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§1 Bezout’s Theorem

(1.1) Proposition Let O be the local ring of an affine or projective plane curve at a point
P on the curve. Then P is a simple point of this curve if and only if O is a DVR.

Proof. It is enouugh to do the affine case. We may assume that P = (0,0). Then O =
R./(f), where R =k[X,Y], m = (X,Y) and f = 0 is an equation of the curve.

Suppose P is a simple point. Then the degree one component of f is nonzero. We
may assume that the coefficient of X in this component is nonzero. Then we can write
f=Xg(X)+Yh(X,Y) with g(X) € k[X], g(0) # 0 and h(X,Y) € R. Since g(X) is a unit
in the local ring Ry, we get X € (f,Y)Rn, whence mR,, = (f,Y)Rn. Therefore the maximal
ideal of O is principal (generated by the image of Y') showing that that O is a DVR.

Conversely, suppose O is a DVR. Choose ¢ € R such that its natural image g € O
generates the maximal ideal of ©. Then mR, = (f,g)Rn. Now, since dimymR,,/m*R,, =
dimym/m? = 2, it follows that f & m?. So the degree one component of f is nonzero, showing

that P is a simple point. Il

(1.2) Proposition If the affine plane curves f = 0 and g = 0 have no common components
then their intersection is a finite set.
Proof. By assumption we have ged (f,g) = 1 in k[X,Y]. Therefore, by Gauss Lemma,
ged (f,g) = 1 in k(X)[Y], which is a PID. Therefore there exist a, 8 € k(X)[Y] such that
af + fg = 1. Writing o = p/r and g = ¢/r with p,q € k[X,Y], r € k[X], r # 0, we get
pf+qg=r.

Now, let (a,b) € f Ng. Then r(a) = 0 by the previous equality. Thus the first coordinate
a is a zero of the nonzero polynomial » and hence can take only finitely many values in &.
By symmetry, the coordinate b can take only finitely many values in k. Therefore f N g is
finite. Il



The intersection multiplicity of affine plane curves f = 0 and g = 0 at a point P € A?,
denoted I(P, f N g), is defined by

I(P, fNg) =dimgk[X,Y]p/(f,9).

Note the following easy properties of I(P, fNg) :

(1) I(P,fng)=0ifand only if P & fNg.

(2) If P € fNg then I(P, fNg) depends only upon the local ring of V(f,g) at P. In
particular, I(P, fN (g + hf)) = I(P, f N g) for every h € k[X,Y].

(3) I(P,fNg) < oo for every P if and only if f and g have no common components.

We need a lemma to prove some further properties of I(P, f N g).

(1.3) Lemma. Let R, be the homogeneous component of R = k[X,Y] of degree n,
i.e. R, is the k-subspace of R consisting of forms of degree n. Let Ly, Ls,...,L;,... and
My, M,,...,M;... be sequences in R; such that L; and M; are linearly independent over
k for all 4, j. Then for every n > 0, the set E, = {L1Ly---LiM My ---M;li +j = n} is a
k-basis of R,,.

Proof. Clearly the cardinality of E, is n 4+ 1, which is the k-dimension of R,. So it is
enough to prove that F, is linearly independent over k for each n. We do this by induc-
tion on n, starting at n = 0 for which the assertion is clear. Now, let n > 1, and suppose
Z?:o a;LyLy- - L;M{Msy---M,_; =0 with a; € k. Then L, divides agMi My - - - M,,. There-
fore, since Ly fM; for every j, we get ao = 0. Dividing the resulting equality

ZaiLng o LiM{My---M, ;=0
=1

by L, and applying the induction hypothesis to the sequences
LQ,L3,...,LZ’,... and Ml,MQ,...,M]’...,
we get a; = 0 for every i. O

(1.4) Some further properties of I(P, f N g). Let h = 0 be another affine plane curve,
and assume that f and gh have no common components. Let R = k[X,Y]. Then:

(4) I(P, f N (gh)) = I(P, f N g) + I(P, f N h).

(5) If P is a simple point of f then I(P, f N g) = ord (g), where g is the natural image of
g in the DVR Rp/(f) and ord is the natural discrete valuation of this DVR.

(6) I(P, fNg) > multp(f) multp(g).
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(7) I(P, f N g) = multp(f) multp(g) if and only if f and g have no common tangents at
P.
Proof. We may assume that P = (0,0). Let m = (X, Y).

(4) Using the fact that f and g have no common irreducible factors, the sequence
0 = R/(f,h) % R/(f,gh) = R/(f,9) = 0,

where ¢ is multiplication by g and 7 is the natural map, is easily checked to be exact.
Localizing this exact sequence at m, we get the required equality.

(5) This is clear because the residue field of the DVR R, /(f) is k.

(6) and (7) Let d = multp(f) and e = multp(g). We may assume that d > 1 and e > 1.
We have

I(P,fNg) = dimyRy/(f,9)
> dimkRm/(fagam(He)
= dimgR/(f,g,m™).

Further, we have an exact sequence
0 — ker (@) — R/m®x R/m* 5% R/m®* % R/(f, g, m%) — 0,
where ¢ is given by ¢(@, 8) = fa + gB and 71 is the natural map. This gives

dim ;R/(f,g,m*™) = dim,R/m® —dim ,R/m°® — dim ,R/m? + dim zker (¢)
_ <d+;+1> - (e—;—l) - (d—;l) + dim gkt (¢)

= de + dim gker (p)

> de.

It follows that the inequality in (6) holds and that this inequality is an equality if and only
if ker () = 0 and m?*¢ C (f, g). It is clear that ker (p) = 0 if and only if the initial forms f,
of f and g, of g are coprime, i.e. if and only if f and g have no common tangents at P. So it
remains only to show that if f; and g, are coprime then m4t¢ C (f, g). In any case, we have
m" C (f, g) for n >> 0. So it is enough to prove that if n > d+e—1 then m" C (f, g) +m"*’.
Let fg = Li---Lq and g, = M, - -+ M,, where L;, M; are linear forms. Since f; and g. are
coprime, L; and M; are linearly independent over £ for all 4, 5. Applying the above lemma

to the sequences

Ll,LQ,...,LZ‘,... and Ml,MQ,...,Mj...,
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where L; = Lg for ¢ > d and M; = M, for j > e, it is enough to show that forn > d+e—1
we have Ly Ly - -+ LiM; My ---M; € (f,g)+m™*! for all i, j > 0 with i+j = n. The conditions
imply that 2 > d or j > e, say ¢ > d. Then LiLy---L;M,M,---M; = H fq for some form H
of degree n —d. We get Hfy=Hf — H(f — fq) € (f,g) + m"**L. O

The intersection multiplicity of projective plane curves F' = 0 and G = 0 at a point P € P?
is defined by I(P, FNG) = I(P, F. N G,) for any dehomogenization (), for which P belongs
to the corresponding affine plane. This definition is independent of the dehomogenization

because, as noted above, the intersection multiplicity depends only on the local ring of
V+ (F, G) at P.

(1.5) Bezout’s Theorem Let F and G be projective plane curves without common com-
ponents. Then
Z I(P,FNG) =deg(F)deg (G).
PeFNG

Proof. Choose coordinates so that Z [/ F. Then Z N F is a finite set, as is checked easily.
Further, by Proposition (1.2) the set F'N G NA? is finite, where A? = P?\(Z = 0). Therefore
F NG is finite. Now, we can choose coordinates so that Z [ F, Z fG and FNGNZ = .
Let A2 =P? — (Z =0). Then FNG C A?. Let f = F(X,Y,1) and ¢ = G(X,Y,1). Then,
writing R = k[X, Y], we have

Y IP,FNG) = Y IPfny)

PcFNG Pefng

= Y dimRe/(f.9)

Pefng

= dim; [] (Re/(f,9))

Pefng
= dimR/(f,g) (by Chinese Remainder Theorem).

Thus it is enough to prove that dim xR/ (f, g) = mn, where m = deg (F') and n = deg (G).
Let S = k[X,Y,Z], A = S/(F,G), S, = homogeneous component of S of degree r, and
A, =S./(S, N (F,Q)).

Claim 1. dim A, = mn for all r > m + n.

Proof. It is easy to check that for » > m + n the sequence

0= Srmen 2 Spm®Srn 5> S 2 S./(S N (F,G)) — 0,
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where p(H) = (HG,—HF), ¢(A,B) = AF + BG and n is the natural map, is exact.

Consequently, we get

dimy S, /(S, N (F,G)) = mn.

Claim 2. The map Z* : A, — A, given by multiplication by Z* is injective for all
r>0, s>0.
Proof. It is enough to prove that Z : A, — A, is injective. Using bar to denote
image under the natural map S — A, let H € S, with ZH = 0. We have to show that
H = 0. For any form K € S, let Ky € R and K' € S be defined by Ky, = K(X,Y,0) and
K = Ko+ ZK'. If Fy and G, are not coprime then there exists (a,b) € £*\{(0,0)} such that
Fy(a,b) = 0 = Go(a,b). This implies that (a,b,0) € F NG N Z, a contradiction. Therefore
Fy and Gy are coprime.

Now, ZH = 0 implies that ZH = AF + BG for some forms A, B € S. This gives
0 = AoFy + ByGy. Therefore, since Fy and Gy are coprime, we have Ay = —KyGg and
By = KyF, for some form Ky € R. We get

B=By+ ZB = K\Fy + ZB' = Ko(F — ZF') + ZB' = K,F + ZM

with M € S. Therefore ZH = AF + (KoF + ZM)G = (A + Ky)F + ZMG. This implies
that Z|(A+ Ky), say A+ Ky =ZN. We get ZH = ZNF + ZMG, whence H = NF + MG,
so H = 0.

Claim 3. The map Z° : A, — A, given by multiplication by Z* is an isomorphism for all
r>m+mn, s> 0.

Proof. This is clear, since Z* is injective by Claim 2 and dim ;A, = dim ;A by Claim 1.

Now, let T' = R/(f,g), let ¢ : A — T be the map given by p(H(X,Y,Z)) = H(X,Y,1)
and let ¢, : A, — I be the restriction of ¢ to A,. Note then that we have ¢, = ¢, 50 Z°.

Claim 4. ¢, : A, — T is an isomorphism for all » > m + n.
Proof. Surjectivity: Let h € T with h € R. Let H = h*, where ()* is homogenization
w.r.t. Z, and let d = deg (H). If d < r then Z"—4H € A, and ¢,(Z"~?H) = h. Now, suppose
d > r, and let s = d — r. By Claim 3, there exsits K € A, such that Z°K = H. We get
b= s(H) = (¢ris 0 2°)(K) = ¢r(K).

Injectivity: Let H € ker (¢,) with H € S,. Let h = H(X,Y,1). Then H = Z¢h* for some

e > 0. Since p,(H) = 0, we have h = pf+qg with p,q € R. We get Z*h* = Z"(pf)*+ Z%(qg)*
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for some u, v, w > 0. Therefore, since f* = F and ¢g* = G (because Z [ F and Z | G), we get
ZUh* = Z'p*F 4+ Z%¢*G. So Z*h* = 0, whence h* = 0 by Claim 2. Therefore H = Z¢h* = 0.
This proves Claim 4.

Now, taking 7 = m + n in Claims 1 and 4, we get dim ,R/(f, g) = mn, as required. =~ O

Intersection cycle. An element of the free additive abelian group on the set P? is called
a zero-cycle on P?. Such a zero-cycle has the form Y, _p.npP with np € Z for all P and
np = 0 for almost all P. The degree of a zero-cycle > npP is defined to be Y np. A zero-
cycle Y npP is said to be positive if np > 0 for every P. We write > npP > Y mpP to
mean that np > mp for every P. If ' = 0 and G = 0 are projective plane curves without

common components then their intersection cycle, denoted F' - (G, is defined by

F-G= ) I(P,FNG)P.

PeP?

By Bezout’s Theorem F - G is a positive zero-cycle of degree deg (F')deg (G).

(1.6) Max Noether’s Fundamental Theorem (a special case). Let F =0, G = 0
and H = 0 be plane projective curves such that FF = 0 and GH = 0 have no common
components. Assume that all points of F'N G are simple points of F' and that H-F > G- F.
Then there exists a projective plane curve B = 0 of degree deg (H) — deg (G) such that
F =0 and B = 0 have no common components and B- F =H -F — G - F.

Proof. Choose coordinates so that Z [ F, Z JG and FNGNZ = (. Let A2 = P?\(Z = 0).
Then FNG C A% Let f = F(X,Y,1), g=G(X,Y,1)and h = H(X,Y,1). Let P € FNG.
Let R (resp. O) be the local ring of P? (resp. F = 0) at P. Then O = R/(f). Since P is a
simple point of F, O is a DVR and we have I(P, FNG) = ord (g) and I(P, FNH) = ord (h)
by (1.4)(5). Now, the assumption H - F > G - F implies that ord (h) > ord (g). Therefore,
since O is a DVR, we get h € gO. So h € (f,g)R, which is the same as saying that the
natural image of A in R/(f, g) is zero. This being the case at every point P € F'N G and

because of the isomorphism

KX, Y1/(f,9)2 [] (WIX,Y]r/(f,9)) (Chinese),

Pefng
the image of h in k[X,Y]/(f,g) is zero. Thus h = pf + qg with p,q € k[X,Y]. Therefore
Z°H = KF + MG for some s > 0 and K, M € k[X,Y, Z]. Now, by Claim 2 of the proof of
Bezout’s Theorem, we get H = AF + BG for some A, B € k[X,Y, Z]. Clearly, we can choose
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A, B to be forms of degrees deg (H) — deg (F') and deg (H) — deg (G), respectively. We get
H-F=(AF+BG)-F=(BG)-F=B-F+G-F. O

(1.7) Pascal’s Theorem. If a hexagon is inscribed in an irreducible conic then the opposite
sides meet in collinear points.

Proof. Let G = 0 be the conic, and let Py, P, ..., Py be the vertices of the hexagon, labelled
consecutively. Let the opposite sides of the hexagon meet in P;, Py, Py. Let F' be the cubic
which is the union of the lines P\ P,, P3P, and PsFs, and let H be the cubic which is the
union of the lines along the remaining three sides of the hexagon. All points of FF NG
are simple points of F, and we have H - F = Z?ZlPi > Zle P, = G - F. Therefore by
Noether’s Fundamental Theorem there exists a curve B of degree one (i.e. a line) such that
B-F=H-F-G-F=P+ P+ F,. O

62 Rational curves, cubic curves, elliptic curves

(2.1) Lemma. If f is a nonzero irreducible polynomial in R = k[X,Y] and p is a prime
ideal of R containing f then p = (f) or p = (X —a,Y — b) for some a,b € k.
Proof. Case 1. pNk[X] # 0. Then X —a € p for some a € k. Now R/(X —a) = k[Y]. So
p/(X —a)=0orp/(X —a) = (Y —b) for some b € k. In the first case, p = (X — a), whence
p = (X —a) = (f), while in the second case p = (X — a,Y —b).

Case 2. pNk[X] = 0. Then (f) N k[X] = 0. So the nonzero prime ideal fk(X)[Y] is
contained in the prime ideal pk(X)[Y]. Since £(X)[Y] is a PID, we get fk(X)[Y] = pk(X)[Y].
Consequently, (f) = p. d

(2.2) Theorem. Let ¢ be an indeterminate. For a nonzero irreducible polynomial f €
k[X,Y] the following three conditions are equivalent:

(1) The curve f =0 is parameterized rationally, i.e. there exist «(t), 5(t) € k() such
that (i) for almost all ¢ € k, (a(c), 5(c)) is a point on f = 0; (ii) almost all points of f =0
are of the form (a(c), B(c)) with ¢ € k.

(2) There exist a(t), B(t) € k(t), not both constants, such that f(«(t),3(t)) = 0.

(3) The function field of f = 0 is purely transcendental over k, i.e. it is isomorphic over k
to k(t).
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Proof. (1) = (2). Let a(t), 5(t) € k(t) be the functions given by (1). Condition (1)(ii) shows
that not both «(t) and §(t) are constants. Let g(t) = f(«(t), B(t)). Then g(t) € k(t) and it
follows from condition (1)(i) that ¢g(¢) has infinitely many zeros in k. Therefore ¢(t) = 0.

(2) = (3). With @ = «a(t) and 8 = 3(t) as given by (2), let I' = k[, 8] C k(t). Let
R =k[X,Y],and let ¢ : R — T be the surjective ring homomorphism given by ¢(g(X,Y)) =
g(a, B). Let p = ker (). Then p is a prime ideal of R containing f, and R/p is isomorphic to
I". Since not both «, § are constants, k is properly contained in I'. Therefore p # (X —a, Y —b)
for any a,b € k, whence p = (f) by the above lemma. Thus R/(f) is isomorphic to I', whence
the function field of f = 0 is isomorphic to k(«, 8). Since k & k(a, 8) C k(t), the field k(c, B)

is purely transcendental over k£ by Liiroth’s Theorem.

(3) = (1). Let z, y be the natural images of X, Y in ' = k[X,Y]/(f). Then I' = k[, y] and
the function field of f = 01is k(x,y). Let ¢ : k(z,y) — k(t) be an isomorphism of fields over

k. Let a = a(t) = ¢(x) and 8 = B(t) = ¢(y). Then k(a, B) = k(t), so t = g(«, B))/h(c, B)
for some g(X,Y),h(X,Y) € k[X,Y] with h(ca,8) # 0. The last condition implies that
h(z,y) # 0, whence h and f are coprime. Therefore (f = 0) N (h = 0) is a finite set. Let
P = (a,b) be a point on f = 0 outside this finite set. Then h(a,b) # 0. Let ¢ = g(a, b)/h(a,b).
We have

a(t) = a(g(e, 8))/h(e, B)) and  B(t) = B(g(a, B))/h(, B))-

Applying ¢! to these equalities, we get

z = a(g(z,y))/h(z,y)) and y=B(g(z,y))/h(z,y))

Since (a, b) is a point on f = 0, the substitution (z,y) = (a, b) in the above equalities makes

sense. Making this substitution, we get

a = a(g(a,b))/h(a,b)) = a(c) and b= pB(g(a,b))/h(a,b)) = B(c).

This proves that almost all points on f = 0 are of the form («(c), 3(c)), thereby verifying
condition (1)(ii). To prove (1)(i), note first that, since f(z,y) = 0, we have

0=o(f(z,y) = (f(alt), B(1)))- (%)

Write a(t) = p(t)/r(t) and S(t) = q(t)/r(t) with p(t), q(t),r(t) € k[t], r(t) # 0. If ¢ € k with
r(c) # 0 then a(c), B(c) are defined and we can substitute t = cin (*) to get f(«a(c), B(c)) = 0.
Thus («a(c), B(c)) is a point on f = 0. O
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An irreducible affine plane curve f = 0 is said to be rational over k if f satisfies any
of the equivalent conditions of the above theorem. An irreducible projective plane curve
F = 0 is said to be rational over k if the affine curve F, = 0 is rational over k£ for some
dehomogenization F, of F. This definition is independent of the dehomogenization because
by condition (3) of the above theorem, rationality of the curve depends only the function
field of the curve.

(2.3) Theorem. Let F' = 0 be an irreducible plane projective cubic curve. Suppose F =0
is singular at a point P. Then:

(1) P is the only singularity of F.

(2) P is a double point of F, i.e. multp(F) = 2.

(3) F is rational over k.
Proof. Let P’ be any point on F' other than P, and let L be the line through P and P'. By

Bezout’s Theorem we have

3= Y I(QLNF)>I(P,LNF)+I(P,LNF)> multp(F)+ multp(F),

QELNF

from which both (1) and (2) follow.

To prove (3), we may assume that P = (0,0,1). Let A> = P?\(Z = 0), and let f =
F(X,Y,1). Then f = f3 + fo with f3 and fo nonzero forms in k[X,Y] of degrees 3 and
2, respectively. Let a(t) = —fao(1,t)/f3(1,t) and B(t) = ta(t). Then not both «(t) and
B(t) are constants. We claim that f(a(c),B(c)) = 0 for almost all ¢ € k. To see this, let
¢ € k such that f3(1,¢) # 0 and the line Y = ¢X is neither a tangent to f at P nor meets
f at infinity. Almost all ¢ € k satisfy this condition. Using Bezout’s Theorem, the line
Y = c¢X for such a ¢ meets f at a point (¢,cq) € A? with ¢ # 0. We get 0 = f(q,cq) =
f3(q, cq)+ f2(q, cq) = ¢ f3(1, ¢)+q° f2(1, ¢), which gives ¢ = — fo(1,¢)/ f3(1, ¢) = a(c), showing
that f(a(c), 5(c)) = 0. This proves the claim. Therefore f(«(t),5(t)) = 0, so f is rational
over k. a

(2.4) Remark. The converse of (3) holds: A nonsingular plane projective cubic curve is

not rational over k.

A nonsingular plane projective cubic curve is called an elliptic curve.
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(2.5) Addition on an elliptic curve. Let E = 0 be an elliptic curve. We define an
addition @ on the set of points of E, making it into an abelian group. Choose and fix a
point O on E. Let P,Q € E be given points. Let L be the line through P and @. (In the
present context this means the following: If P # (@) then L is the line through P and @,
while if P = @ then L is the tangent line to £ at P.) Let T =L-E - P —(Q € E. Let M
be the line through 7 and O, and let 7" =M -E —T — O € E. Define P® Q =T".

(2.6) Lemma. @ is associative.
Proof. Let P,Q, R € E. We want to show that (P®Q)® R= P& (Q ® R). In the manner
described above, let Ly, My, Ly, My, L3, M3 be lines satisfying

Li,-E=P+Q+T, Mi-E=T+0+T, Ly,-E=T +R+U,
and
My -E=Q+R+V, L3-E=V+0+V', M3-E=P+V' +W.
It is enough to show that U = W. Let D be the zero-cycle given by
D=P+Q+R+0+T+T+V+V".

Let FF = LiLyLs and G = M{MyM;. Then F- E = D+ U and G- E = D + W. Let L be
any line through U, and write L - E =U + S; + S5. Then

(LG)-E=L-EFE+G-E=U+5+S+D+W=F-E+5 +S+W2>F-E.

Therefore by Noether’s Fundamental Theorem there exists a line B such that B - F =
(LG)-E—F-FE =51+ S+ W. It follows that B = L, whence U = W. O

(2.7) Theorem. (E,®) is an abelian group with the point O chosen above as the identity.
Proof. The associativity of & is proved in the above lemma. The commutativity of & and
the fact that O is the identity are clear from the definition. To locate the inverse of P, let L
be the tangent to F at O, let L - E = 20 + T, let L' be the line through P and T, and let
L' -E=P+T+(@Q. Then clearly QQ = —P. O



