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1 Proximinal subspaces of finite codimension

1.1 Basic definitions and results

Let X be a normed linear space. We will consider only normed linear spaces
over R (Real line), though many of the results we describe hold good for n.l.
spaces over C (the complex plane). The dual of X, the class of all bounded,
linear functionals on X, is denoted by X*. The closed unit ball of X is
denoted by Bx and the unit sphere, by Sx. That is, Bx = {z € X : ||z|| <
1} and Sx ={z € X : ||z|| = 1}.

For z € X and r > 0, we set B(z,r) = {y € X : |l —y|| < r} and
Blz,r] = {y € X : |lz —yl| < r}. By a “subspace” we mean a closed

subs_pace. If AC X, A, denotes the norm closure of the set A. If A C X*,
by A“", we denote the weak® closure of A in X*.

Let A be a non-empty subset of X and z € X. The distance of x from A,
denoted by d(z, A), is given by

d(z,A) = inf{||x —a| : a € A}.
Define
Pi(x)={ac A: |z —al| =d(z,A)}.
Then P4(x) is a subset of X and can be empty. If A is convex, it is easily

verified that P(z) is a convex set, if non-empty.

Definition 1.1.1 Let A be a (non-empty) subset of normed linear space
X. Then A is said to be proziminal in X if Ps(x) is non-empty for each
z e X.



Note that Ps(x) = {z}, if x € A. Thus P4(x) # ¢ is a non-trivial condition
only for z € X\A. Also, if x € A\ A, then d(z, A) = 0 and P4(z) = ¢. Thus
a proximinal set must be closed.

Definition 1.1.2 Let A C X, where X is normed linear space. If Py(z) =
{z} for all x € X, A is called a Chebychev subset of X.

Definition 1.1.3 Let A C X, where X is a normed linear space. If x € X
and ag € P4(x) then ag is called a nearest element to x from A or a best
approximation to x from A.

Definition 1.1.4 Let A C X, where X is a normed linear space, and x € X.
A sequence (an) = (an)52, in A is called a minimizing sequence for x from

Aif lim ||z — ay| = d(x, A).

It immediately follows from the definition of d(x, A) that each x € X has at
least one minimizing sequence from A. If a minimizing sequence (ay) for x
from A converges to ag in A, then

|z —apl| = lim |z — a,| = d(z, A)
n—oo

and ag € P4(x). This simple observation and its modifications form the
basic idea of many proximinality proofs (see [FD]). We give two sample
results below.

Proposition 1.1.5 Let X be a finite dimensional normed linear space. and
A € X be closed. Then A is proximinal in X.

Proof: Pick any x € X and let (a,) be a minimizing sequence for x. Let
d = d(z,A). Since lim ||z — a,|| = d, the sequence (a,) is bounded. Now
n—oo

dim X < oo implies that (a,) has a convergent sequence, say, (an, )7, that
converges to some element ag. Since A is closed, ag is in A and

|z —ao|| = im |z —ay,,| = lim [z—a,| =d.
k—oo n—oo

So ag € Pa(x) and A is proximinal in X.



Proposition 1.1.6 Let X be a normed linear space and A C X* be a weak*
closed set. Then A is proximinal in X*.

Proof: Pickany f € X*. Themap T : X* — Rgivenby T'(g) = || f—ygll, g €
X*, is a weak* lower semi-continuous (l.s.c) on X*. Let d = d(f, A) and
D = ANB|f,d+1]. Now B[f,d+1] = f+(d+1)Bx-~, is a weak® compact set
by the Banach-Alaoglu’s Theorem. Now A is weak™® closed and so D is weak*
compact. The l.s.c map T attains its infimum over D. If T'(gy) = gig) T(g),

clearly go € Pa(f).

Similarly it can be shown that if A C X is weakly compact then A is
proximinal in X. For further results in this direction, we refer to [12].

We observe that the above proximinality proofs use “compactness” in a
crucial way. But the availability of compactness arguments in infinite di-
mensional spaces is rare. Thus it is necessary to look for methods, leading
to proximinality proofs, that do not require compactness. In this regard,
Functional Analysis and Geometry of Banach spaces, provide effective tools
for some specified proximinal problems. More precisely, in these lectures, we
will derive characterizations of proximinal (strongly proximinal) subspaces
of finite codimension, using the methods of Functional Analysis and concepts
from the Geometry of Banach spaces.

1.2 Garkavi’s characterization

Let X be a normed linear space and x € X. Throughout we identify x (and
X) with its image #(X) under the canonical embedding of X into X**. Let
Y be a subspace of X. We denote by @, the quotient map @ : X — X/Y.

We have [|Q(2)|| = [z +y = d(z,y).

Remark 1.2.1 Let Y be a subspace of a normed linear space X. If z € X
and Py (z) # ¢ then 3 x € X with ||z|| =d(2,Y) andz+Y =2 +Y.

To see this, select yg € Py (x) and take z = x — yp.

Let Y be a subspace of a normed linear space X. We denote Y1, the
annihilator of Y, given by

Yi={feX*:f=0onY}.



Recall that (X/Y)* ~ Y. That is, (X/Y)* is isometrically isomorphic to
Y+ IfT:(X/Y)* — Y' is the natural isometric isomorphism, then 7% :
(Y1)* — (X/Y)** is an isometric isomorphism. If Y is of finite codimension,
ie. dimX/Y < oo, then X/Y is reflexive and (X/Y)* = X/Y. In this case,
T*: (Y+)* — X/Y is an isometric isomorphism.

Remark 1.2.2 Let Y be a subspace of a normed linear space X. If x € X
and a € R, Py(az) = a Py(x) and d(az,Y) = |af d(z,Y). Thus for
re X\Y, Py(z) # ¢ & Py(35) # ¢ where d = d(x,Y). Thus, in order to
prove Y is proziminal, it suffices to show that Py(x) # ¢ for x € X with
d(z,Y) =1.

We now present a simple characterization of proximinal subspaces.

Proposition 1.2.1 Let Y be a subspace of normed linear space X and Q :
X — X/Y be the quotient map. Then Y is proximinal in X if and only if

Q(Bx) = Bx)y-

Proof: Assume Y is proximinal. Since Q(Bx) C Bx/y we need to prove
only the other inclusion. Consider 2z € X with ||z 4+ Y| < 1, and select any
Yo € Py(z). If z =2 —yp then ||z]| = ||z —yo|| <1 and Q(z) =z + Y.

Now assume Q(Bx) = Bx/y. To prove Y is proximinal, by above Remark,
it suffices to show that Py (z) # ¢ for z with d(z,Y) = 1. For such an
element x, by assumption, there exists z in Bx such that z+Y =x+ Y.
Let yo=2—=2. Thenyy €Y, ||z —yol = ||2]| <1 < d(x,Y). So yo € Py (z).

We next derive a characterization of proximinal subspaces of finite codimen-
sion.

Theorem 1.2.2 [14] (Garkavi). LetY be a subspace of finite codimension
i a normed linear space. X. Then Y is proximinal in X if and only if for
each ¢ in By 1y« there exists x € By such that o(f) = f(x) forall f € Y.

Proof: Since Y is finite codimension in X, (Y1)* is isometrically isomorphic
to X/Y. Thus if ¢ € (Y1)* there exists z € X such that ||¢|| = ||z + Y|



and ¢(f) = f(x +Y) = f(z) V f € Y*. Now by Proposition 1.2.1, we have

Y is proximinal <« Q(Bx) = Bx/y
= Q(BX) - BX/Y = B(YJ_)*
< For each ¢ € By 1y,
there exists x in Bx such that

o(f) = f(x) for all f e Y+

There are two useful corollaries that can be derived from the above charac-
terization of Garkavi.

Corollary 1.2.3 Let Y be a subspace of finite codimension in a normed
linear space X. If Y is proximinal in X then every subspace of X such that
Z DY, is proriminal in X.

Proof: We have Z+ C Y1 and Z is of finite codimension in X. Thus it
suffices to show that for any ¢ € B ZL)s there exists * € Bx such that

W(f)=fle) VfeZtCYh

Let ¢ € Bz1)-. Now Z 2 Y implies Z+ C Y+, By the Hahn-Banach
theorem, there exists ¢ € By 1)« such that ¢ | ;1= 1. Since Y is proximinal,
by Theorem 1.2.2 there exists z € By such that ¢(f) = f(z) V f € Y.
Now ¢ |,1= 1 and so ¢(f) = f(x) V f € Z+ C Y+, Using Theorem 1.2.2,

we conclude Z is proximinal in X.

Corollary 1.2.4 If Y is a proximinal subspace of finite codimension in X
then every f € Y* is a norm attaining functional on X .

Proof: By the above Corollary 1.2.3, every hyperplane containing Y is
proximinal. If H = ker f, f € X*, is a hyperplane in X then H DO Y if
and only if f € Y. Observe that H is proximinal in X if and only if f is
a norm attaining functional on X. It is now clear that every f in Y ' is a
norm attaining functional on X.

Let NA(X) denote the set of all norm attaining functionals on X. That is,
NA(X)={f € X*:3 z € Bx such that f(z) = | f|}.

Corollary 1.2.4 implies that Y+ C NA(X), if Y is proximinal in X.



Example 1.2.1 Let X = ¢y. Then f € X* =21y is in NA(X) if and only
if f(n) =0, except for a finite subset of N. Thats, 3 a finite subset \ of N
such that f(n) =0 Vne N\A.

Let f=(f(n))>2, € 1. Then f € NA(X) if and only if 3 = (z(n))>2, in
B, such that

f@)=)" f)a)=|fll=)_ If(n)l.
n=1 n=1

This with sup{|z(n)| : n € N} < 1 implies that x(n) = sgn f(n) whenever

f(n) # 0. Since 1i_)m x(n) = 0, this implies {n € N : f(n) # 0} is a finite

set.

Conversely if {n € N: f(n) # 0} is a finite set define
= { IO 1) £0

0 otherwise.

Then = € ¢y and ||z]|oc = 1 and it is easy to see that f(z) = |||

A natural question that arises at this stage is whether the converse to Corol-
lary 1.2.4 is valid. More precisely does Y+ C NA(X) implies Y is proximi-
nal? Phelps [13] gave an example, as early as 1963, that answers this ques-
tion in the negative. In order to describe this example we require Garkavi’s
characterisation of proximinal subspace of finite codimension in C(Q), where
C(@Q) is the Banach space of continuous real valued functions defined on the
compact Hausdroff space @), with sup norm. We recall that C(Q)* is M (Q),
the space of all regular, bounded Borel measures on Q. If p € M(Q), the
total variation of the measure p over @ is ||u||. Also by supp(), we denote
the support of the measure p, is the smallest closed subset ) outside which
L vanishes.

Theorem 1.2.5 (Garkavi [15]) Let M be a subspace of finite dimension
in C(Q). Then M is proziminal if and only if the annihilator space M=+
satisfies the following three conditions:

1. supp(p™) N supp(p™) = 0, for every u € M+\{0}.

2. pg is absolutely continuous with respect to 1 on supp(uy), for every
pair p, pg € M\{0}.



3. supp(ut)\supp(u~) is closed for each i, pa € M+\{0}.

We now give the example of Phelps [32] in which a subspace M of codimen-
sion 2 in any infinite dimensional C(Q) space is constructed such that every
hyperplane containing M is proximinal but M itself is not proximinal.

Example 1.2.2 Select a sequence (gn)2>, in Q with qn # qm for n #m
which has a cluster point qo € Q with qo # qn, for n = 1,2,.... Define

pi, 2 € M(Q) by

=1
o=y on a0 0o
n=1
=1
/’62 = Z 47 5‘]7},7

N
I
—

where

dq(B) = { (1) Zi g ;g for any subset B of

Let M = {x € C(Q) : pi(z) = 0, fori = 1,2}. Then M= is the two
dimensional subspace of M(Q) generated by 1 and p. If a is a scalar, we
have

1 a .
(M1+au2)qn:2—n+4—n>01f2">—a.

This implies that for any p € ML, we have supp(u™) N supp(p~) = 0
or, equivalently, every p € M* attains its norm on C(Q). Hence every
hyperplane containing M s proriminal. However, M 1is not proximinal in
C(Q), since condition (2) of above theorem does not hold for uy and po.

1.3 Examples of R(1) Spaces

In this section, we define R(1) spaces and give two examples of R(1) spaces.

Definition 1.3.1 [25] A Banach space X would be called R(1) space, if
whenever Y is a subspace of finite codimension in X, then Y is proximinal

if Y C NA(X).



One of the well known example of a R(1) space is the sequence space ¢y. We
now give a proof of this fact. We need the following lemma in the proof.

Lemma 1.3.2 Let X be a normed linear space with a monotone basis (e;)52,
and (e})2, denote the corresponding biorthogonal functionals in X*. If M
is a subspace of finite codimension in X such that M+ is contained in span
of {e],e5,...e.} for some finite k, then M is proximinal.

Proof: Let M; denote the closed subspace generated by the infinite set
of elements {egy1,€k12,...}. Note that M = span{e}, e}, ..., e;} O Mt
Thus M C My. Let P denote the natural projection from X onto Mj. Let
m = Z m;e; and x = Z x;e; (where m; and z; are scalars) denote

i=k+1 =1
arbitrary elements in M}, and X\ Mj. Since (e;) is monotone basis, we have

o

el+z

i=k+1

la —m| =

AV

=l - P@)].

i

Since m € M}, was chosen arbitrarily, this implies P(x) € Py, (). Thus M;,
is proximinal in X. Then by Corollary 1.2.3 M is also proximinal in X. O

Lemma 1.3.3 The Banach space ¢y is a R(1) space.

Proof: Let Y be a subspace of finite codimension in ¢y such that Y+ C

NA(X). It suffices to show that Y is proximinal. Let (e})?2, is the natural
basis of 1 2 (¢o)* and {f1,..., fm} C 1 be a basis of the finite dimensional
space Y. Each functional of the basis is norm attaining as Y+ C NA(X).
Using Example 1.2.1 we conclude that each f;; 1 < ¢ < m has only finite
number of non zero coordinates and hence in the span of {e},e5, .. .e}zi}, for
suitable positive integer k;. If k¥ = max{k; : 1 < i < m}, it is clear that
Y1 is contained in the span of {el,e3,...e;}. Note that the natural basis
{e1,e2,...} of ¢y is monotone basis. Thus, by Lemma 1.3.2, Y is proximinal
in cg. Ol



We now describe a class of Banach spaces which are R(1) spaces. For a
Banach space X, let NA;(X) denote the set NA(X)NS(X*). We also need
the following definitions and facts in the sequel.

Let X be a normed linear space. and z € X. If Y is a subspace of a X,
then it can be shown using the Hahn-Banach theorem that

d(x,Y) = sup{f(z): f € Syr} = [T [y |,

where & denote the image of x, under the canonical embedding of X into
X** and & |y, the restriction of  to the subspace Y+ of X*.

For z € X, set Jx«(x) = {f € X* :||f]| and f(z) = ||z||}. Note that Jx=(x)
is a non-empty subset, by the Hahn-Banach theorem.

Definition 1.3.4 Let X be a normed linear space and x € Sx. We say =
is a smooth point of Bx (or X) if Jx«(x) is a singleton set. In this case,
we also write the normed linear space X is smooth at x.

Proposition 1.3.5 [25] Let X be a Banach space with X* smooth at every
point of NA1(X). Then X is a R(1) space.

Proof: Let M be a subspace of finite codimension in X with M+ C NA(X).
It is enough to show that M is proximinal. Let ¢ € B(s1).. We need to get
z in Bx such that

#(g) = g(x), forall g € Y.

Without loss of generality, we assume ||¢|| = 1. Select f € M~ such that
IIfll = 1 and ¢(f) = 1. Let ¢y be a Hahn-Banach extension of ¢ to X*.
Then ¢ is in X** and ||¢o| = ||¢]| = 1.

We have M+ C NA(X) and hence there exist an y € Sx such that f(y) = 1.
It is now clear that, {7, ¢0} C Jx=«(f). Since X* is smooth at f, we have
¢o = 9. This implies that

d(9) = dolg) = g(x) = gly), VgeM".

Thus the condition of Theorem 1.2.2 is satisfied and M is proximinal in X.

g



1.4 Polyhedral spaces

In the next section, we prove that any subspace of ¢g is a R(1) space. For
this, we need the notion of polyhedral spaces and some related facts, which
we present below. We begin with the definition of an extreme point.

Let X be a real vector space. For x,y in X, we denote by [z,y] and (z,v),
the closed and open line segments joining x and y respectively.

Definition 1.4.1 Let E be a (real) vector space and C be a convex subset
of E. A non-empty subset D of C is called an extremal subset of C' if
whenever x and y are in C, and DN (zx,y) is non-empty, then D D [z,y|. An
element z in C'is called an extreme point of C if, {x} is an extremal subset
of C or equivalently, x is not an interior point of any line segment in C.

We denote by ext(C'), the set of extreme points of the set C. We list the
following well known facts about extreme points. For a subset A of a vector

space F, the smallest convex set containing A is called the conver hull of A
and is denoted by co(A).

Theorem 1.4.2 Let X be a finite dimensional normed linear space and
C C X be convex and compact. Then ext(C) # ¢ and C = co(ext(C)).

Proposition 1.4.3 Let X be a Banach space.

(i) If C C X is weakly compact and convex, then ext(C) # ¢.

(i1) If C C X* is weak™ compact and convez then ext(C) # ¢.

Definition 1.4.4 A finite dimensional normed linear space X is called poly-
hedral if its closed unit ball Bx has only finite number of extreme points.
That is, ext(Bx) is a finite set.

For infinite dimensional normed linear spacepaces, there are many definitions
of polyhedral spaces. (See ). We use the one given in [9)].

10



Definition 1.4.5 [9] A Banach space X is called polyhedral if every finite
dimensional subspace of X is polyhedral.

A well known example of a polyhedral space is the sequence space cg.

The notion of a quasi polyhedral point, introduced by Dan Amir and Frank
Deutsch, is closely related to polyhedral spaces.

Definition 1.4.6 /1] Let X be a Banach space and x € Sx. We say z is
a quasipolyhedral (QP) point of X (or Bx) if there exists € > 0 such that
Jx+(y) C Jx«(x) for all y € Sx N B(z,€).

We then have
Lemma 1.4.7 Let X be a finite dimensional normed linear space. Then
(i) X is polyhedral if and only if every x in Sx is a quasi polyhedral point

of X.

(ii) X is polyhedral if and only if X* is polyhedral.

Remark 1.4.1 Let X be a Banach space and let'Y be a subspace of X. If
x € Sy and x is a quasi polyhedral point of X, then x is a quasi polyhe-
dral point of Y. This follows from the fact that if z € Sy then Jy«(z) =

Ix=(2) ly=Af lv: f € Jx-(2)}-

Definition 1.4.8 Let X be a Banach space and x € Sx. We say x is an
exposed point of By if there exists f € Jx«(z) such that f(y) < 1 for all
y € Bx\{z}. In this case, we say the linear functional f ezposes the element
x.

Lemma 1.4.9 Let X be a finite dimensional polyhedral space. Then every
extreme point of Bx is an exposed point of Bx.

Remark 1.4.2 Let X be a finite dimensional polyhedral space, Y a subspace
of X and x € Sy, a quasi polyhedral point of X. Then by Remark 1.4.1,

11



x is quasi polyhedral point of Y. This with (i) of Lemma 1.4.7 implies that
Y is polyhedral. Thus any subspace of finite dimensional polyhedral space
s again polyhedral. It now follows from Definition 1.4.5 that subspace of a
polyhedral space is polyhedral. Equivalently, being polyhedral is a hereditary

property.

For more details on polyhedral spaces and related topics, we refer the reader
to [9] and [6].

1.5 Subspaces of ¢,

In this section we prove that any subspace of ¢y is a R(1) space. We need
the following result giving an useful sufficient condition for proximinality of
subspaces of finite codimension.

Proposition 1.5.1 [20] Let X be a Banach space and Y be a subspace of
finite codimension in X satisfying Y+ C NA(X). Further assume that every
point of Sy1 is a quasi polyhedral point of Y+ (or equivalently by Lemma
1.4.7, Y+ is polyhedral). Then'Y is proximinal in X.

Proof: Since the finite dimension space Y+ is polyhedral, by Lemma 1.4.7
(Y1)* is also polyhedral. By Lemma 1.4.9 every extreme point of By 1y is
an exposed point. Now select any extreme point ¢ of By-1y.. Let f € Sy1
expose ¢. Since Y+ C NA(X), f is norm attaining and there exists z € X
such that [|z]| = f(z) = || f|| = 1. Now let ¢ € & [y1. Clearly, ¥ € By 1y
and ¥(f) = f(z) = 1. Since f exposes ¢, we must have 1) = ¢. Hence
#(9) = ¥(g9) = g(x), for all g € Y+ and ||¢|| = ||=|| = 1. Thus Garkavi
criterion of Theorem 1.2.2 is satisfied for every extreme point of By 1)..
Now consider any element ¢ of By 1y.. By Theorem 1.4.2, ¢ is in the
convex hull of ext(B(y1)-). Thus there exist a finite subset ¢1,d2,... ¢

k
of ext(B(y1)-) and positive scalar A1, Ao, ... A satisfying > A; = 1 such
i=1

k
that ©» = > M. By the above argument, there exists a finite subset
i=1
k

{z1,22,... 21} of Sx such that &; |y 1= ¢;, for 1 <i < k. Let x = > N\z;.
i=1

12



Clearly x € Bx and & |y.= 1. Hence Garkavi’s criterion of Theorem 1.2.2
holds for every element of B(y 1. and it follows that Y is proximinal in X.

g

The following corollary is an easy consequence of the above result and Re-
mark 1.4.1. If X is a normed linear space, we set NA;(X) = NA(X)NSx-.

Corollary 1.5.2 Let X be a Banach space such that every functional in
NA(X) is a quasi polyhedral point of X*. If Y is a subspace of finite
codimension in X with Y+ C NA(X), then Y is polyhedral and Y is
proximinal in X. Thus X is a R(1) space.

We now present an alternate proof for the fact that ¢y is an R(1) space.
We recall that the earlier proof of Lemma 1.3.3 uses the fact that ¢y has a
monotone basis. Though simple, this proof does not lend itself to derive the
result in more general cases. In contrast, the alternate proof given below, for
¢o being an R(1) space, using the notion of quasi polyhedral points, would
prove useful in showing that any subspace of ¢ is also a R(1) space.

We begin with the alternate proof of ¢y being a R(1) space and use similar
path, to prove the result that any subspace of ¢y is a R(1) space. The lemma
below shows that any norm attaining functional, of norm of one in /; is a
quasi polyhedral point of [;.

Lemma 1.5.3 If f € 1 = (co)* with f € NAi(co), then f is a quasi
polyhedral point of 1.

Proof: We recall that if f € NA(cp) then f has only finite number of non
zero entries. Let 2 = min{|f(n)|: f(n) # 0}. Then o > 0. Taking X =1[;
we have

Ix=(f) = {9 € los : [|0]| = 1 and ¢(n) = sgu(f(n)), Vn e Ar}, (1.1)

where Ay = {n € N : f(n) # 0}. Consider any g € I} with [|g|| = 1 and
IIf — gl| < a. Then clearly

g(n) # 0 and sgn(g(n)) = sen(f(n)), ¥ n € Af.

13



Thus Ay C Ay and using (1.1) we have

Ix+(9) ={¢ €lc : 0] =1 and ¢(n) = sgn(g(n)), ¥ n € Ag} C Jx-(f).
This implies f is quasi polyhedral point of ;. O

It now follows from the above lemma and Corollary 1.5.2 that ¢y is a R(1)
space.

We now show that a similar conclusion holds for a subspace of ¢y. We begin
with a remark.

Remark 1.5.1 Let Y be a subspace of Banach space Z, then Y* = Z* )Y+
and Y 2 YL C 7% Let Q : Z* — Z*)Y+ =2 Y* denote the quotient
map. If € Y* 2 YL H € Z* and h = Q(H) then it is easily verified
that

Further, Y* is proziminal in X*, being weak* closed. Ifh € Y* and ||h| = 1,
by Remark 1.2.1, there exists H € Z* with |H|| = 1 and Q(H) = h. Note
that H |y= h.

Lemma 1.5.4 [20/Let X be a subspace of cy. Then every functional in
NA{(X) is a quasi polyhedral point of X*.

Proof: We will prove that if ¢ € NA;(X) then, there exists €¢(g) > 0 such
that h € S(X*) and ||h—g| < €(g) would imply Jx«(h) C Jx=«(g). This, in
turn, would imply every functional in NA;(X) is a quasi polyhedral point
of X* and by Corollary 1.5.2, Y would be proximinal in X.

Clearly, we only need to show that if ¢ € NA{(X) and (h,) C S(X¥)
converges to g then Jx=«(hy) C Jx=«(g) eventually. Recall that

~

Co* = ll, and ll* = loo

~

We denote by @ the canonical quotient map from I' onto X* = [o/X .
The bidual of X is identified with the subspace X1 of lo. For each n,
pick H, in the unit sphere of I! such that Q(H,) = h,. Since B(l;) is
weak® sequentially compact, taking a subsequence if necessary, we may and
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do assume that the sequence H,, converges weak™ to G € l;. We have

H,, |x= hy V n and further, (H,) converges weak* to G implies that G(z) =

lim H,(z) = lim hy(xz). But lim h,(z) = g(z), ¥V x € X and so

n—oo n—oo n—oo

G |x= g. That is, Q(G) = g. Further ||G|| < lim inf ||H,|| < 1. Since
n

lgll = 1, we have |G| = [lg]| = 1.

For any H in [', we denote by
supp(H) = {k > 1: H(ex) # 0}
where (ej) is the natural basis of ¢y. Note that for any H € [; we have
Jo () = {t = (t) € Si e = sen(H(e) Y k € supp(H)}.  (1.2)
Using Remark 1.5.1, we clearly have

Ixe(hn) = {¢ € S(X™): ¢(hn) =1}
{pe Xt gl =1, ¢(H,) =1}
= J.(H,)Nn X+ (1.3)

and similarly
Jx+(g) = Ji,. (G) N X+ (1.4)

We observe now that G € NA;(cg). In fact, since g € NA;(X), G attains its
norm at some point of the unit sphere of X. It follows easily that supp(G)
is a finite set.

Let G = (G)32, and Hy, = (Hp1)72,. Since the sequence (H,,) converges
weak™ to G in 1, we have

Gk = lim Hn,kv YV k > 1.

Thus G # 0 for some k implies H), j, # 0 for all large enough n. Since G},
is zero except for finite number of k, there exists N such that for all n > N,
we have supp(G) C supp(H,) and

sgn(Hn(er)) = sgn(Ger)),
for all k € supp(G). Thus by (1.2)
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It now follows from (1.3) and (1.4) that
Jx=+(hn) € Jx=+(g) V= N.
This concludes the proof of lemma. O

We can now present the main result of this section which follows immediately
from Corollary 1.5.2 and the above Lemma 1.5.4.

Theorem 1.5.5 [20] Every subspace of ¢y is a R(1) space.

2 Proximinal subspaces of finite codimension

In the following two sections, we derive another “more applicable” charac-
terization of proximinal subspaces of finite codimension from Theorem 1.2.2
of Garkavi. For this, we require some definitions and facts related to convex
sets and a characterization of extreme points of a finite dimensional closed
convex set. These preliminaries are done in the following section before we
give the main characterization theorem.

2.1 Finite dimensional convex sets

Let X be a (real) vector space and C' C X be convex. Pick any z € C and
let Y = sp(C — ). Then the set Y + x is called the affinehull of C and
consists of union of all lines, passing through any two distinct points of C.
If z€ C and Z = sp(C — z) then Y = Z. To see this, note that if y € Y,
there exists (aq...ay) € R” and {z1...2,} C C for some n € N such that
n
y= > a;(z; —x). Now
i=1
n n n
Yy = Z ai(z, — ) = Z ai(z; —z) — Z ai(z — 2).
i=1 i=1 i=1
Thus Y C Z. Interchanging Y and Z, we conclude Y = Z. The dimension
of the convex set C' is defined as the dimension of the subspace Y, which is
the same as the dimension of the affinehull of C. We refer the reader to [36]
and [16], for further details related to the following definitions and results,
about convex sets.
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Definition 2.1.1 Let X be a topological vector space and C' C X be con-
vex. Then the relative interior of C (rel. int C) is the interior of C,
considered as a subset of if affinehull and the relative boundary of C is the
boundary of C, considered as a subset of its affinehull.

We will make frequent use of the following well known fact.

Theorem 2.1.2 Let X be a finite dimensional normed linear space and
C C X be (non-empty) convex. Then

(i) rel. int. C' is non-empty

(ii) interior of C is non-empty < dim C' = dim X.

Let X be a vector space, C' a convex subset of X and E an extremal, convex
subset of C. If F' C F, then F is extremal in F if and only if F' is extremal
in C. Thus

ext(E) = EnN ext(C). (2.5)

Note that intersection of extremal subsets of a convex set is extremal, if
non-empty.

Definition 2.1.3 [13]/ Let X be a vector space and C' C X convex. A
convex extremal subset of C' is called a face of C.

For more details of faces of convex sets and related concepts, we refer the
reader to [13].

Example 2.1.1 Let X be a normed linear space and x € Sx. Then Jx=(x)
is a face of Bx+. To see this note that Jx+(x) is a convez, nonempty subset
of Bx«. If f and g are in Bx~ and h € Jx«(x) N (f,g) then h = \f +
(1 —X)g for some A, 0 < X < 1. Further ||h|| = 1 and h(z) = 1. Now
1 =h(z) = M(z)+ (1 — Ng(x) and this in the f(z) < 1 and g(z) < 1
implies f(x) = g(x) = 1. Hence [f,g] C Jx~(x).

Note that intersection of faces of a convex set is a face, if non-empty.
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Definition 2.1.4 Let X be a normed linear space and C C X. convex. Let
x € Cand f e X* Wesay f supports C at x if f(z) =sup f =sup{f(y):
C

yeC}.

If z € C and f supports C' at = then H N C is a face of C' where H = {y €
X : f(y) = f(x)}. The following well known separation theorem is needed
in the sequel.

Theorem 2.1.5 [35](Separation Theorem)Let X be a non- zero normed
linear space and C' C X be a convex , bounded set with non-empty inte-
rior. If x is in the boundary of C, then there exists a f in X* such that
f(z) = sup{f(z) : z € C} and f(w) < f(z) if w is in the interior of C.
Equivalently, f supports C at x and HNC' is a proper face of C (HNC & C),
where H={y € X : f(y) = f(z)}.

The following proposition is a useful corollary of the above theorem.

Proposition 2.1.6 Let X be a normed linear space and C C X be conver,
closed and not a singleton set. If rel. int C is nonempty then for any x €
rel. bd. C, there exists f € X*\{0} such that f supports C at x and HNC
is a proper face of C where H ={y € X : f(y) = f(x) =sup f}.

C

Proof: Let Y = sp(C — z) and consider C'—z = D as a subset of Y. Then
Y # {0}, int D is nonempty and 0 is in the boundary of D. If z € rel. int
C, then z —x € int D. By Theorem 2.1.5, there exists g € Y*\{0} such
that 0 = ¢(0) = sup{g(y) : y € D} and g(z —x) < 0. Let f € X* be a
Hahn-Banach extension of g. Then f € X* and

f(z) =sup{f(y) : y € C} and f(2) < f(x).

Thus f supports C at x and if H ={y € X : f(y) = f(z)} then HNC is a
face of C. Further z € C\H and H N C is a proper face of C.

Corollary 2.1.7 Let X be a finite dimensional normed linear space X and
C C X closed, conver and not a singleton set. If x € rel. bd C then
3 f € X*\{0} such that f supports C at x and HNC is a proper face of C,
where H={y € X : f(y) = f(z)}.
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Proof: Note that rel int C' is non-empty by Theorem 2.1.2 and apply Propo-
sition 2.1.6.

We now fix some notation, used hereafter. Let X be a normed linear space
and {f1...fn} C X*. We define subsets Jx(f1,...fi) for 1 <i <n induc-
tively as follows.

Jx(f1) ={z € Bx : fi(z) = [|f1][}- (2.6)
Having define Jx(fy ... fi—1) we define
JX(fl, ... fz) = {LE S JX(fl e fifl) : fz(.%') = sup{fi(y) TS JX(fl R fzfl)}}(27)

for 2 <i < n. Note that Jx(f1) # 0 < f1 € NA(x). The sets Jx(f1... f)
can be empty and if non-empty, they are faces of Bx.

However, if X is finite dimensional then the sets Jx(fi ... fi) are non-empty
for 1 < i < n. Further if dim X = n and (f1...f,) is a basis of X*, then
Jx(f1...fn) is a singleton set. We set

a; =sup{fi(z) 1z € Jx(f1,..., fi-1)} (2.8)
for 2 < i < n. Clearly
Tx(fro fi) = fweJx(fi.. fi) : filz) = i}
= ﬂ {z € Bx : fj(z) = os} (2.9)

j=1
for 2 <i < n. Further if g € Jx(f1... fi) then

Ix(fi fi) = f{w € Bx: fi(a) = filwo) for 1<j<i}  (2.10)

for 1 <14 < n. We are now in a position to characterize extreme points of
closed unit balls of finite dimensional normed linear spaces.

Theorem 2.1.8 Let X be an n- dimensional normed linear space and x €
Bx. Then x € ext(Bx) if and only if there exists a basis (f1 ... fn) of X*
such that {x} = Jx(f1 ... fn)-

Proof: If {z} = Jx(f1... fn) then {z} is extremal and = € ext(Bx).
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Conversely assume that z € ext(Bx). Observe that if {x} = Jx(f1... fi)
for some linearly independent subset {f;...f;} of X* then (fi...f;) can
be extended to a basis (fi... f,) and {z} = Jx(f1... fn).

Since x € ext(Bx), x belongs to the boundary of Bx. By Corollary
2.1.7, 3 fi € X*\{0} such that Jx(f1) is a proper face of Bx and z €
Jx(f1). If {z} = Jx(f1), we are done. Otherwise, inductively assume
that € Jx(f1,... fi—1) for some linearly independent subset {f;... fi—1}
of X*. If {#} = Jx(f1...fi—1), nothing needs to be proved. So assume
that the convex set Jx(fi...fi—1) is not a singleton set. Note that x is
an extreme point of the extremal set Jx(f1,..., fi—1). By Corollary 2.1.7,
3 fi € X*\{0} such that z € Jx(f1...fi) and Jx(fi...fi) is a proper
face of Jx(fi...fi—1). Note, using (2.9), that f; is a constant on the
set Jx(fi...fiz1) for 1 < j < i — 1, while f; is not. This is so since
Ix(fi... fi) G Jx(fi... fiz1). It now follows that (fi...f;) is a linearly
independent set and the induction is complete. If {x} = Jx(f1...fi), we
are done. Otherwise proceed inductively to set a basis (fy ... f,) of X* such
that {I’}:Jx(flfn) O

Let X be a normed linear space and Y be a subspace of codimension n in X.
Then dim Y+ = n. We use Theorem 2.1.8 to charactAerize extreme points of
By 1y-. Let E be a basis of (Y1)**. Then E = (fi...f,) for some basis

(fi...fn) of Y. We identify (f1...f,) with (fi...f,) and write

Jiy1y-(f1) ={¢ € By« : ¢(f1) = | f1ll},

Bi = sup{Y(fi) : ¥ € Jy 1y (f1,-- -, fi-1)} (2.11)

and

J(YL)* (fl ce fz) = {¢ S J(YL)*(fl, RN fi—l) : (b(fz) = ﬂz} (212)

for 2 <i <n. By Theorem 2.1.8, ¢ € ext (B(y1)«) if and only if there is a

basis (f1 ... fn) of Y such that {¢} = Jy 1y« (f1, -, fn). With notation as
above, we are in a position to state and prove the characterization theorem
for proximinal subspaces of finite codimension, mentioned earlier.

Theorem 2.1.9 [2/] Let Y be a subspace of codimension n in a normed
linear space X. Then'Y is proximinal if and only if for every basis (fi ... fn)
of Y4
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(i) Ix(fi-..fi) #¢ for 1 <i<mn and

(ii) a; = B for 1 <i<n
where a; and (; are given by (2.8) and (2.11) respectively.

Proof: Assume Y is proximinal and let (fi ... f,) be a basis of Y. Then
Joy1y«(fi... fn) is a singleton set, say {4}, and by Theorem 2.1.8, ¢ €
ext (By1)-). Now by Garkavi’s characterization Theorem 1.2.2 there is

x in Bx such that ¢(f) = f(z) V f € Y+, So ¢(f1) = fi(z) = ||All
and z € Jx(fi1). Further oy = (1 = ||fi]]. Assume inductively that
Ix(fi,. ., fic1) #¢ and a; = B for 1 < j <i—1 for some 2 <i < n.

For any z € By, let ¢, = 2 |y.. Then v, is in By lfz € Ix(fi-.. fi-1),
fj(Z) = f](x) =5 = ,Bj forl1<j<i—1. Sovy, € J(YL)* (fl .. -fi—l)- Thus

{v::2€dx(fi-- fim1)} ©Jyy-(fr-- fima)

Therefore

sup{fi(z) :z € Ix(f1... fi=1)}
sup{¢.(fi) : 2 € Jx(f1... fi-1)}
sup{¢(fi) 1 ¥ € Jiyry-(f1--- fi1)}
= B

Now z € Bx and fj(x) = ¢(f;) = B = o; for 1 < j <i—1. By (2.9),
x € Jx(fi...fi—1). Further

Bi = ¢(fi) = fi(z) < o

Q5

IN

Hence «; = (3; and clearly x € Jx(fi... fi). This completes the induction
and the proof for the necessity part of the theorem.

To prove sufficiently, assume (i) and (ii) hold for every basis (fi ... f,) of

k
Y+, Let ¢ € By1y-. Then by Theorem 1.4.2, ¢ = > Ai ¢i, where ¢; €
i=1

k
ext(By1y«), Ay 2 0 for 1 <4 < kand > A = 1, for some positive

=1
integer k. Assume that Garkavi’s criteria holds for all extreme points of
B(y1y«. That is, if ¢ € ext(B(y1).) there exists z € Bx such that ¢(f) =
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f(2) ¥V f € YL, Then we can get a finite subset {x;...x;} of Bx such that
k
¢i(f)=f(z)V feYtand1 <i<k Letxz=> M\ . Thenz € By

i=1
since A; > 0 and Xk: A; = 1. Further,
i=1
k k k
S = X dilf) =D N flw)=f (Z )\iSUi) = f(2)
i=1 i=1 i=1

for all f € Y*. Thus Garkavi’s criteria holds for ¢. Hence it suffices to show
that Garkavi’s criteria holds for every extreme point of By 1.

Let ¢ € ext(B(y1+). Then by Theorem 2.1.8 there is a basis (f1... f,) of
Y+ such that

{6} =Jyry-(fi.. - fu) ={¥ € By1y 1 ¢(fi) = p; for 1 <i <n}.
By (i), Jx(f1 ... fn) # 0. Pick any € Jx(f1 ... fn). Then ||z|| <1 and by
(i),
filz) =a; =B =¢(fi), for 1 <i<n

Since (f1 ... fy) is a basis of Y+, it now follows that ¢(f) = f(z) ¥V f € Y+,
and this completes the proof.

2.2 Strongly Proximinal Subspaces

Let X be a normed linear space and {fi, f2 ..., fi} € X*. For € > 0, we set
Ix(f1,€) ={z € Bx : fi(z) > [[fill — €}
Having defined Jx(f1,..., fj,€) for 1 < j <i— 1 inductively, we define

Ix(fiy.. o, fise) ={x € Ix(f1... fi—1,€) : fi(x) > a; — €}
Note that

Ix(f1,-.., fi,e) = ﬂé-:l{x € Bx : fj(x) > aj — €}, for 1 <i <.

We now define a notion stronger than proximinality.
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Definition 2.2.1 Let X be a normed linear space and A C X be a prox-
iminal set. Let x € X. We say A is strongly proximinal at x if given € > 0
there exists § > 0 such that

a€ A, ||x—al <d(z,A) +0=d(a,Psa(x)) <e.

We say A is strongly proximinal in X if A is strongly proximinal at each = €
X. As in proximinality, strong proximinality at x is a nontrivial condition
only when z € X\ A.

Usual compactness arguments show that if A is a proximinal subset of a
finite dimensional normed linear space then A is strongly proximinal.

The following characterization of strongly proximinal subspaces of finite
codimension can be derived from Theorem 2.1.9. We refer the reader to
[21] for detalils.

Theorem 2.2.2 [21] Let Y be a proximinal subspace of finite codimension
n in a normed linear space X. Then Y is strongly proximinal in X if and

only if for every basis (fi...fn) of Y+,
li_r)r(l) [sup{d(z, Jx(f1...fi)) :x € Ix(fi... fi,e)}] =0
for1 <i<mn.
Corollary 2.2.3 LetY be a strongly proximinal subspace of finite codimen-

sion in a normed linear space X. If Z is a subspace of X that contains Y
then Z 1is strongly proximinal in X .

Proof: By Corollary 1.2.3, Z is proximinal in X. The conclusion now
follows easily from the above theorem.

Corollary 2.2.4 [21] Let X be a normed linear space, f € X* and H =
ker f be a proximinal hyperplane in X. Then H is strongly proximinal in X
if and only if

lim [sup{d(z, Jx(f)) : = € Jx(f.€)}] = 0.

23



We now proceed to characterize strongly proximinal hyperplanes, in terms
of a differential property of the dual norm on X*. For this, we need the
following definition and facts. Let F' be a real valued convex function defined
on a Banach space X. For fixed x and y in X, w is an increasing
F(x-i-tyt)—F(x)

function of ¢t and therefore lim exists. Further, if ¢ > 0,

t—0+
Flo+ty) = F) _ . Flatty) - Fa)
t = too0+ t '

The set of subdifferentials of F' at x, denoted by 0F(z), is defined by

OF(z) ={¢p € X" : ¢(y) < F(x +y) - F(z), Vy € X}.
For ¢ € OF(x) and y € X, we have

F - F
oly) < tE%L (x+ tyt) (m)

If F' is continuous at x then 0F(x) is non empty and moreover there exists
(see Proposition 2.24 of [33] ) a ¢ € OF(z) such that

_ o Fla+ty) - F(z)
¢(y)—tlir& t '

We refer the reader to [33],[34] and [16], for more details on differentiality
of convex functions.

Definition 2.2.5 Let X be a Banach space and F' : X — R be a convex
function. We say F is strongly subdifferentiable (SSD) at x € X, if the one
sided limit lim w

L exists uniformly for y € Sx.
t—0

In the special case where F' is the norm functional on X, the set OF (x) is
easily characterized.

Fact 2.2.6 Let X be a Banach space, x € Sx and F' be the norm functional
on X. then OF (z) = Jx+(x)

Proof: Let f € OF (z). Then f(y)— f(z) < |ly|| — ||z|| for all y € X. Taking
y=x+ z, we have f(2) < ||z +z| — |z] < |z| for all z € X. So ||f]] <1.
Taking y = 0, we have f(z) = ||z| and f € Jx=(x).
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Conversely if f € Jx=«(x), then for any y € X, f(y) — f(z) = f(y) — ||z|] <
[yl — [z for all y € X.

Using the earlier remarks on convex functionals, we have for any ¢ > 0

o+ tyl =Nzl o et tyl = 2]
t t—0+ t

and for y € X, there is a f € Jx«(x) such that f(y) = linh w
t—0

We now give a characterization of SSD points on the unit sphere of a Banach
space.

Proposition 2.2.7 [10] Let X be a Banach space and x € Sx. Then the
following conditions are equivalent.

(a) The norm of X is SSD at x.

(b) Given € > 0, there exists § > 0 such that for f is in Bx~ satisfying
f(z) >1—106, we have d(f, Jx~(x)) < €.

Proof: a) = b). Assume a). Suppose b) does not hold. Then there
exists € > 0 and a sequence (f,) € Sy~ such that lim f,(x) = 1 but
n—oo

d(fn, Jx+(x)) > € for all n. Now Jx=«(z) is a weak™ compact, convex subset
of Bx+ and B|fy, €JNJx~(x) is empty for all n. Using the separation theorem
for the locally convex space X* with the weak® topology, we can get a
sequence (z,) C Sx such that

fn(zn) —€ > sup{h(z,) : h € Jx=(x)}.
For each n, select h,, € Jx+(x) such that

. T+ tz,| — ||x
o) = i, L2020 = ]

Now,
2+ tznl = llzll o falz +tz0) = ho(2)
t - t
= t_l(fn — hn) (@) + (fn — ha)(2n) + Bn(2n)
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and so

[ + tza | — [|=]]

-+ tzall = 2l

t t—0+ 2 t_l(fn — hp)(z) =€

Taking (t.)”' = 3507 We have t, > 0 for all n and lim ¢, = 0.

n—oo
Hence

I+ twznll = Nzl et o] = el
im
tn t—0+ t

v

tnt(fo — ) () + €
€/2

v

for all n. This contradicts a). So b) holds.

b) = a). Let € > 0 be given. Then there exists 6 > 0 such that g € Bx+«
and g(z) > 1 — ¢ implies d(g, Jx=(z)) < €. Select any y € X such that
|| — y|| < 0. Then for any g € Jx«(y), we have

gx)=gly+z—y)=1-gl@—-y)>1-4

and so d(g, Jx~(x)) < €. Thus there is f € Jx«(x) such that ||f — g|| < e.
Now

gy —x) = lyl =zl = fly —2) VyeX.
Taking y = = 4 tz where z € Sx and 0 < t < §, we have

5 o+ tall — Jl=]

9(2) — > f(2).

Thus

R N CEEnEE

for all z € Sy and 0 <t < 4. Now f € Jx«(z) and so, for any ¢ > 0,

fo) < i Bl Dl _ e+ ts] - o]
t—0t+ t t

It is now clear that

2+ tz[| = ll=f|
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for all z € Sy and for all 0 < t < §. This implies a).

The result below shows that if X* is SSD at f, then f € NA(X). We quote
the Principle of local reflexivity, that is needed in the sequel.

Principle of local reflexivity:[7] Let X be a Banach space, E C X** and
F, a finite dimensional subspace of X*. Then given € > 0, there is an e-
isometry T": X** — X such that T}, is identity and f(7'¢) = ¢(f) for all
feF. (WesayT: X — Y isan e-isometry if 1 —e < ||[T(z)|| < 1+4€ YV €
Sx).

Theorem 2.2.8 [21] Let X be a Banach space and f € Sx=-. Then the
norm of X* is SSD at f if and only if f € NA1(X) and given € > 0 there
exists ¢ > 0, such that for x € Bx satisfying f(x) > 1 — 6., we have
d(z, Jx(f)) <e.

Proof: We first show that f € NA(X) and for z € X, d(x, Jx=(f)) =
d(z, Jx (f))-

By Proposition 2.2.7, a) = b), given € > 0 there exists 6. > 0 such that
¢ € Bx», ¢(f) > 1 — 6. implies d(¢, Jx++(f)) < e. Pick any z € X and
let d = d(&, Jx=(f)) = d(x, Jx=(f)). Since Jx=«(f) is a weak™ compact
subset of X**, by Proposition 1.1.6, Jx=«(f) is a proximinal set. So we
can get ¢ in Jx«(f) such that ||z — ¢|| = d. Now by the Principle of
local reflexivity, there exists 1 € Bx such that ||z — z1]| < d + €/2 and
f(z1) > 1=0¢/92. Get ¢1 € Jys-1(f) such that ||z1 — ¢y < ¢/2%. Using the
Principle of local reflexivity, there exists 2o € By such that |z — x| < €/22
and f(x2) > 1—0, /23. Proceeding thus inductively we construct a sequence
(zn)pZy in Bx such that [[z,-1 — z,]| < €/2" and f(2n) > 1 — Jcjont1, for
all n. Clearly (x,)5; is Cauchy and we let z = lim z,. Now z € Bx and

n—oo
f(z)=1and so z € Jx(f). Thus f € NA;(X). Now for any n,
|2 —xn|| <d+e/24€¢/22 4+ ... +¢/2V.

Taking limit as n — oo we have, ||z — z|| < d + €. Since € > 0 is arbi-
trary and z € Jx(f), we have d(z,Jx(f)) < d = d(z, Jx+(f)). Clearly
Ix(f) € Jx(f) and d(z, Jx(f)) = d(x, Jx=(f)). Thus d(z, Jx(f)) =

If now x € By and f(z) > 1 — d., we have
d(xz, Jx (f)) = d(z, Jx+(f)) <e
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Conversely assume that f € NA;(X) and given € > 0 there exists d. > 0
such that x € Bx, f(x) > 1— 4. implies d(x, Jx(f)) < e. We will show that
the norm of X* is SSD at f. Select any ¢ € By« satisfying ¢(f) > 1 — .
By Proposition 2.2.7, it is enough to show that d(¢, Jx+«(f)) < e. By
Goldslein’s theorem, there is a net (x,) C By that converges weak™ to ¢.
Since lién f(wa) = ¢(f) =1, wlo.g. we can assume f(zq) > 1— 0.0 V a.

So
d(xe, Jx(f)) < d(za, IJx(f)) < €/2V a. (2.13)

The closed unit ball, Bx«, and Jx«(f) are weak * compact sets. So,
A = Jx+«(f) + €/2Bx= is weak™ compact. If d(¢, Jx=«(f)) > €/2, then ¢
does not belong to the weak* compact set A and ¢ is in the weak* open
set A¢, the complement of A. Since (z,) converges weak* to ¢, x, € A€
eventually. This contradicts (2.13) and d(¢, Jx==(f)) < €/2 <.

The result below, characterizing strongly proximinal hyperplanes, follows
immediately from the above Theorem and Corollary 2.2.4.

Corollary 2.2.9 [21] Let X be a Banach space and f € X*. Then H =
ker f is strongly proximinal in X if and only if the norm of X™* is SSD at f.

Corollary 2.2.10 [21] Let X be a Banach space and f € Sx«. If the norm
of X* is SSD at f then Jx(f) is weak® dense in Jx«=(f).

Proof: Pick any ¢ € Jx««(f). Then there exists a net (z,) C Bx that
converges weak™ to ¢. Hence lim f(z,) = 1 and using Theorem 2.2.8, we
«

can get a net (yo) C Jx(f) such that lim ||zq — yal = 0. Clearly (ya)

converges weak™ to ¢ and ¢ is in the weak™ closure of Jx (f).

Remark 2.2.1 [21/Let X be a Banach space and f € X*. Note that

JX(f)w C JY(f). The above Corollary indicates that equality holds if f is a
SSD point of X*. In general, the above inclusion can be strict. Consider, for
example, the Banach space X =1y. Then (I1)* = loo. If f = (1,(1—1)22),
then Jx(f) = {e;} where l; = (1,0,0,0...). It can be easily verified that

Jx=«(f) is not a singleton set. Hence JX(f)w* G Jx(f).
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We now return to the notion of quasi polyhedral point (QP-point) given by
Definition 1.4.6. We first show that a QP-point is a SSD point.

Lemma 2.2.11 [21] Let X be a Banach space and x in Sx be a QP-point.
Then the norm of X is SSD at x.

Proof: Since x is a QP-point, there exists § > 0 such that if w € B(z,2§)N
Sx then Jx«(w) C Jx«(x). Select any y € Sx and fix 0 < t < §. If

W= % then w € Sy and ||z — w| < 26. Thus Jx«(z + ty) = Jx=(w) C

Jx+(x).

Pick any s such that 0 < s < t and let A = s/t. Then = + sy = A(z + ty) +
(I — XN)x. Now, for any f in Jx«(x + ty),

[+ syl = flx+sy) = Alz + tyl + (1 = Allz]| = [l + syl
Hence f(x + sy) = ||z + sy|| and

=+ syll = ll=ll _ f(z+sy) = f(x)
S - S

= f(®)
It is now clear that for all y in Sx, we have

eyl =l _ o+ tyll = Lol _ Sz +tn) = f(@)
s—0T S t t

= f(y)

and the norm of X is SSD at z.

We now give a characterization of QP-points, that helps to visualize QP-
points on the unit sphere.

Fact 2.2.12 Let X be a Banach space and x € Sx. Then x is a QP-point
of X if and only if 3 € > 0 such that if y € Sx and ||x — y|| < €, then the
line segment [x,y] lies on the sphere Sx.

Proof: Since z is a QP-point, 3 € > 0 such that Jx«(y) C Jx=(x) for all
y € Sx N B(z,e). Select any y € Sx N B(x,e) and f € Jx«(y). Then
f € Jx«(z) and if w € [z,y] then f(z) = f(y) = f(w) = 1. Since ||w|| <1,
this implies ||w| =1 and [z,y] C Sx.
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For the converse, let € Sx and select ¢ > 0 so that the given condition
holds. Let o = ¢/2 and z € Sx N B(z,«). Considering the 2-dimensional
subspace generated by x and z and using the given condition, we can easily
get y € B(z,€) N Sx such that z € (x,y). So there exists \,0 < A < 1, such
that z = Az + (1 — N)y. If f € Jx«(2) then

f(z)=1, f(z) <land f(y) <1
and so 1 = f(z) = Af(z) + (1 = \) f(y) < 1. This implies f(z) = f(y) =1

and f € Jx=(x). Thus Jx«(z) C Jx«(z) for all z € Sx N B(z,a) and z is a
QP-point of X. O

For a norm attaining functional f in X™, the functional f being a QP-point
can be characterized in terms of the sets Jx(.), instead of the sets Jx««(.),
as the following result shows.

Fact 2.2.13 Let X be a Banach space and f € NA;(X). Then f is a
QP-point of X* if there exists a > 0 such that Jx(g) € Jx(f), for all
g€ B(f,a)NNA;(X).

Proof: The necessity follows the above Fact. To prove sufficiency, let f €
N A;(X) satisfy the condition of the lemma. If g € NA;(X) and ||f—g|| < €,
then by assumption Jx(g) C Jx(f). Pick any z in Jx(g). Then f(z) =
g(z) =1 and so (f + g)(z) = 2. Since ||z|| = 1, this implies | f + g|| = 2.
Hence

|f+ gl =2forall g€ B(f,e) N NA1(X).

By the Bishop-Phelps theorem, the set B(f, e)NNA;(X), is dense in B(f,e)N
Sx+ and this with the continuity of the norm function yields

lf + gl =2 for all g € B(f,e) N Sx~.

It is now easy to verify the above equality implies [f,g] C Sx- if g €
B(f,e/2) N Sx+. By Fact 2.2.12, f is a QP-point of X*. O

The theorem below gives a useful sufficient condition for a proximinal sub-
space of finite codimension to be strongly proximinal.

Theorem 2.2.14 [21] Let X be a Banach space with every f € NA;i(X)
being a QP-point of the norm of X*. IfY is a subspace of finite codimension
in X such that Y+ C NA(X) then Y is strongly proziminal in X .
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Proof: By Corollary 1.5.2, Y is proximinal in X. By Lemma 2.2.11, every
f € NA(X) is a SSD point of X*.

Let (fi...fn) be a basis of Y-. We now show that we can select positive
scalars A;, 1 <14 < n, such that

Ix(fi,-- s fi) = JIx Z N fils for1<i<n. (2.14)
=1

We use induction on n. We take A\y = 1 and note that the case n = 1
is trivial. Inductively assume that A\; > 0 for 1 < j < ¢ — 1 have been

i—1
chosen so that if g;—1 = > Aj [f; then Ix(gi—1) = JIx(f1, fa,---, fi—1).
7=1

Now g;_1 € Y and so is a QP-point of X*, by assumption. Choose \; > 0
small enough so that

Ix(gi-1 + Nifi) € Ix(gi-1)-

By induction assumption,

JX(g’i—lafi) = JX(fl)va .. ')f’i—lafi)‘

We have Jx(gi—1 + A\ifi) C Jx(gi—1) and \; > 0. It is now easy to verify
that Jx(gi—1, fi) = Jx(g9i—1 + Aifi) and we have

Ix() " Nifi) = Ix(gio1 + Xifi) = Ix(gi-1, fi) = Ix (f1, fas - fio1, fi)-
j=1
This completes the induction and (2.14) holds. It now follows that

x € JX(Z Aifi) = file) =q; for 1 <i<n, (2.15)
j=1

where a1 = || f1]| and a; = sup{fi(y) : y € Ix(f1, fo,..., fi-1)}, for 2 <i <
n.

We now proceed to show that the condition of Theorem 2.2.2 holds for the
basis (f1, f2, -+, fn). Recall that

JX(fl ...,fl',ﬁ) = ﬂ?zl{x € Bx : fj(x) > oy — 6}.
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i
Now > \jf; € Y+ C NA(X) C QP-points of X*, for 1 <i < n. Thus the
j=1

i
norm of X* is SSD at ) A;f; for 1 <i <n. So by Theorem 2.2.8
j=1

i i
lim sup d|y Jx Z:l Aifi y e Jx Z:l Ajfis€ 0
j= j=

for 1 <1i <mn. It is easy to check that this with (2.14) and (2.15) implies
lim sup{d(y, Jx(fi-.. fi)) ry € Ix(fi.-., fi, )} = 0
for 1 <4 <n. By Theorem 2.2.2, Y is strongly proximinal in X.

Note that, by Lemma 1.5.4, any subspace of ¢ satisfies the condition of the
above theorem.

Let X be a Banach space and B C Sx«. We say B is a (James) boundary of
X if for each x € X, 3 f € B such that f(z) = ||z||. If X has a boundary B
such that any weak* limit of B with norm one is not in N A;(X), then we say
X has Property P [8]. Fonf and Lindenstrauss [8] showed that if a Banach
space X has Property P then X satisfies the condition of Theorem 2.2.14.
That is, every f € NA;(X) is a QP-point of X*. It follows from a result of
Gleit and MacGuigan [18] that any separable, polyhedral Banach space has
Property P. Thus we get a whole class of Banach spaces X which satisfy the
condition of Theorem 2.2.14. In particular, these spaces are R(1)-spaces.

2.3 The convex functional So

Let X be a Banach space and C C X be a closed convex and bounded set.
Define a map S¢ : X* — R by So(f) =sup f, for f € X*. Then S¢ is a
C

continuous, convex functional on X*. The following result characterizes the
subdifferential of the convex functional S¢.

Fact 2.3.1 /23] 0Sc(f) = {¢ € C¥" : ¢(f) = Sc(f)}.

Proof: If ¢ € 0Sc(f), then
o(9) < Sc(f +g)—Sc(f) <Sclg) V ge X*
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and ¢ € C*" by the bipolar theorem. Since Sc(0) = 0, we have ¢(—f) <
—Sc(f) and so ¢(f) = Sc(f). Conversely, if ¢ € C¥", then ¢(g) <
Sc(g) ¥V g € X* and if ¢(f) = Sc(f) we have
olg—f) < Sclg) —Sc(f) V ge X~
So ¢ € 9Sc(f)-
We get
Jol) ={ € C: f(a) =sup f). (2.16)

Note that if non-empty, Jo(f) is a closed convex subset of C'. Further, C*"
is a bounded, weak* closed subset of X** and so is weak* compact. The
weak* continuous functional f in X* attains its supremum over C*". Hence
dS¢ is a non-empty, weak* compact convex subset of C%". Using arguments
very similar to those in the proofs of Proposition 2.2.7 and Theorem 2.2.8,
we can show that.

Proposition 2.3.2 [23]: Let X be a Banach space and C' be a closed, con-
vex and bounded subset of X. Then the following are equivalent.

(i) The convex functional Sc is SSD at f € X*.

(ii) Given € > 0 there ewists 6 > 0 such that if ¢ € C“ and
¢(f) > Sc(f) — 6, then d(¢,0Sc(f)) <e.

(i1i) The set Jo(f) is non-empty and given € > 0, there exists 6 > 0 such
that if x € C and f(x) > Sc(f) — 0, then d(z, Jo(f)) < e.

Corollary 2.3.3 [23]Let C be as in the above Proposition. If Sc is SSD at
f then Jo(f) is non-empty and Jo(f)" = 8Sa(f).

The above Corollary is to be compared with Corollaries 2.2.9 and 2.2.10.

Let X be a Banach space and Y be a subspace of finite codimension n in
X. Let (fi...fn) be a basis of Y*. Set Cyp = Bx and C; = Jo, , (fi) for
1 <i <n, where the sets J¢, ,(f;) are as defined by (2.16). It is clear from
(2.6) and (2.7) that

JCi,l(fi) = JX(fl . f,), for 1 S ) S n.
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Theorem 2.3.4 Let X be a Banach space and Y be a subspace of codimen-
sionn in X. For any basis (fi...fn) of Y, define C;_1, 1 <i<n+1 and
Sc,_,, 1 <i < n as above. If for each basis (f1...fn) of Y, the convex
functional Sc;, | is SSD at f; for 1 <i < n, then'Y is strongly proximinal
mn X.

Proof: We have

Jo, (fi)=Jdx(fi...fi), for1<i<n.
Let

Dy = Byi* and D; = {gb €D;_q: ¢(fl) = sup fl}, for 1 <i<n.

i—1

Then
-D’L = JYJ—*(fth?"'fi) for 1 <1< n,

where Jy- 1« (f1, fo,- - fi) is given by (2.12).

We have
—w* —w*
C[) |YJ_: BX |YJ_: BX** |YJ_: Byj_* - DO.

Inductively assume that

="

Ci—1 |yr=Dj_1.
We will show that C;* |- = D;. Note that the induction assumption implies

Sci—l(fi) = sup f;.

Di—1

The convex functional S¢, , is SSD at f;. By Proposition 2.3.2 and Corollary
2.3.3, the set J¢, , (f;) is non empty and

Ty =0 =05c_,(fi) = {6eTix” o(fi) = Scr, (fi)}

Hence using the induction assumption, we have

G lyai= {6 € Ot Iyr: 0f) = Sy (f)} = {6 € Dicy s 6(fi) = sup fi} = Di.

D;—1

The induction is complete and we have

C" |yi=D;, for 1 <i<n.

34



This implies

a; =sup{ fi(z) : v € IJx(f1,..., fi1)} = Bi = sup{e(fi) : ¥ € Jy 1)« (f1, - --

for 1 < ¢ < n. Since C; = Jx(f1...fi) is non empty for 1 < i < n, it now
follows from Theorem 2.1.9 that Y is proximinal in X.

We now proceed to show that Y is strongly proximinal in X. By Theorem
2.2.2, it suffices to show that for every basis (f1,--- , fn) and every 1 < j < n,
we have

li_r}(l) [sup{d(z,Cj) :xz € Jx(f1... fj,e)}] =0. (2.17)
Note that for 1 <i<n —1,

Ix(fi...fje) =n_{z € Bx : fi(z) > Sc,_,(f;) — €}

We now proceed to show (2.18). The case j = 1 follows from i) = iii) of
Proposition 2.3.2. Using the same conclusion we have

li_r% [sup{d(z,C;) : x € Jo,_,(fi,€)}] =0, (2.18)

where
JCi—l(fiae) = {:L' €Ci1: fZ(x) > SCiq(fi) - 6'}

We now apply (2.18) for i = 1,2,---,j to obtain (2.17) and this completes
the proof.

It has been shown (Lemma 5.2 [23]) that if X = K(l3), the space of all
compact operators on lo and Y is a subspace of codimension n in X with
Y+ C NA(X), then Y satisfies the conditions of Theorem 2.3.4. Hence we
have

Theorem 2.3.5 [23] Let X = K(l2) and Y be a subspace of finite codimen-
sion in X with Y+ C NA(X). ThenY is strongly proziminal in X and thus
K(l3) is a R(1) space.

There are more articles on proximinal subspaces of finite codimension, prox-
iminality and strong proximinality in general and related topics, mostly in
the recent literature, that we have not dealt with. Some of them are [2], [3],
[4], [19], [26], [27], [28], [29], [31],[37], [38],[39]and [40].
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