Advanced Instructional School, December 2006
Bhaskaracharya Pratishthana, Pune

Local Homeomorphisms and coverings :

1. Let X be a compact n-dimensional manifold. Show that there exists
no local homeomorphism ¢ : X — R".

2. X = (S' x 8) - {pt}

(i.) Show that there exists no homeomorphism ¢ : X — ¢(X) C R?
where ¢(X) is an open subset of R

(ii.) Show that there exists a local homeomorphism 9 : X — R?.
3. Show that there exists a surjective local homeomorphism f : R? — S2.
4. Show that there exists no covering p : R> — S2.

5. ¥,= a compact orientable surface of genus g. Assume that ¥, is so
placed in R? so that it is invariant under the map # — —Z. Let
U, = %,/(Z — —2). Show that the quotient map p : ¥, — U, is a
covering.

6. Y a 2-dimensional compact, connected surface # S?,P2. Show that 3
a coveing p: R2 — Y.



Counstruction of Differentiable manifolds :

7. Let U be an open set in R". Let f : U — R be a smooth function.

Definition: ¢ € R is said to be a critical value of f if for some xy € U,
s.t. f(xo) = ¢, we have Vf|,, = 0. In this case zg is called a critical
point of f. If ¢ is not a critical value then c is called reqular value of f.

Show that if ¢ is a regular value of f, then f~'(c) has a canonical
structure of an (n — 1)-dimensional differentiable manifold.

Give examples showing that a manifold obtained in this way may or
may not be covered by a single co-ordinate chart.

8. Let U be an open set in R™. Let f : U — R*, be a smooth function.
Let f = <f17f27 ..... 7fk)

Defintion: ¢ € R¥ is said to be a critical value of f if for some zy € U,
s.t. f(zo) = ¢, we have rank of Jf|,, < k. In this case x, is called a
critical point of f. If ¢ is not a critical value then c is called a reqular
value.

Note: ¢ is a regular value of f, if for all x € U s.t. f(z) = ¢, we have
Vfils,i = 1,2, ...,k are linearly independent.

Show that if ¢ is a regular value then f~!(c) has a canonical structure
of an (n — k)-dimensional differentiable manifold.

Definition : A submanifold M™% of R" is said to be a Differentiable
Complete Intersection if it is of the form f~1(c) where f: U — R¥ is
a smooth function, where U C R" is open and c is a regular value.

9. Let f € Rlzg, 1, ..., x,] be a homogeneous polynomial of degree d. Let
V(f) ={z e R"[f(x) = 0}.
Definition: A cone in R"*! is a subset C' of R such that C' contains
a point # 0, and if 2 € C then for all u € R, uz € C. (That is Cis a
non-empty union of lines in R™™! through the origin). To a cone C we
can associate a subset C'in P"(R)), the n-dimensional projective space.

Show that either V(f) = 0, or else it is a cone in R"*!.

In the latter case, V(f) is an example of what is called a real algebraic
variety.
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If v = (w9, 71, ..., ,) is a point # 0 in R"™! we denote by

[z] = [zo,21,...,x,] its projection in P"(R). By abuse of language,
we call (xg, 21, ...,2,) the homogeneous coordinates of [z]. Note that
these are not local coordinates in the sense we defined in the case of a
manifold.

Notice that if f is a homogeneous polynomial of degree d in (xg, 1, ..., T,),
and d > 1, then 0 is critical value, for (0, 0, ...., 0) is a critical point of

f.
Definition: We say that 0 is a projectively regular value if V(f) # 0,
and (0, 0, ...., 0) in R™™ is the only critical point of f.

Suppose 0 is a projectively reqular value of f, a homogeneous polynomial
of degree d in (xg,21,...,7,). Let S™ denote the unit sphere in R*™
that is

S" = {z e R 7> =1}

Show that SV(f) = S*NV(f) is a compact (n — 1)-dimensional man-
ifold.

(Hint: Exercise 8 and Euler’s theorem).

Let f: R — R f = (f1, fo, ....., fx), be function, where f; is a
homogeneous polynomial of degree d;,i = 1,2, ..., k. Let,

V(f) ={z € R"|f(z) = 0}

Show that V(f) =0, or else it is a cone in R+,

In the latter case,V(f) is again an example of what is called a real
algebraic variety.

We extend the definition in exercise 8 by saying that 0 is a projectively
reqular value if V(f) # 0, and (0, 0, ...., 0) is the only critical point of
f.

Show that if ¢ is a projectively regular value then f~!(c) has a canonical
structure of a compact (n — k)-dimensional differentiable manifold.
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Let M™ be an n-dimensional differentiable manifold, and I' a group of
diffeomorphisms acting evenly, I'\M"™ = M™ and p : M" — M™" the
canonical projection.

Show that M™ admits a canonical structure of a differentiable manifold
such that p is a smooth covering map.

Let X be a topological space, and I' a group of homeomorphisms acting
evenly. Let Y =T'\X and p: X — Y the canonical projection.

Assume that Y has a structure of an n-dimensional differentiable man-
ifold.

Show that X admits a canonical structure of a differentiable manifold
such that p is a smooth covering map.

Let p: X — Y be a covering map among topological spaces X and Y.
We equip a subset of any topological space with the subspace topology.
Let Z be a subset of Y, and W = p~'(Z). Show that p|lyy : W — Z
is a covering.

Let 0 be a projectively regular value of f, a homogeneous polyno-
mial of degree d in (xg,z1,....,2,). Let SV(f) = S* N V(f), and
PV(f) = p(SV(f)) where p : S" — P™(R) is the canonical pro-
jection.

Show that PV'(f) is a compact (n — 1)-dimensional differentiable man-
ifold.

(Hint: Show that the canonical projection of SV (f)(f) on PV (f) is a
double covering. Apply Exercises 9, 12, 13.)

Let f : R — RE f = (fi, fo, ..., fr), be function, where f; is
a homogeneous polynomial of degree d;,7 = 1,2,..., k. Suppose that
0 is a projectively regular value of f. Show that V(f) is a compact
differentiable manifold.

Using the notion of “a tangent space at P to a differentiable manifold
M™ as the best vector space approximation at P”, but without cal-
culation of any derivative, write the equation of a tangent line (resp.
plane) to the following curves (resp surfaces).

i) (the affine curve in R?) 222 4+ 3zy +y> — 15 =0 at (2, 1)
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ii) (the projective curve in P*(R)) 323 + y> — 42%y =0 at (1, 1, 1)
iii) (the affine surface in R3) 323 + ¢y® — 422y =0 at (1, 1, 1)

iv) (the general conic in R?) az? + 2hxy + by* +2fx + 29y +c = 0, at a
point (zg,yo) (assuming that the conic represents a non-empty smooth
curve).

Consider the n-dimensional real projective space P"(R) with homoge-
neous coordinates [zg, x1, ...., T,]. Let

Ay = {[20, 21, e ) s # 0}

Let X; = x;/x;. Show that (X;),j # i, are coordinates on A;, and
A; is homeomorphic to R". Find the transition functions on A; N A;
showing how P"(R) can be made into a differentiable manifold.

[[Note: This is a second proof showing the structure of a differentiable
manifold on P*(R) from the first principles. Compare the first proof
which used the idea of a covering space. ||

Show the existence of a structure of a differentiable manifold on S*
from first principles.

Show the existence of a structure of a differentiable manifold on S x S!
from first principles.

[[The n-dimensional torus S x S x ... x S (n times) is one of the “stan-
dard spaces” in mathematics. The “angular coordinates” (61, 65, ..., 0,)
can be used for most practical purposes, espetially in the form of
their exponentials or trigonometric functions, as is done in their use
of Fourier series. However they are not co-ordinates in the sense of
“co-ordinate charts” on differentiable manifolds.]]

Show the existence of a structure of a differentiable manifold on S?
from first principles.

[[ Hint: Think of stereographic projection.

Remark: In complex analysis of x + iy as a “co-ordinate” allowing it to
have the value oo. This may be called a “Mobius coordinate” on S2.
Note however that the (z,y) in “2 = x + iy” are not co-ordinates in
the sense of “co-ordinate charts” on differentiable manifolds.]]



22. Let V be an (n+1)-dimensional vector space over R. Let [ : V' — R be
non-zero linear transformation. Let P(V') denote the projective space
of 1-dimensional subspaces of V', and 4, = {[z] € P(V)|l(xz) # 0}.
Setting the bijection of A; with {z € V|i(z) = 1}, show that A; is
diffeomorphic to R™.
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Intuitive idea of Dimension:

By counting ”degrees of freedom”, justify on intuitive grounds the
stated dimensions of the following spaces. Each of these spaces can
be a given a natural topoloy which turns it into manifolds of the stated
dimensions. In fact, one can also turm each of these spaces into a
differentiable manifolds. One may think of equipping them with natu-
ral additional structures such as pseudo-Riemannian metrics, measures
etc.

e The dimension of the space £ of lines in R? is 2.

e The dimension of the space £* of oriented lines in R? is 2.

e The dimension of the space CT of circles in R? is 3.

e The dimension of the space P of parabolas in R? is 4.

e The dimension of the space £ of ellipses in R? is 5.

e The dimension of the space H of hyperbolas in R? is 5.

e The dimension of the space 7 of triangles in R? is 6.

e The dimension of the space 7, of ordered triangles in R? is 6.

e The dimension of the space of congruenece classes of triangles in
R? is 3.

e The dimension of the space of similarity classes triangles in R? is
2.

Remark : The space of lines in R?, £ can be identified with the M&bius
strip.

A line in R? is given by the equation, ax + by + ¢ = 0 where a,b,c € R
and (a,b) # (0,0). Here (a,b,c) and —(a, b, c) define the same line.

We can define the following map ¢ : £L — (S* x R) /(7% — —Z),

., (a,0) .
gO(CL,b,C) - [(H(a,b)||’ )}

@ is one one and onto. We can put a topology on £ using the distance
on R?, by saying points in £ are close if the corresponding lines in R?

7
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are close. With this topology £ is homeomorphic to the Mdbius strip.

There is a two to one map from the space of oriented lines £ to £
which sends the oriented lines p + 7 and p + t(—v) to the same line.
Considering the topologies on £1 and L, this is a 2-sheeted covering
map. Now £ is homeomorphic to the Mobius strip M which has S* xR
as its unique connected double cover. Therefore £* is homeomorphic
to S' x R.

Show that the space of circles in R?, C* is homeomorphic to R? x R.,.

Show that the space of parabolas in R?, P is homeomorphic to R* — A,
where A = {(X,Y) e RYX,Y e R? and X #Y}.
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Real Affine and Projective Quadrics:

Let A = [a;;] be a symmetric (n+2) X (n+2) matrix. Consider PS[A],
the subset of P"*!(R) given by . -a;jziz; = 0. If det A # 0, then
PS[A] is called the non-singular projective quadric defined by A.

Show that PS[A] is non-empty iff neither A nor —A is positive definite.

Show that if PS[A] is non-empty then it is an n-dimensional compact
differentiable manifold.

[[This happens iff A has signature (p+1,¢+1),p+q = n, where p, q are
non-negative integers. For convenience let (g, 1, ..., Zp, Y0, Y1, - Yq)
denote the homogeneous coordinates in P"™!(R).]]

Suppose A, B are real symmetric (n+2) x (n+2) matrices of signature
(p+1,q9+1), where p, ¢ are non-negative integers. Show that PS[A4] is
diffeomorphic to PS[B].

[[We call PS[A] a projective quadric of signature (p,q), and denote
it by SP4. So, up to diffeomorphism, there is a unique n-dimensional
projective quadric of signature (p,q), p + ¢ = n.]|

Show that PSP is diffeomorphic to PS%?. (So up to diffeomorphism
we may assume p > ¢.) Show that if PSP is diffeomorphic to PSP"¢
then (p,q) = (¢',¢'), or (p,q) = (¢',p"). What is the number of
n-dimensional projective quadrics, up to diffeomorphism?

Show that PSP has a double cover which is diffeomorphic to SP x 549
where S? denotes the unit sphere in RP™'. (Note S° = {£1} consists
of two points).

Consider the expression
(*) z CLij(L’il’j + Z a;X; =+ ap,
where 1 <14,7 <n,a;; = aji.

Show that by an affine change of coordinates (*) can be put in one of
the following three forms.

a) > ex;?, where 1 <4 <n and ¢ =1, or -1, or 0.
b) Y eri? +api1,1 <i<kande=1,or-1,
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c) Sew?+1,1<i<kande=1,or-1,or0.

Let S(x) be the set of points in R™ such that > a;;x;x;4+ > a;z;+ag = 0.

Determine when S(x) is empty.
For n =1, 2, and 3 determine the homeomorphism types of S(x).
Determine when S(x) is a differentiable submanifold of R™.

Write a; = a;0 = ag;, and ag = agg. Consider the

(n+1) x (n+ 1) matrix A = [a;;] where 0 < i,j < n. S(x) is called
a non-singular affine quadric if det A # 0, and A is neither positive
definite nor negative definite. Show that a non-singular affine quadric
is an (n-1)-dimensional differentiable manifold

With the conventions in Exercise 30, we can associate to S(x) the non-
singular projective quadric PS[A]. The signature of PS[A], as defined
in Exercise 6 is also called the signature of S(x).

Let

AQ,, = the set of n-dimensional non-singular affine quadrics.
PQ,, = the set of n-dimensional non-singular projective quadrics.
We thus get a map of AQ,, onto PQ,,.

For n = 1 and 2, describe the homeomorphism types of n-dimensional
non-singular affine quadrics of a given signature.

Let A(n+1) (resp. P(n+ 1)) denote the group of affine (resp pro-
jective transformations of (n+1)-dimensional vector space (projective
space over R). Clearly A(n + 1) (resp. P(n+ 1)) acts on AQ,, (resp.PQ,,).
In each case describe the orbits, and show that there are only finitely
many orbits.

Let V be an (n+1)-dimensional vector space over R, equipped with a
positive inner product. Let Z(n + 1) (resp S(n+ 1) )be the group of
isometries (resp similarities) of the associated affine space. For n =1,
describe the orbits of Z(2) (resp. S(2) ) on each orbit of A(2) on AQ,,.

Do exercise 37 for n = 2.

10
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Asymptotes of a Plane Curve:

Euclidean definition: Let C' be a subset of E?, the Euclidean plane.
Let [ be a line in a parametric form: t — P, = d +tv,—00o <t < o0 .
Distance between a point P € E? and C'is defined to be in foecd(P, Q).
The line [ is said to be an asymptote to C'if either lim; . .d(P;,C) = 0,
or limy—._od(P;,C) = 0.

Let C' be the curve given by the analytic ex-pression “xy = 17. Guess
all of its asymptotes, and prove your guess.

Show that “/ is an asymptote of C” is an affine notion. (You also need
to interpret what ”affine notion” means.)

2

Show that “to be an ellipse”, “to be a hyperbola ” and “to be a

parabola” are affine notions.

Show that a hyperbola has two asymptotes, but neither ellipse, nor
parabola has any asymptotes.

Interpret the meaning of asymptotes of a hyperbola, and their non-
existence for an ellipse or parabola in projective terms.

11
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Dynamics of Linear and Affine maps :

Consider f,g : R — R, f(z) = az,g(x) = ax + b. Describe the dy-
namics of f and g.

(Hint: You need to consider cases according to the signs and magni-
tudes of a and b. Look for their dynamic significance.)

Let A = [CCL 2} and f : R? — R? given by 7+ AZ.
Describe the dynamics of f. In this description carefully define the
notions of (i) stretch and bi-stretch, (ii) rotation, (iii) shear and (iv)

mversion.

Let A = [a;],1 <i,j <nand f:R" — R" given by & — AZ. Using
the Jordan-Chevalley canonical form, describe the dynamics of f.

Let A be as in e§ercise 46 and b € R™. Let g : R" — R" be defined
by g(¥) = AZ+b

(i) Show that if det(A — I) # 0, then ¢ has a fixed point.

(ii) Describe the dynamics of g.

(Hint: In addition to the notions of stretch, rotation, shear, inversion
you will also need the notion of translation.)

In the situation of exercise 46, suppose that the minimal polynomial
of A factors into pairwise distinct irreducible factors. Describe the
dynamics of f.

In the situation of exercise 47 suppose that the minimal polynominal
of A factors into pairwise distinct irreducible factors. Describe the
dynamics of g.

In the situation of exercise 46 suppose that A has no eigenvalue (real or
complex) of absolute value 1. Show that R™ splits into two subspaces:
R™ = V, @ V,, such that for each v € V; (resp V,,) Lim,, _,,A"v =0
(resp Limy, A "v = 0).

Remark: Vi (resp V,,) are known as stable (resp unstable) subspaces.

12
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98.

ODE’s and Flows :

(i) Solve & = gz (1-variable case)

(ii) Solve the (IVP)

(*) % = G%I(O) = o

(iii) Write the flow ¢ : R x R — R corresponding to (*).
(iv) Verify directly ¢, 11, = @4, © @t,-

Do i), ii), iii) and iv) of exercise 51 for % = az + b.

Describe the flows generated by the following vector fields on R.

(i) X =37

.. Y

(i) Y =24,
. 9
(iil) Z =2*£.

Which of these are complete? Draw pictures.

Describe the flow on R generated by the vector field Y = sinx a%‘ Is
it complete? Draw pictures.

Can the vector field in exercise 55 be considered a vector field on S'?
If so what can you say about the flow.

Let S = {an|n € Z} be real numbers such that lim,,_...a, = co and
lim,_,_sa, = —o0. Let f: R — R be a smooth function whose zero
is S. Let X = f(z)Z. Show that X is complete and describe its flow.

Let M™ be a differentiable manifold, and V' a compact subset of M™.
Let X be a smooth vector field on M". Show that there is a “local

flow”.
i.e. de > 0 and an open neighbourhood U of V' and a correspondence

p:(—ee)xU—M"

13
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such that if p(¢,2) = ¢ (z) then

Drvs(T) = @i(ps(T))

for all t,s € (—¢,¢) and all x € U such that ¢4(z) € U.
Note: ¢ defines a “motion” of V' in M™.

Recall: Let M™ be a differentiable manifold and X be a smooth vector
field on M™. Given P € M"™ dep > 0 and a neighbourhood Up of P
and a correspondence

p:(—€e)xU—~M"

such that
Orrs(x) = oi(ps(T))

for all ¢, s € (—ep,ep) and all x € U such that ps(z) € U.
Show that | if infpepymep > 0 then X is a complete vector field.

Let M™ be a compact differentiable manifold. Show that every smooth
vector field on M™ is complete.

Let M™ be a differentiable manifold and X a vector field with compact
support. Show that X is complete.

Show that the vector fields in exercise 53 are closed under the Lie
bracket.

Note: These vector fields form a Lie algebra. It is the Lie subalgebra
of the Lie algebra of all vector fields on R.

Show that the vector fields aa_zv sin z 3% and cos a% on R (or S') form
a Lie algebra .

Describe the flows on R? generated by the vector fields
(i) X1 =2z +3y5..

14



ox oy *
(ili) X3 = wa% —y.
(1V> X4 = .’I}%

Are the vector fields complete?

Remark : Let M™ be a differentiable manifold. If X is a complete vec-
tor field on M™ then it generates a smooth R-action on M". Conversely
a smooth R-action gives rise to a complete vector field. So to generate
interesting examples we may as well start with interesting smooth R-
actions.

More generally let G' be a connected Lie group acting smoothly on M™,
then smooth homomorphisms of R into G generate smooth R-actions
on M"™ and in turn complete vector fields.

The information about smooth homomorphisms of R into G is just the
information about G itself. This information will get reflected in every
smooth G-action on every differentiable manifold M™.

Ezample 1 Let M™ = R", G = GL,(R). The action by invertible linear trans-
formations & — AZ.

Ezxample 2 Let M™ =R" G = Af f,(R), where,
Affa(R) = {f : R" — R"|f(Z) = AT+ b, A € GL,(R),b € R"}.

Example 3 Example 1 in turn induces the action of G on S"~! considerd as
the “space of rays in R™ through the origin”. It may be expressed

— n—1 Al n—1
as u € S H—HMHES )

Ezample 4 The action of G in Example 3 induces the action on P*}(R). In

—

homogeneous coordinates it looks like [Z] — [AZ]

15
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Homomorphisms of R into R", S* and S x St :

Show that a C%-homomorphism of R into R" is “standard”. (A part
of this execrise is to define “standard”) Is the result true if we drop
the hypothesis C? R has a canonical structure of a real analytic (C*)
manifold. Show that a C°-homomorphism is already C*.

Consider S' = R/27Z. Here 277 is a normal subgroup of R. We have
a canonical group homomorphism p : R — S*.

(i) Show that p is a covering map.

(ii) Show that S* has a unique structure of a real analytic manifold
such that p is real analytic.

(iii) Classify C°-homomorphisms of R into S'. Show that they are all
Cv.

Classify all C° homomorphisms of S! into S*.

(Subgroups of R)

(i) Show that a discrete subgroup of R is either {0} or isomporphic
to Z.

(i) Construct an injective homomorphism ¢ : Z?> — R. Show that
the image of such a homomorphism must be dense.

(iii) Construct injective homomorphisms of Z" into R forn = 1,2, 3, - - -

Classify all C°-homomorphisms of R into S x S*. Show that the image
of R under a C°-homomorphism ¢ : R — S x S! is either dense or
it is a closed subgroup.

(i) Determine when the image of R under a C°-homomorphism
0 : R — S x S!is dense in S* x S!. In this case, ¢ is a group
theoretic isomorphism R onto ¢(R), but not a homeomorphism of
R onto ¢(R), where ¢(R) is given the induced topology.

(ii) Determine when the image of R under a C°-homomorphism
0 : R — S x Stis closed in S* x St. In this case kerp # {e}.

16
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Homomorphisms of R into GL,(R) :

Using the existence-uniqueness theorem on ODE, show that every
C%-homomorphism of R into GL,(R) is of the form ¢ — e for some

A = (a;;) € My(R).

Let SL,(R) = {A € GL,(R)| detA = 1}. Consider a homomorphism
@t et of R into GL,(R).
Show that ¢ lies in SL,(R) iff trace A= 0.

Let O(n) = {A € GL,(R)|A*A = I}. Consider a homomorphism

o ot — e of R into GL,(R). Show that ¢ lies in O(n) iff A is
skew-symmetric.

17



Homomorphisms of R into Af f,,(R) :

Remark : Embedding of Af f,,(R) into GL,+1(R) :
Consider the n-dimensional hyperplane z,1; =1 in R™*1 Denote the
map f: ¥ +— AZ + b by fA,E- Note, fA,E o fA,’,;, = fAA,A,;,Jrg. Consider
A b }

the element g, € GL,1(R) defined by [ 01

73. Show that

(1) {94514 € GLa(R), b € R} is a subgroup of GL,1(R). Call it A
(i) g, leaves the plane x,4; = 1 invariant.

(i) g € GLy41(R) preserves z, 41 = 1 iff g is of the form g for some
AeGL,(R),b e R™

74. fa5 > 945 is an isomorphism of Af f,(R) with A.

75. Let A = (aij)nxns b € R™. Consider A= { Ab }

0 0

(i) Show that et € A. In particular t — €41 is a C*“-homomorphism
of R into A.
A b(t)
0 1
b(t) =th+ S Ab+ - LA -

ii) Show that et = where
(ii) ,

76. In exercise 74 let A = (ai;j)nxn be an invertible matrix. Show that
b(t) = AL (e — 1)

18



Flows generated by affine vector fields :

An Affine vector field on R" is a vector field of the form;
X =300, Y (s + bi) g
The corresponding affine system of ODE’s is;

by 1
(*)fl—f:Af—i—g,WhereA:(aij),l;: |, 7=

by, Tn

From a dynamic viewpoint, a pertinent question is whether this vector
field has a zero, i.e. equivalently whether the corresponding flow has a
fixed point. This motivates the following analysis.

Case 1 : 3 71 € R™ such that A%, + b=0. (This is always the case
when A is invertible, in fact if A is invertible, Z; is unique).
Consider the affine change of coordinates : iy = ¥ — #;. Then,

dy dr - -

d_?; _ d_ft” — AT+ b= AT — 7))+ ATy + b= A

So in the ¢~ coordinate the flow is ¢ : R x R®* — R”" given by
(t, ) — €'yj. In particular the flow is complete.

Expression of the flow in terms of the Z-coordinate: Write V' = R" as
a space. Let P € V be a point. Let the Z-coordinate of P be £ and the
y-coordinate be 1. We know 177 = £ — 7.

Let ¢(P) = Q. The j-coordinate of Q is e/7j. So its #-coordinate is
e!Af — #1). As an expression in & we get !4 (& — T1) + 7).

In other words the flow ¢ : R x V' — V in Z-coordinates has the
expression (¢, %) — e'A(F — 1) + T .

Note: If A is invertible, the choice of ¥y is unique, i.e. ¥} = A~Lb.
Then the expression of the flow is

(t, %) — M @F— A+ A b=e"T+ A =1

19
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This reconciles with the expression obtained in exercise 75.

Case 2 :General case Here we do not assume the existence of ¥, satis-
fying Ax; + b = 0. The method given below works without any such
assumption.

Let ma(z) = the minimal polynomial of A. Write ma(x) = a"g(x)
where g(0) =0 .

If r = 0, then A is invertible, this case is is contained in the previous
case.
Now,

(%) ged(z”, g(z)) =1
Let, Vo = ker A" and V; = kerg(A), then

(R )V Vo © V4, this direct sum is A-invariant because of (%) and
b= bo + bl, where bo € Vp and b1 € Vj are uniquely determined.

Since Aly, is invertible, there exists a unique #; € V; such that Az +
by = 0. Consider the affine change of coordinates ¥ = & — Z;. Then;

dy d¥

— == — AT+ by + by = A(T — 7)) + ATy + by + by = A + b,

where ATI;O = 0.
In view of exercise 74, part (i) we see that the flow in -coordinate is ;
7 P ST~ ey
o (15) = €+ thy + S Abo + -+ AT
In #-coordinates the expression is
= ta /2 = = r - t r—17
QO:(t,I‘)He (ZU—JIl)+$1+tbo+§Ab0+--~—|—ﬁA bo

2 A™1p. Show

r=1 7!

Let ¢y : R" — Af f,(R) be given by; 7 +— A7 + S
directly that for all t,s € R, ;15 = @1 0 (4
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78.
79.

80.

81.

82.

83.

84.

85.

36.

87.

Orientability :

Show that GL,(C) is connected.

Let M™ be a complex n-dimensional manifold. Show that as a real
2n-dimensional manifold it is orientable.

Show that any complex vector bundle is orientable.

Show that any covering of an orientable differentiable manifold is ori-
entable.

Let M™ be an n-dimensional orientable differentiable manifold. Sup-
pose that G acts on M"™ evenly and differentiably. Show that G\ M" is
orientable iff GG is orientation-preserving.

Consider the map o : # — —x on R""1. Let S™ be the unit n-sphere in
R"™"! centered at 0. Show that
i) o is orientation-preserving iff n is odd.

ii) Let 7 resp v be the tangent (resp normal) bundle of S™. Show that
v is trivial and o is orientation-preserving on v.

[Hint: ) 2,0/0z; is a nowhere vanishing section of the normal bundle
of 5™

iii) P*(R) is orientable iff n is odd.

[Hint: Consider the action of o on 7. Use i) ii) and exercise 79.]

Let M™ be an n-dimensional non-orientable path-connected differen-
tiable manifold then it admits a unique double cover which is orientable.

Let V be a vector bundle of rank 1. Show that V is orientable iff it is
trivial.

Let V be a vector bundle of rank n. The n-th exterior power bundle of
V is called the determinant bundle of V and is denoted by Det). Show
that V is orientable iff DetV is trivial.

Show that a vector bundle on a path-connected simply connected topo-
logical space is always orientable.
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88.

89.

90.

Let B be a path-connected, semi-locally simply connected topological
space. Suppose that its fundamental group (B, *) does not admit a
subgroup of index 2. Then any vector bundle on B is orientable.

Let B be a differentiable manifold. Suppose that its fundamental group
is finite of odd order. Show that B is orientable.

Let n be odd (resp even). Let f(xzg, 1, ..., x,) be a homogeneous poly-
nomial of degree d. Assume that for x # 0, grad f|. # 0. Let SV (f)
resp PV (f) be the (n — 1)-dimensional spherical (resp) projective vari-
eties defined by f. Assume that S(V(f) is non-empty and connected.
Show that PV (f) is orientable iff d is even (resp odd). In other words,
PV (f) is orientable iff n+d = 1mod?2.
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