
in Q(¢y—1). Also P = PP~L, so the values of vz on Q(4—1) are divisible by
p—1.
(d) = g(x") = 9(x)-
(e) : As g(w™¥)g(w®) = +q = +p/, we get

s(0) +s(g—1-a) = vp(p!) = (p—1)/.
Adding for « =1,2,---,q — 2 gives the result. O
Lemma 3 s(o) >0 if a0 (mod ¢—1). s(1) =1.

Proof. Asm=(,—1€P, (,=1 (mod P), so

- Zw_o‘(a)CpTr(“) =— Zw_o‘(a) (mod P).

But Z w ¥a)=0,as a Z0 (mod ¢ — 1). Thus g(w=*) = 0 (mod P).
aclF,
Hence s(a) > 0. Next,

@) =~ w )]
= —Zwila 14 )t ——Zw a)(1 4 ©Tr(a)) (mod P?)
= —wa L(a)Tr(a) (mod P?).

Regarding F, as Z[(;—1] (mod P) and noting that a +— a” generates the
Galois group of Z[(;—1] (mod P) over Z/pZ, we have Tr(a) = a+aP+---+
a” ™" (mod P). Hence

Zw a)Tr(a) = Z ail(a—l—ap—i—---—i—apfil)(mod P).
aE]Fq a;é 0
a (mod P)

For 0 <b < f, 3.2 a?’"1'=0 (mod P),
so this sum reduces to Z l=¢g—1=-1 (mod P).
a0
This gives g(w™!) =7 (mod P?).

But Q(¢g-1,¢p)/Q((p) is unramified at 7. So s(1) = vs(r) = 1. O
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Proposition 2 Let 0 < a < g — 1 and let the base-p expansion of a be
a:a0+a1p—i—---—|—af_1pf_1, 0<a; <p-—1. Then

s(a) =ap+ar+---+ap_q.

Proof. We have, s(0) = 0. As s(1) = 1 and 0 < s(a+ 3) < s(a) + s(B),
and s(a+ ) = s(a) +s(8) (mod p—1) we get s(a) =afor 0 <a <p-—2.
This gives the result if ¢ = p. If ¢ > p, consider s(p — 1) < p— 1 and as
s(p—1)>0and s(p—1)=p—1 (modp—1), weget s(p—1)=p—1.

Also s(a) < s(ap) + s(a1p) + -+ + S(af_lpffl)
= s(ag) +s(ar1) +---+s(af_1)
= ata+--+ap.

Now as « runs over the integers from 0 to ¢ — 1, inclusive, each coefficient

in the base-p expansion takes each of the values 0,1, ---,p — 1 exactly p/ !
times, so

& plp— 1) p—1

D (aot - apy) = =——fp' "t =——Fq

a=0

Asq—1=(p—-1+@p-1p+--+(p—1)p/t omitting a = ¢ — 1 we get

= ) p-1 &3

> (ap+tapa) =S5—fe— (0= Df = (@ -2f—— =) _s(a).

a=0 a=0
Hence the result follows. O

In summary, given a prime divisor P of p in Q({;—1) and given the
corresponding Teichmiiller character w = wp,

vp(g(w™™) = s(a)=ao+a+-+ap
=  the sum of digits of o in its base-p expansion.

We now get the prime ideal decomposition of a Gauss sum g(x).

Let m be a fixed positive integer, p a prime, (p,m) = 1. Let f be the
order of p (mod m), so m divides pl —1=¢—1. Let p, be any fixed prime
of Q(¢n) lying above p. Let @, be the unique prime of Q((, (p) lying above
©0, 50 GoP 71 = ,. Let Py be a prime of Q(¢,—1) lying above p,, and let Po
be the prime of Q((,—1,¢p) lying above Py (and ).

Let w = wp, be the Teichmiiller character on F, corresponding to Pp.
Let x = w™?, where d = (¢ — 1)/m. Then Y is a character on F, of order
m associated with the Teichmiiller character w obtained from Py. It may
be observed that x depends only on g, and it is in fact the reciprocal of
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the character w? = w@ /™ which can be identified with the m*™ power
residue character associated with @, under the natural isomorphism [F, =
Z|Cq-1]/P = Z[Gn]/90- (See [1].) L

Now x™ =1, s0 g(x) € Q(¢m,¢p). Since g(x)g(x) = ¢ = p/, the fac-
torisation of g() involves only primes of Q((n,(p) above p, ie. the con-
jugates over Q of @,. For (a,m) = 1, let o4 : (n — (2 be the element of
Gal(Q(¢m)/Q). For each such a, fix an extension of o, to Q(¢;—1,(p) such
that (J* = (.

Q(qula Cp) 750

RN

Q(Cq—l)g /@(Cman) @0
|@(Cm) o
Q p

As (p,m) = 1, p is unramified and the decomposition group for p in
(Z/mZ)* is the cyclic group generated by p (mod m), thus it is represented
by {1,p,---,p/ 1}

Let R denote a set of representatives for (Z/mZ)* modulo this decom-
position group. Then {pJ* ' | a € R} is the set of conjugates of p,. Now @,
is the unique prime of Q((,, (p) lying above g,. Hence, the conjugates of @,

_ gq—1
— Tm

are @0"‘;1,@ € R Let g = pNO(’a_l be any of these. Then for y = w™ %, d
v6(9(X)) = V6, (900)7) = v, (g(x*)) = vp,(9(X")) = v, (9(w*?)) = s(ad),
noting that vg, = Up, as Po /§o is unramified. We have thus proved

q—1

Proposition 3 For y =w™ % d= 2", (g(x)) = K}OER s(ad)og

Arguing as above we also have,

Proposition 3'.(Prime factorisation of Gauss sums) For k # 0 (mod m),
(90 = g

§ 4. Proof of Stickelberger’s Theorem

We first obtain a factorisation of (g(x)™) in terms of the Stickelberger ele-
ment 6. Recall that g(x)™ € Q((m) as x™ = 1.
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In the following lemma we have an alternative expression for the sum
s(h) of the base-p digits of an integer h.

Lemma 4 Let 0 < h < q—1. Then

s = (o - 1)?2_61 {21

Proof. Let h =ag+a1p+---+ af,lpffl, be the base-p expansion of h.
Then

p'h=aop’ +arp™t 4+ +ap1pt (mod (g —1)).
As h < q — 1, some digit a; < p—1, so RHS < ¢ — 1. Hence

Summing over ¢, we get

/-1 zh 1 J-1 _ 1 =
R I

=0 i=0

This gives the result. O

Proposition 4 If x = x,, is the reciprocal of the m'™ power residue char-
acter corresponding to a prime p, of Q((m), lying above p, then

. Z a<m,(a,m)= aagl

(i) (gOO™) = gy = gy ==

as ideals in Q((nm)-

(ii) (Prime factorisation of Jacobi sums) Let j, k be integers such that

Jk(j 4+ k) £ 0(mod m). Let

T8 (- )

a (mod m)
(a,m) =1

Then (J(x7,x")) = oot as ideals in Q(¢m)-

Proof. We have, by Lemma 4,

s(ad) = s(a® 1) = (p - 1)]'0_1{@}.

Hence by Proposition 3,

m s(ad)o; ! m(p_l)Z{:_olzR % 0'(;1
(G0)™) = g Ensedt _ o {2} |
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As g7 = o, and ,i(0) = po (since p’ € the decomposition group of ,),

m mz mod m m)= % 0_1 m 3 ]
we get (g(x)™) = g, 0 omed ) damden” _ e as ideals in Q(Cm, Gp)-
Due to unique factorisation of ideals in Q(¢), (g(x)™) = e holds also
in Q(¢m)- .
. Ja — i\m mb;
Next write 6; = ) {E} a, ' Then as before, (9(x7)™) = g0 .

a (mod m)
(a,m) =1

Let j, k be such that j,k,j + k #Z 0 (mod m). Then
) _ (.] + k)a Jja (ka 1
m93+m9k—m0]+k—m Z <|:T - E - F Oqa
(a,m)=1
so that, using Prop. 1(f),
(J(Xj, X’“)’”) = pu"7*, where 0, € Z[G.

Hence (J(x?, x*)) = pgj’k, by unique factorisation in Q((,). O
Remark : The above proposition shows that if g, is a prime of Q({,,) such
that g, / m, taking p to be the prime of Z lying below g,, o™ and pgj’k are

principal in Q(().
We next prove such a result for an abelian number field. We first have

Proposition 5 Let M be a subfield of Q((p,). Let A be an ideal of M such
that (A,m) = 1. Let § = O(M). Then A™ is principal in Z[(y). Further,
for B € Z|G), A% is principal in Z[().

Proof. Let A be an ideal of M C Q((;,) such that (A,m) = 1. Write
A =[] i, gi being prime ideals of Q((,,) not necessarily distinct. Let p; be
primes of Z lying below g;. Let P = the square-free part of [ [ p;.

Then, by Proposition 4, A™? = [] ™ is principal in Q((mp).

Extending elements of Gal(M/Q) to Gal(Q(¢np/Q) by fixing (p, we
assume that mé € Z[Gal(Q(¢np)/Q)].

Let g, be the character of order m on the finite field Z[(,,]/p; defined
using @;. Then g(xp,) € Z[Gnp,] and as ideals of Z[(p],

A™ =TT = T1(g9(xe)™) = (™) where v = [T9(xe:) € Z[Gmp).

As each g(xp,)™ € Z[(m], A™ is principal in Z[(,,] itself.

Next suppose 8 € Z[|G|,G = Gal(M/Q) such that 80 € Z[G], 6 being
the Stickelberger element for M. Then, as above, extending the elements of
Gal(M/Q) to Gal(Q((np)/Q) assume that 4 € Gal(@(Gmp)/Q).

Then

Amﬁ@ _ (AmG),B _ (,.Ym),@ — (’Yﬁ)m

as ideals of Z((mp).
We next prove that 42 in fact € Q((), so that A% is principal in Z[(,,].
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Firstly, 77 = ()7 € Q((m) and (y77) = (7)™ = (A%)™ is the m'™
power of an ideal of Z|[(,].

If o is a prime ideal of L = Q((,,) such that (p,m) = 1, locally, (y™?) =
(Wg“),t > 0,7, being a local uniformizer. So A8 = ewg“, € being a local
unit. So P = El/mﬂ'é). This gives Ly,(7?) = L, (¢}/™) as a Kummer extension
of L, where 7, fe. Hence the extension is unramified. Thus Q(¢m,v?)/Q(Gn)
is unramified at g.

Also Q(Cm) € Qs v?) € Q(Gm, Cp), so ramification can occur only at
primes dividing P. But (P, m) = 1, so the extension is unramified.

In view of the following lemma , we see that v° € Q(¢m) :

Lemma 5 Let m,n > 1 and m|n. If K/Q((y) is unramified at all primes
and K C Q((), then K = Q(Gn)-

Proof. Let p be a prime dividing n/m. Then Q((mp)/Q(¢n) is totally
ramified at the primes above p. Hence K NQ((mp)/Q (&) is totally ramified
and unramified at a prime above p. Thus, KNQ((mnp) = Q(Gn)- So K (Cmyp) -
Q(Gmp)] = [K : Q(¢m)]- Now a lift of an unramified extension is unramified at
all primes. Hence we can argue similarly with m replaced by mp. Continuing
like this, finally,

[K 2 Q(Gm)] = [K(Cn) = Q)] = [Q(Cn) = QGn)] = 1.
Hence K = Q((pn). O

Next to prove that 7% € M. Let g; be a prime divisor of A in Q(,). Let
p be the rational prime lying below ;. Let ¢ = p/ where f is the residue
class degree of p;. Let P be a prime of Q((4—1) lying over p;. Now x,,, can
be defined in terms of P and hence write x, = xp.

Let 0 € Gal(Q(¢4—1)/M). Then o gives rise to a map

0 : Z|¢4—1] (mod P) — Z[(4—1] (mod P?),

and we have, if xp(a) = ¢, then xps(a) = (7. Thus xps = x%. But x3 = 1,
so xpe = xp for 0 € Gal(Q({4—1)/Q(¢m)). Thus xp depends only on g;, so
we can in fact use the notation x.,.

As above, for o € Gal(Q(¢m)/M), X7, = Xe7- Extending o to Q((mp) by

letting ¢y = Cpy 9(xp:)” = 9(XF,) = 9(Xpg)- Now for o € Gal(Q(¢m)/M),
A% = A, so o permutes all the prime divisors p; of A in Q((,).

Hence
797 =TT otxe)® =[] 9lxps)? ="

But already 77 € Q((,,). Hence v € M. So A% = (47) is principal in M.
Finally, let A be any ideal of M. Write A = BC where (C,m) = 1 and
a prime p divides B if and only if o divides (A,m). By approximation
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theorem, first get an integer b € M such that for every prime divisor g of m
in M, v,(b) = v,(A), so that (b) = BD with (D, m) = 1. Now there is an
ideal E of M such that (F,m) =1 and DF is principal = (c¢), say, where c
is an integer in M. (Use the factorisation in M of primes below D.) Then,
(b)CE = BDCE = ADE = A(c). Take Ay = CE and a = b/c. Thus we
have A = (a)Ay, with a € M, and (A1, m) = 1. Then A%% = (aﬁe)AfG, which
is principal. This completes the proof of Stickelberger’s theorem .

(For a simpler proof of Stickelberger’s theorem in the case of the full
cyclotomic field Q((,,), see the article of C. S. Yogananda [9].)

§ 5. Herbrand’s Theorem

Herbrand’s theorem is an interesting application of Stickelberger’s theo-
rem for the cyclotomic field Q((,). Herbrand’s theorem and its converse
characterise the Bernoulli numbers B, By, - - -, Bp_3 divisible by p in terms
of the structure of the p—Sylow subgroup of the ideal class group of Q((p).

Bernoulli Numbers. The Bernoulli numbers B, n > 0, were first defined
by Jakob (James) Bernoulli (1654-1705) and were so designated by L. Euler.
They are defined by the exponential generating function (the series being
convergent for |t| < 27)

o0

t o _ gl
et —1 Z "nl’
n=0
tlet +1) ¢ etl? 4 e~t/2
We haVe, et—1+§ — 2(et—1) _§'et/2_6_t/27
which is an even function of t. Hence By,_1 = 0 for k > 2. First few values
1 1 1 1 1
f B : Bp=1, Bj=—=, Bo=—-, Byj=——, Bg=—, Bs=——
© "age 0 ’69i 2’ 72T 6 T T30 TP T a4 BT T30
By = 56’ By = ~ 3730 By = 6 These can be successively obtained from

the recurrence relation for Bernoulli numbers viz.
m—1
m+1
VB, = — By.
e+ 1B == 3 (")

Bernoulli proved that the sum S,.(n) of " powers of first n natural numbers
is given in terms of the B,, as

1 1 1
(r+1)S,(n) =n"t - <T—: >Blnr + (r—;— >B2n7"_1 +--+ <Tj: >Brn.
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Euler obtained the values of the Riemann zeta function ((s) at positive even
integral values of s in terms of Bernoulli numbers as

2n—1
n+1 2 Ban 2n

¢(2n) = (~1)

(2n)!
Thus the even-indexed Bernoulli numbers are nonzero and they alternate
L n. " Boy, 1 /n\2n-1
in sign. As ((2n) > 1 and €" > — we get | =—| > — (—) , so that
n! 2n em \em

B

n
|—| — o0 as n — oo, ( n even).

It was proved by Von Staudt Clausen that the denominator of a Bernoulli
number B,,, with n positive and even, is square-free. More precisely, he

1
proved that for n even > 0, B,, + Z — is an integer, (thus 2, 3 always
(p—1)In
appear in the denominator of each such B,). (See [2], [4], [6].)
Exercise. If n = 2¢q where ¢ is a prime of the form 3k + 1, then B, = %
(mod 1).

One also has the following congruence for Bernoulli numbers :

Kummer Congruence. Suppose m,n are positive even integers such that
m=n%0 (mod (p—1)). Then

More generally, if m,n are positive even integers and
m=n (mod (p—1)p*) and n #0 (mod (p — 1)),
then B B
1— m_l—mEl— n—1\y—n da+1.
(L =p™ )= = (1 —p")—= (mod p*7)
as n — oo, ( n even.)

A prime p is called irregular if p| B; for some j = 2,4, ---,p—3. Otherwise
p is called a regular prime.

As |—=| — oo with n (n even). Suppose p1,---,p, are irregular primes
n
B
and N is large so that m = N(p;; —1) - -+ (p, — 1) satisfies |——| > 1. Let p be
m

B
a prime in the numerator of —. Now (p; — 1)|m, so all the p; appear in the

denominator of b,; so p # p; for all i. Also (p—1) f m, for otherwise p would
be in the denominator of B,,. Let m' =m (modp—1), 0 <m’/ <p—1.
Then by the Kummer congruence, p|B,,. Therefore p is irregular. This
shows that the number of irregular primes is infinite. At present it is not
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known whether there are infinitely many regular primes or not. However,
numerical evidence (W. Johnson) and probabilistic arguments (C. L. Siegel)
indicate that about 61% of all primes are regular.

Kummer proved that if p f the class number h of Q((,), then the equation
aP + yP = 2P has no positive integral solution. (See [6], [7].)

Using his results on the class number formulas for cyclotomic fields, Kum-
mer also proved that the condition pf h(Q((p)) is actually equivalent to the
regularity of p, i.e. p) Ba, By, -, Bp_3. (See [6].)

Generalised Bernoulli Numbers. A Dirichlet character (mod n) is a
multiplicative homomorphism y : (Z/nZ)* — C*. If n|m, it induces a ho-
momorphism (Z/nZ)* — C* by composition with the natural map from
(Z/mZ)* — (Z/nZ)*. We choose n minimal which induces such a Dirichlet
character (mod m) and call n to be the conductor of the character denoted
by f or fy.

The character x (mod 8) defined by x(1) = x(5) =1 and x(3) = x(7) =
—1 has conductor 4 as it can be induced from the character (mod 4) defined
by x(1) = 1,x(3) = —1, and 4 is minimal. The character (mod 6) defined
by x(1) = 1,x(5) = —1 has conductor 3 as it can be induced from the
character (mod 3) defined by x(1) =1, x(3) = —1, and 3 is minimal.

Given a Dirichlet character x of modulus and conductor f, the generalised
Bernoulli numbers B, , are defined by

! x(a)te® & B "
D o1 = 2 By
a=1 n=0

For x =1, the character of conductor 1, we have

nl et—1 e -1

when we have By 1= %,Bl = —%. Also note that if x #1, 2521 x(a) =0,
and hence,

- " et t
Z B,1 — = = +t. Thus B, 1 = B,, except when n =1,
n=0

._.
~
&
L
=
|
=

f
i) Biy = %Zx(a)a.
a=1

Let G be a finite abelian group and G its character group. Let R be a
commutative ring with unity which contains the values of all x € G and in
which |G| is invertible (e.g. R = Q). For x € G, define
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Ex = ﬁ Z x(o)o~! € R[G].

oeG
Then we have

(a‘) 83{ - €X7

(b) €X€¢:01fx7éwa

(c) 1= ng )

xed
() exo = x(o)ey.

ey are called as the orthogonal idempotents of the group ring R[G]. Let
M be a module over R[G]. Let M, =&, M. Then

exMy =2 M = e, M = M,.

Using 1= zxe@ €y, we see that M = Z M, . Next suppose 0 = Z m, with

X
my € M. Then as m, = e,m) with m} € M, multiplying by ¢, we get
0 = eymy, = my. Hence M = ©M,. Also for o € G, and m, € My, writing

_ !/ : /
my = &y my, with my € M,

omy = aaxm;( = X(a)sxm;( = x(o)my,.
Thus for the action of ¢ € G on the R[G]-module M, the elements of M,
are eigenvectors with eigenvalue (o).

Now let R = Z,, the ring of p-adic integers. Let G = Gal(Q({,)/Q) ~
(Z/pZ)*. As Zp D Zy) (the localization of Z at p), |G| = p — 1 is invertible
in Z,. Also Z,, contains all the (p— 1)** roots of unity and these are congruent
(mod p) to the elements 1,2,---,p—1. G denotes the group of characters of
G with values in Z[(p).

Write elements of G as o4 : ¢, — (5, (a,p) = 1. Define w € G as
follows. Write for convenience w(o,) as w(a). For a € (Z/pZ)*,ais a (p—1)5
root of unity. Define w(a) to be the (p — 1)** root of unity in Z,, which
comes from a; i.e. w(a) is such that w(a) = a (mod p). Then w € G and
G = {w'|0 < i < p—2}. Then the orthogonal idempotents of Zp|G) are

1 =
€ = €, :Zfl wia)o,,0<i<p—2.

a=1
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Define
1 A -0
; _ —0_1
c - Tas S (T e)a -
7 odd a=1 \7 odd
and
14+0_4
Ey = Z&’Z’: B .

i even

Then for any Z,[G]-module A, A=A~ ® A", where A~ =e¢_A and
A+ = €+A.

15
Let 6 = ];Zaaa_l be the Stickelberger element for Q(¢,). Using (d)

a=1
above, we get,

1542
gl = -— Z aw'(a)e; = By ,-i€;
p a=1

and ei(c—0)0 = (c—w'(c))By g
Any abelian p-group A is a Z,-module by the action (Z bip’)a = Z b;(pa),
=0 =0

since the latter sum is finite.
From now on, let A be the p-Sylow subgroup of the ideal class group

of Q(¢p). Then the Galois group G also acts on A, so A is a Z,[G|-
p—2

module. Write A = EBA“ where A; = ¢;A. By Stickelberger’s theorem,
i=0

for (¢,p) = 1,(c — o.)0, which is in the Stickelberger ideal of Q((,), anni-

hilates in particular A, and hence each 4; = &;A. Thus, (¢ — w'(c))By ,-i

annihilates A;.

Note. pf =3, )1 aoyt and (p— 1)e; = > (ap)=1 w(a)o;t. As w(a) = a
(mod p),pf = (p—1)e; (mod p)). As A; are p-groups, it may be possible to
accept that pf annihilates A; for i # 1. We require Stickelberger’s theorem
to conclude that pf annihilates Aj.
Consider 0 <i <p— 2.

Case 1. If i # 0 is even,

1 s 1 1 _;

Biyi== Y wi@a==-5 > wia){at+(p-a)}=0,
p, —~ p 2
(a,p)=1 (a,p)=1

so we do not get any information in this case.

1
Case 2. It i =0,B;1 = 3 SO 0;21 annihilates Ag.
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Taking some 1 <c<p—1, % is invertible in Z,, so Ag = 0. This is other-
wise obvious, because Ay = ¢gA and ¢y = Norm/(p — 1).
Case 3. Let 7 be odd. Suppose i = 1. Let ¢ =1+ p. Then

p—1
(c—w(€)Bryr = pByy1 = 3 aw (@) =p—1#0 (mod p),

a=1

so (c—w(c))By -1 is unit of Zy, so that A; = 0. Next suppose i # 1. Choose
an integer c (e.g. a primitive root mod p) such that ¢ # ¢! = wi(c) (mod p).
Then ¢ — w'(c) is a unit of Z,, so By ,-i is in Z, and it annihilates A;. This
gives

Proposition 6 A9 = Ay = 0. Fori = 3,5,---,p—2,By,- € Zy and it
annihilates A;.

Herbrand’s Theorem. Let i be odd, 3 <i<p—2. If A; #0, then p | the
Bernoulli number By,_;.

Proof. Suppose A; # 0. Then B; ,,— must be a non-unit in Z,, i.e. By ,-i =
0 (mod p). Now it can be proved that (see Cor. 5.15, [6]) if n is odd and

B
n # —1 (modp — 1), then By = Ti (mod p), and both the sides
n

B
are p-integral. Hence, By ,,—i = —— (mod p), Hence p|Bp,_;. This proves

Herbrand’s theorem. O
The converse of Herbrand’s theorem is

Ribet’s Theorem. Let i be odd, 3 <i <p—2. If p|B,_;, then A; # 0.

For an elementary proof of Ribet’s Theorem see Chapter 15 of [6]. See
also [5]. For irregular primes, Herbrand-Ribet give a piece-by-piece infor-
mation about which Bernoulli numbers are divisible by p in terms of the
Zp|G]-module structure of the p-Sylow subgroup of the ideal class group of
QG).

The number i(p) of Bj,j = 2,4,---,p — 3, which are divisible by p is
called the index of irregularity of p. As a consequence of Ribet’s theorem
we get that the p-rank of the ideal class group of Q((p) (i.e.the number of
summands when A is written as a direct sum of cyclic groups of prime power
order) is at least i(p), i.e. the number of Bernoulli numbers divisible by p.
Vandiver’s Conjecture. This conjecture says that p / h™(Q((,)), the class
number of the maximal real subfield Q(¢,)* of Q(¢). The conjecture has
already been checked by computer for all primes up to 4,000,000 and even if
it is false it is expected to hold for most primes.
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It is known that if Vandiver’s conjecture holds, then the p-rank of the
ideal class group of Q((,) equals the number of Bernoulli numbers divisible
by p. (See also the article of E. Ghate [3].)

Acknowledgements. 1 thank S. V. Kanetkar and Vijay Patankar for carefully
going through the article and Dinesh Thakur for suggesting this topic for
my lectures.
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